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ABSTRACT

The study includes geochemical investigations for uranium and other trace elements in the
Ayhan basin within the Central Anatolia region of Turkey. The stream sediment samples were
dissolved weak acid (WA:1 M ammonium acetate) and strong acid (SA:1 HNO3:1HCl:1HF).
It can be seen that the increase of the As, Cu, Fe, U, V, Mo and Th concentrations leads to
strong leaching. It is suggested that the mechanical dispersion is much more dominant than
hydromorphic dispersion because the strong leaching is more effective on U and the other
trace element concentrations. The uranium concentrations are a range of 1.41 to 19.79 ppm,
with a mean value of 6.39 ppm. The calculated median absolute deviation (MAD) and
arithmetic mean standard deviation threshold values for U are range 9,65 to 9.69 ppm,
respectively. Cadmium, Cu, Fe, Mo, Th, U and V enrichments are observed in the two
different locations at the lower zone of the Kubaca Member (b) due to the higher threshold
values.
Key words: drainage geochemistry, lead isotope, pollution index, uranium.
INTRODUCTION
Stream-sediment sampling is probably the most widely used and most successful geochemical
exploration studies. Therefore, the subject of this study is to contribute to uranium exploration
studies by using different experimental and statistical methods in stream sediments at the
Ayhan basin. Geochemical patterns in stream sediments are affected by a combination of
various factors, including sampling density, sample size, grain-size fraction, chemical
digestion, chosen analytical methods, chemical and physical weathering, lithology, and
mineralization processes (Rose, 1974; Ottesen and Theobald, 1994; Bölücek and Kalender,
2009). Geochemical sampling of stream sediment in exploration for concealed sedimenthosted U and other associated trace elements may be ineffective due to geochemical
dispersion and concealment by the sedimentary cover. According to Rose and Wright (1980),
possible pathfinder elements associated with U in sandstone-type deposits include Cu, Mo
and V at some deposits. Many statistical methods can be used natural data distribution to
geochemical prospecting. Non-parametric statistical methods and median value should be
1
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used to robust geochemical prospecting due to standard deviation yield larger values (Rock,
1988).
Accordingly, the primary purpose of the research is to use the median value instead of the
arithmetic mean for calculating of the threshold values for drawing to the anomaly areas of
the uranium and some trace elements on the geochemical sample location maps.
MATERIAL AND METHOD
The studied stream sediment sample site in Ayhan Basin is shown in Fig.1.

Fig.1. Location mapof the stream sediment sample sites.

In this study, directing studies could not be performed in advance the development of sample
taking methods and suitable particle size and chemical analysis methods. In total 24 stream
2
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sediment samples (24 stream sediment samples from 1 to 24) were taken in the horizontal
direction of the stream water flow, from the stream bed and different branches (Fig.1). The
samples were taken in September, when the water flow rate was low. To prevent the existence
of particles that were too large, the samples were sifted through a sieve with a hole diameter
of 2 mm (BS10 µm). The stream sand samples, with a weight of 2 kg, which were taken at
50–100 m intervals along the river, were placed into plastic bags; each of them was numbered
and dried at room temperature. After drying, the samples were sifted to different sieve
dimensions to determine the particle size fractions suitable for analysis (−80 mesh /180 μm
and −200 mesh/75 μm). For the studies of heavy metal pollution in sediments, many
researchers prefer the grain size of silt (<75 μm), fine sand (<180 μm) fractions as it shows
very high concentrations (Ackerman, 1980; Kalender, 2012; Kalender & Bölücek, 2004,
2007). To minimize the grain size dependencies of heavy metals, concentrations <75 μm
fraction, representing medium-fine sand to silt, were used in the present study. Mechanical
wet sieving was performed to separate the <75 μm sediment fraction from the bulk samples.
Fifteen to twenty grams of each sample was freze-dried for 8 and 9 h. The sieved fraction was
placed in clean porcelain bowls, and was dried at room temperature. The trace elements and
rare earth elements of the stream sediment samples were digested with strong acid (SA:1
HNO3:1HCl:1HF) on 180 μm fraction and weak acid (LA: Partial Leach with 1 M
ammonium acetate) on 75 μm fraction by ultra-trace by inductively coupled plasma (ICP-MS)
analysis at the ACME Analytical Labs.
RESULTS
Threshold value calculation method and data analysis of stream sediments
The majority of classical statistical methods are based on the assumption of the normal
distribution of the geochemical data. It has been suggested (Ahrens, 1954) that geochemical
data as a law show a lognormal distribution. Geochemical data rarely follow a normal
distribution that has been a long discussion in geochemistry whether or not data from
exploration and environmental geochemistry follow a normal or lognormal distribution
(Reimann and Filzmoser, 2000). Mean and standard deviation, which are the best estimators
of location and spread for data that follow a normal distribution, are far from ideal when used
for regional geochemical or environmental data (Reimann and Filzmoser, 2000). In most
cases, the best measure of location for such data is the median. The geometric mean may be
an acceptable alternative (Rock, 1988). A measure of spread gives us the median absolute
deviation (MAD) or the hinge-spread (Tukey, 1977) that should be used instead of the
standard deviation which is very vulnerable to the existence of data outliers. As a
consequence, [median+2 MAD] are all better suited for assisting in the estimation of the
background range than [mean+2 sdev] (Reimann et al., 2005).
The separation of anomalous values in −180µm conventional stream sediment geochemical
data in this study was defined by through [median+2 MAD] modeling, and [mean+2 sdev]
modeling (Table 1; 2). Threshold Values=[mean+2 standard deviation (sdev)], and [median+2
median absolute deviation (MAD)] calculation procedures to identify data outliers in
geochemical data are reviewed and tested (Table 1).
The MAD is computed using the relationship below:
MAD threshold =(2*antilog avedev)+antilog median(Table 1).
3
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The SDEV is computed using the relationship below:
SDEV threshold =(2*antilog stddev)+antilog mean (Table 2).
Summarized statistical element concentrations of studied stream sediment samples are shown
in Table 1 and 2.
Table.1.Summary of statistical values for the −180 µm all stream sediment geochemical data set based on
MAD method of the Ayhan-Dadağı area. (ppm, *=ppb, n= 24).
Element
Mo*
Cu
Fe
U
Th*
V

Min

Max

LogMin LogMax

111.43
4.16
16300.00
1.41
14600.00
27.00

7037.16
53.69
59100.00
19.79
31100.00
85.00

2.05
1.45
4.53
0.15
4.31
1.62

logmedian
3.13
1.56
4.64
0.71
4.48
1.79

3.85
1.73
4.77
1.30
4.49
1.93

MAD threshold =(2*antilog avedev)+antilog median
Logavedev Antilog median Antilog avedev MAD threshold
0.63
1337.98
4.22
1346.42
0.08
36.72
1.21
39.14
0.07
43500.00
1.17
43502.34
0.36
5.07
2.29
9.65
0.05
29900.00
1.13
29902.26
0.07
62.00
1.18
64.37

Table 2. Summary of statistical values for the −180 µm all stream sediment geochemical data set based on
SDEV method of the Ayhan-Dadağı area.(ppm, *=ppb).
Element
Mo*
Cu
Fe
U
Th*
V

Min

Max

111.43
4.16
16300.00
1.41
14600.00
27.00

7037.16
53.69
59100.00
19.79
31100.00
85.00

LogMin
2.05
1.45
4.53
0.15
4.31
1.62

LogMax
3.85
1.73
4.77
1.30
4.49
1.93

Logmean
3.02
1.59
4.65
0.66
4.44
1.78

SDEV threshold =(2*antilog stddev)+antilog mean
logstddev Antilogmean Antilogstdsap SDEV threshold
0.69
0.09
0.08
0.41
0.06
0.09

1042.62
38.70
44195.55
4.60
27537.13
59.64

4.94
1.24
1.20
2.55
1.15
1.24

1052.50
41.18
44197.96
9.69
27539.44
62.12

DISCUSSION
The mode of dispersion of trace metals in the stream sediments of the study area was
investigated using the aqua regia (strong leach) and weak leaching selective extraction
procedures. The metal concentrations in the -180 μm fraction are higher as compared to -75
μm fractions, indicating that metals are associated with finer particles. Most of the transition
metals in stream sediments are usually concentrated in the finer size fractions (Rose, et
al.,1979). Aqua regia is effective in dissolving most minerals, including oxides, sulfides, and
gold. While mechanical dispersion is observed in coarse fraction next to mineralization (e.g.
sulfide and carbonate minerals), hydromorphic dispersion presents much better contrast in
fine fractions (Bölücek and Kalender, 2009). In the studied sediments (GD-1-2-3-4-5-6-1718-19-20) from taken Kubaca Member (b), the anomaly values in finer fractions -75 μm) is
stronger than those in the coarse fractions (-180 µm), suggesting the predominant role of the
hydromorphic dispersion. In the studied sediments (GD-8-9-10-13-14-16) from taken Kubaca
Member (a), the anomaly contrast in –180 µm fractions is stronger than those in the –75 µm
fractions, suggesting the predominant role of the mechanical transportation. It can be noticed
that the recovery of the greater part of the selected metals increased when aqua regia was
applied instead of weak leaching .The possible mineralization locations for Cu, U, Th, Mo, V
and Fe are drawn on the drainage network anomaly map according to the calculated threshold
values using by MAD medthod (Table 1 (MAD); Fig. 2. a, b, c, d; Fig. 3. a, b, c), and possible
mineralization is determined in the northeast of the study area. In stream sediment samples
collected from the lower zone (GD-1, 2, 3, 4, 5, 6, 7, 17, 18, 19, 20: sample sites) are
determined positive anomalies.
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Fig.2. Geochemical population distribution maps for: (a) U, (b) Fe, (c) Cu and (d) Mo based on MAD method.
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Fig.3. Geochemical population distribution maps for: (a) V, (b) Cd, and (c) Th based on MAD method.

However, in stream sediment samples collected from the upper zone (GD- 8, 9, 10, 11, 12, 13,
14, 15, 16; sample sites) are determined negative anomaly (Fig. 2 a, b, c, d; Fig. 3 a, b).In
stream sediment samples taken from the lower zone (GD-1, 2, 3, 4, 5, 6, 7, 17, 18, 19, 20, 23,
6
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24) were determined negative thorium anomaly. The stream sediment samples collected from
the upper zone (GD- 8, 9, 10, 11, 12, 13, 14, 15, 16) have been determined positive thorium
anomaly (Fig. 3c). Enrichment or being depleted of these elements must be associated with a
redox gradient. Uranium under oxygenated groundwater conditions is oxidised from U4+ to
U6+ , which forms the high soluble uranil ion components but Th retains under the oxidation
state. Accordingly, The Th/U increases because of weathering and redeposition in the
claystone and shale samples. Uranium release is most rapid from the oxic sediments (Kubaca
(a) Member) and maximum concentrations of U are reached in Kubaca (b) Member. The
uranium content shows an increase from Kubaca (a) member to Kubaca (b) Member. Lower
concentrations of uranium contents are measured in Kubaca (a) member (sandstone) than in
the Kubaca (b) Member (siltstone, claystone). As a result of this increase, it has been
observed enrichments metals (such as U and Mo). In contrast, some elements such as V tend
to be more soluble under oxic conditions, either due to greater particle reactivity in a reduced
valence state through formation of insoluble sulfides in reducing sediments. In addition to the
presence of green rusts (unstable iron compound) in the subsurface may have significant
effects on the mobility of uranium, particularly under iron-reducing conditions (O'Loughlin,
et al., 2003). Uranium concentrations (>10 ppm) may indicate reducing conditions, while low
Uranium concentrations (4 ppm or less) is suggestive of oxic conditions (Pattan and Pearce,
2009). Uranium concentration in the studied stream sediment samples which range from 1.41
to 19.79 ppm, with a mean value of 6.39 is suggestive of dysoxic conditions. The movement
of the groundwaters in the carbonate phases and sulfur phases will increase the pH. The major
feature in the sediment section is a 150-m thick layer of a yellow-colored oxidized sandstone
(Kubaca (a) Member). The yellow sandstone member is followed by a more than 1000 m
thick sequence made up of regularly alternating thin-bedded blue claystone and equally thinbedded very fine-grained yellow sandstone (Kubaca (b) Member). There are significant
changes in metal content of sediments in this section, most notably large increases in Fe
contents, relative to the underlying and overlying sediments. A number of elements (Cu, Fe,
Mo,Th, U, V) in Kubaca (a) Member are generally depleted within the metal-oxide rich
sediments. On the contrary, the enrichment in Kubaca (b) Member is determined with regard
to these elements.
CONCLUSIONS
1. Exploration based on –200 µm and –80µm, stream sediment sampling over the NevşehirGülşehir-Ayhan region in Central Anatolia for determination of uranium anomaly area, and
environmental effects.
2. The stream sediment samples were dissolved weak acid and strong acid to detect to
transport mechanisms of uranium. It can be seen that the greater part of the metals increased
in dissolution by aqua regia than weak leaching. It is suggested the predominant role of the
hydromorphic dispersion.
3. According to the calculated threshold values for Cu, Fe, Mo, U, Th and V indicate possible
uranium mineralization at the lower zone of the Kubaca Member due to positive anomaly.
4. Fe- rich stream sediments indicate that Fe can be explained to the uranium and a lot of
metal transportation helping by the much more surface waters.
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ABSTRACT
The behavior of steel structures subjected to static actions depends directly on the
connection's behavior. The semi-Rigid connections that have some degree of rotational
restrain will attract some moments. So the moment at the joint is approximately zero and is it
the full continuity moment as rigid connections. In this study, the load-rotation curve
characteristics of semi-rigid bolted connection using T-stub connections with IPE standard
profile is discussed based on experimental investigation. The study revealed that the
maximum load of T connection is improved by increasing thickness of web and flange in Tstub joints. The present study aimed to provide essential information to improve the
Eurocode-3 and is to influentially use residue IPE standard profiles instead of sending to
consumption cycle.
Key words: T connection, Eurocode, Experimental.
INTRODUCTION
Experimental tests can be used to obtain the Load-Deformation curve of T joints, but this is a
very demanding and costly application. The behavior of T connection has a significant effect
on the response of a steel deformation and energy dissipation framed structure, especially
under statical loads. Aydin et al (2015) carried out an experimental program on the behavior
of beam-to-column connections that were constitute the top-and-seat angles in minor column
axes. Maali et al. (2017), and Maali et al. (2016), studied analyses the effect of angles and
beams with stiffeners on the behavior of the beam-to-column joints. The effect of the T
connection on the behavior parameters of steel connection such as height of the beam to
height of T-stub joint (H) of T-stub joints, and lengths (X) of T-stub joints were investigated
by the authors so that to collect the significant results for improving Eurocode-3 and enable
effective use of residue IPE standard profiles and back to the consumption cycle (Maali et al.
2019, Sagiroglu et al.2018, Maali et al. 2020.
The main goal of present study is to investigate the effect of T connections that use the IPE
standard profile and the thickness of T-stub joints on the behaviour of steel connections, to
provide essential information to improve the Eurocode-3 and is to influentially use residue
IPE standard profiles instead of sending them to consumption cycle. The main parameters
9
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such as the maximum load and energy dissipation capacity of the tested samples were
evaluated by using the load-deformation curves.
EXPERIMENTAL INVESTIGATION
The experimental program is shown in Fig. 1 and detailed in Table 1. The three experimental
models that were developed to estimate of the behavior of bolted T connections with IPE
standard profile under statically loaded were presented in this paper. All test specimens were
joined by using hand-tightened full-threaded grade 8.8 M14 bolts in 16-mm drilled holes
Because, the main goal of this study was to investigate the effect of T connections that use the
IPE standard profile and the thicknees of T-stub joint on the behaviour of steel connections, to
provide essential information to improve the Eurocode-3 and is to influentially use residue
IPE standard profiles instead of sending them to consumption cycle.

Figure 1. T-connection geometry
Table 1. Test details
Experimental Bolt tw
tf
H(2hw+2tf) B(flang) W(2e+P) d1(e)(n) d2(P)
Test
(mm) (mm) (mm) (mm)
(mm)
(mm)
(mm)
(mm)
I200
8.5
5.6
380
100
I220
I240

14

9.2

5.9

420

110

9.8

6.2

460

120

100

20

60
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A static force applied to the specimens by tension machine in the Ataturk university, Turkey.
The experimental program was carried out under displacement control with a constant speed
of 0.0016 mm/s up to the failure of the specimen. The linear variable displacement
transducers (LVDT) with a maximum displacement of 100 mm were used to measure to the
displacements of the T joint. The measurements were recorded by a data logging system for
during the test and the load cells at one-second intervals. Fig.2 shows that test specimen.

Figure 2. Test sample

RESULTS AND DISCUSSION
The Load-deformation curves for the three full-scale specimens of steel-bolted are reported in
Fig. 3 and listed in Table 2. Table 3 shows a comparison of the results of the experiment.

Figure 3. Load-displecement Curve
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Table 2. Experiment results
Deformation
Energy dissipation
capasity
(KN*mm)
Ke/Kp (mm)

Numune Resistence (kN)

Stiffness (kN/mm)

Adı

Knee range Fmax

Ke

I200

61,41

151,95 0,35 6,68

0,053

36,41

4748,5

Perfect I220

30,55

142,68 1,69 23,92 0,071

33,95

4795,9

I240

38,89

138,46 0,8

46,85

4852,63

Group

Kp

8,56

0,094

Table 3. Comparison of experimental results
Specimen

Resistence (kN)
Knee range

Stiffness (kN/mm)

Fmax Ke

Kp

Deformation
Ke/Kp capasity (mm)

Energy dissipation
(KN*mm)

I200-I220

0,50

0,06

-3,83 -2,58 -0,34

0,07

-0,01

I200-I240

0,37

0,09

-1,29 -0,28 -0,77

-0,29

-0,02

I220-I240

-0,27

0,03

0,53

-0,38

-0,01

0,64

-0,32

The Knee range values for the I200, I220, and I240 groups decreased by about 27%-37%,
respectively, with an increase thickness of the flange and web. Also, the maximum load
values for the I200, I220, and I240 groups decreased by about 6%-9%, respectively, with an
increase thickness of the flange and web. Thus, the resistance values for the I200, I220, and
I240 groups decreased with an increase thickness of the flange and web.
The stiffness values for the I200, I220, and I240 groups increased by about 32%-77%,
respectively, with an increase thickness of the flange and web. Thus, the stiffness values for
the I200, I220, and I240 groups increased with an increase thickness of the flange and web.
The deformation capacity values for the I200, I220, and I240 groups increased by about 7%38%, respectively, with an increase thickness of the flange and web. Thus, the resistance
values for the I200, I220, and I240 groups increased with an increase thickness of the flange
and web.
The energy dissipation values for the I200, I220, and I240 groups increased by about 1%-2%,
respectively, with an increase thickness of the flange and web. Thus, the resistance values for
the I200, I220, and I240 groups increased with an increase thickness of the flange and web.
So, the load-deformation values for the I200, I220, and I240 groups increased with an
increase thickness of the flange and web.
The collapse modes of tested samples were observed: the applied load on the T connection
directly affected the behavior of the bolt. The bolt overloaded by force (Fig. 6). Firstly, the
necking position formed on the T connection and then the teste specimens reached the failure
mode (Fig. 4).
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Figure 4. Failure modes
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ABSTRACT

Durability properties of cement-based mortars including high-volume fly ash up to 50% were
investigated in term of freeze and thaw resistance. In line with this purpose, twelve different
mixtures whose fly ash to Portland cement ratio and substitution of micronized calcite were
varied as 0.0, 0.25, 0.54, 1.0 and 0%, 2.5%, 5%, respectively, were produced. In order to
analyze the freezing and thawing resistance of desired mixtures, standard prism specimens
with dimentions of 40x40x160 mm were produced according to TS EN 196-1 and TSE EN
197-1 and subjected to freezing and thawing process up to 300 cycles in accordance with
ASTM C666. The results of the experimental study showed that an enhancement was
observed in freezing and thawing resistance since a more compacted microstructure was
formed by using micronized calcite. In addition, although it is expected that an increase in
freezing and thawing cycles results in a mass loss in specimen weight, a partial weight-gain in
the specimen was observed. This slight weight-gain might be an evident that the hydration
reactions between unhydrated micronized calcite and fly ash particles (since it was confirmed
in the SEM images of 90-day undamaged mortars) were kept going later on within the
duration of freezing and thawing cycles. In addition to findings mentioned above, increase in
the replacement level of fly ash was also resulted in lower freezing and thawing resistance. In
general, the results of FA/PC = 0.25 mixtutres were better than other mixtures.
Key words: Micronized calcite, fly ash, freezing and thawing, mortar.
INTRODUCTION
Freezing and thawing resistance is one of the most important durability-based parameters
which can severely effect life time of the cement-based material. In general, freeze and thaw
resistance of cement-based materials depends on four mechanisms: (i) obtaining additional
volume by supplying entrained air bubbles, (ii) decreasing the porosity of cement-based
materials by including any pozzolan and/or filler, (iii) permitting crack propagation by adding
microfibers and/or nano-sized materials and (iv) reducing water absorption by including
hydrophobic agents into the matrix. When cement-based material is undergoing to a cold
environment, water in the pores start to turn into ice crystals and therefore resulting in an
increase of volume of the cement-based material by 9% (Pigeon, 2014; Mehta and Monteiro,
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2017). The originated expansion in the pores grows as a result of increasing of hydraulic
pressure and therefore micro cracks starts to generate. Refinement of pores and reduction in
porosity for decreasing water leakage is a widely used method in order to minimize frost
action. To overcome this problem arising from frost action, appropriate agents such as microsized fillers and/or pozzolans could be preferred to govern and control susceptive places
(Powers and Willis, 1950; Powers and Helmuth, 1953).
Portlandite, calcium hydroxide, is a hydration product of water and cement. It is reacted with
silicate and aluminate phase of the mineral admixtures thus promoted the formation of
calcium silicate hydrated (C-S-H) and/or calcium aluminate hydrated (C-A-H) gels. These
gels play an important role which resulted in the decreasing porosity of cement-based matrix.
As a result, the probability of frost action and internal stresses could be minimized. Therefore,
use of pozzolanic materials in cement-based materials increases impermeability and enhances
resistance to freezing and thawing action. In addition to contribution of pozzolanic materials
by additional hydration products, they also behave as a filler which generates a less permeable
void systems, namely, better performance to frost action. Fly ash is one of the widely used byproduct. In term of freezing and thawing resistance as a long-term durability property, fly ash
has a convenient capability in cement-based materials and fly ash replaced by cement up to
60% exhibited better or identical results since a reduction has been obtained by the
replacement of it (Vegas et al., 2014). Even though different experimental results have been
obtained through most of the studies, fly ash replacement level of 25-30% by weight has
better contribution to freezing and thawing properties (Pedersen et al., 2008; Halbiniak and
Langier, 2014).
Available mineral formations of limestone are calcite, aragonite, vaterite and amorphous
CaCO3 (Li et al., 2019). Throughout them, calcite exhibits a more significant hydration
capability than the rest of limestone minerals (Wang et al., 2018). In general, depending on
mixture parameters, calcite could toughen and harden the microstructure of cement-based
system by varied manners. Calcite particles can act as a filler by filling the pores and voids
among hydration products. Nucleation effect (depending on particles size) and/or chemical
effect of calcite could enhance hydration mechanism of cementing material and also at the
early curing age, calcite could form additional hydration products by the reaction between
aluminate phase of binder and calcite particles (De Weerdt et al., 2011). Higher replacement
level of calcite could reduce the amount of clinker and therefore results in lower hydration
products.
The main purpose of the current experimental study is to evaluate freezing and thawing
resistance of the fly ash blended cement mortars in terms of physical and hydration
mechanism of both micronized calcite and fly ash which were commercially available in
Turkey. For this purpose, twelve mixture in which micronized calcite (replaced up to 5%) and
fly ash (replaced up to 50%) were used at varied amounts. The produced mortars in
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accordance with TS EN 196-1 (2016) were then tested according to ASTM C666 (2015) up to
300 cycles.
MATERIALS AND METHODS
Materials and Mixture Proportions
Normal Portland Cement (PC) (CEM I 42.5 N which was produced at the laboratory
conditions obtained by intergrinding of clinker and 5% gypsum), Micronized calcite (MC),
Class-F Fly Ash (FA), CEN Reference Sand and drinkable water were used in the production
of mortars. Grain size distributions and SEM images of binders are given in Figure 1 and
Figure 2, respectively. Also, Chemical compositions and physical properties of the binders are
given in Table 1. Twelve mixtures satisfying minimum requirements of TS EN 197-1 and TS
EN 196-1 were designed and produced. In the designed twelve mixtures FA/PC ratio and MC
replacement levels were chosen as 0.0, 0.25, 0.54, 1.0 and 0.0%, 2.5% and 5.0%, respectively.
Proportions of all mixtures are given in Table 2. Each mixture has been abbreviated and is
shown by a combination of letters and numbers. An example of abbreviated label of mixtures
is illustrated in Figure 3. Water to cement ratio was kept constant as 0.5. Standard prisms of 4
cm × 4 cm × 16 cm in dimension were produced from the standard cement mortars in
accordance with TS EN 196-1 and the produced specimens were cured at standard curing
conditions until the initial testing age of 14 days. Just after 14-day curing, Procedure B as
given in ASTM C666-15 was applied to the produced mortars and freezing-thawing resistance
of mortars were examined.

Figure 1. Grain size distributions of cementing materials
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PC

FA

MC

Figure 2. SEM images of binding materials
Table 1. Chemical composition and physical properties of mortar ingredients
Chemical Composition, %

PC

FA

MC

SiO2

20,41

61,07

0,28

Al2O3

5,34

19,99

0,19

Fe2O3

3,10

8,94

0,02

MgO

3,48

1,48

0,75

CaO

61,36

1,95

55,98

SO3

2,57

0,43

0,03

Na2O

0,37

0,91

-

K2O

0,94

2,15

-

Loss of Ignition

2,15

2,08

42,75

3,24

2,38

2,69

3092

3560

-

D50 (Average particle size), 

-

-

2,60

D95 (Maximum particle size), 

-

-

9,40

Lower than 2 , %

-

-

37,0

Physical Property
Specific gravity, gr/cm

3

2

Blaine, cm /gr
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MC

Micronized
Calcite

2.5

FA/PC

Calcite
Replacement
Level

Fly Ash to
Portland
Cement

1.0

FA to PC ratio

Figure 3. An example of abbreviated label for a mixture
Table 2. Ingredients and mixture proportions of cement mortars
Mixture #

Mix ID

Cement
Type

Micronized
Calcite, %

Blaine,
2
cm /gr

Specific
3
Gravity, gr/cm

1

MC_0.0_UK/PC_0.00

CEM I

0

3

0

3092

3.24

2

MC_2.5_UK/PC_0.00

CEM I

0

3

2.5

3898

3.22

3

MC_5.0_UK/PC_0.00

CEM I

0

3

5.0

4002

3.21

4

MC_0.0_UK/PC_0.25

CEM II-A/V

0.25

3

0

3567

3.08

5

MC_2.5_UK/PC_0.25

CEM II-A/V

0.25

3

2.5

3922

3.06

6

MC_5.0_UK/PC_0.25

CEM II-A/V

0.25

3

5.0

4300

3.04

7

MC_0.0_UK/PC_0.54

CEM II-B/V

0.54

3

0

3960

2.95

8

MC_2.5_UK/PC_0.54

CEM II-B/V

0.54

3

2.5

4142

2.94

9

MC_5.0_UK/PC_0.54

CEM II-B/V

0.54

3

5.0

4682

2.92

10

MC_0.0_UK/PC_1.00

CEM IV-B

1.0

3

0

4217

2.88

11

MC_2.5_UK/PC_1.00

CEM IV-B

1.0

3

2.5

4345

2.84

12

MC_5.0_UK/PC_1.0

CEM IV-B

1.0

3

5.0

4500

2.82

FA/PC Sand

RESULTS AND DISCUSSION
In order to assess freezing and thawing resistance of mortars, mortars were subjected to freeze
and thaw action up to 300 cycles in accordance with the Procedure B of ASTM C666 (2015)
and then (i) mass loss in mortar specimens, (ii) change in ultrasonic pulsive velocity and (iii)
change in microstructural development were evaluated. In general, cement-based material
with a mean value of 60% durability factor (DF) or higher than 60% is accepted as a durable
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material in term of freezing and thawing resistance. DF of cement-based material decreases
since internal cracks formed as a result of repeated freezing and thawing (F/T) cycles. Test
results of freezing and thawing resistance (depending on the investigated parameters) up to
300 cycles are given in Figure 4, Figure 5 and Figure 6.
The experimental results showed that an enhancement was observed in freezing and thawing
resistance since a more compacted microstructure was formed by using micronized calcite
(Figure 4). Micro-sized particles contribute to the cementing system not only as a promoter of
pozzolanic reaction but also as a filler enhancing the micro structural properties of cementbased materials and refining the pore structure of matrix (Behfarnia and Salemi, 2013).
Although it is expected that an increase in F/T cycles results in a mass loss in the specimen
weight, only small microcracks (Figure 5) without weight loss were appeared on the surface
of the damaged samples and no change or a little weight-gain in the specimens were observed
(Figure 6). This result may be because of the following statements;
(i)

The applied testing procedure for F/T resistance was ASTM C 666-Procedure B
(2015) which is also well-known to be relatively less detrimental than ASTM C
666 Procedure A (2015). Less severe procedure may result in less or undamaged
specimens.

(ii)

Relatively smaller size of specimens (40x40x160 mm) was used in frost action (in
accordance to ASTM C666 samples must be at least 75 mm in dimension) and
therefore this may result in ignorable mass loss since smaller samples include less
cracks and damages comparing to specimens in higher dimensions.

(iii)

Since it was confirmed in the SEM images of 90-day undamaged mortars, the
hydration reactions between unhydrated micronized calcite and fly ash particles
(Figure 7) were kept going later on within the duration of freezing and thawing
cycles. Therefore, contribution of additional hydration products (carbo-aluminates)
which increases weight-gain could be another reason for the slight weight-gain in
the samples. In addition to this, the slope of the mixtures in which FA and MC
were used together was higher than that of control mixture (CEM I).
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Figure 4. Change in UPV values in accordance with MC replacement level

Figure 5. Micro-cracks generated on the surface of the damaged specimens after F/T cycles
(Herein, M18 refers to Mixture # 9)
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Figure 6. Sample weight-gain in accordance with F/T cycles
Unhydrated MC
Particles

Unhydrated FA particles

a)

b)

Figure 7. Unhydrated MC and FA particles at the curing age of 90-day undamaged sample

In addition to the findings mentioned above, increase in the replacement level of fly ash was
also resulted in lower F/T resistance (Figure 8). It is known that FA take a part in pozzolanic
reactions more than 14–150 days (Wesche, 1991) and it makes any significant contribution to
strength development later on as a result of low pozzolanic reactivity. At the earlier curing
ages (just after 14-day since the mortars are subjected to F/T cycles), FA reacts with very low
amount of portlandite [Ca(OH)2] and forms less C-S-H gels (pozzolanic reactivity). This less
hydration product increases the capillary pores and increases amount of capillary pore and
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thus, this finally leads to the increase in the amount of freezable water and therefore decrease
in F/T resistance (Chung et al., 2010). Therefore, a reduction in UPV values has been
observed as higher amounts of FA replaced by cement, namely using high percentages of fly
ash in cement-based materials does not enhance its freezing and thawing resistance (Wang et
al., 2017; Nasser and Lai, 1992; Yuan and Cook, 1983; Benli et al., 2018).

Figure 8. Change in UPV values in accordance with FA replacement level

CONCLUSION
Effect of both micro-sized calcite and high-volume fly ash (up to 50%) on the durability
properties of standardly produced cement mortars were investigated in this experimental
research. Based on the findings and discussions given before, the following conclusions can
be drawn:
An enhancement was observed in freezing and thawing resistance since a more
compacted microstructure was formed by using micronized calcite.
An increase in freezing and thawing cycles results in a mass loss in specimen weight,
a partial weight-gain in the specimen was observed.
Increase in the replacement level of fly ash was also resulted in lower freezing and
thawing resistance.
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In general, the results of MC_2.5_FA/PC_0.25 mixture(s) were better than other
mixtures.
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ABSTRACT

This study investigates the effect and importance of the main text preprocessing steps such as
normalization and stemming on the performance of classification systems and sentiment
analysis in particular. In general, it is expected that preprocessing may improve performance.
However, preprocessing steps increase the system's complexity and execution time. Hence,
the decision of whether to use the preprocessing or not can be taken based on the percentage
of performance improvement. In more detail, we have investigated the effect of the
preprocessing steps when used individually and in sequence on the performance of sentiment
analysis systems.
Several experiments using the English language challenging and benchmark “sentiment140”
dataset have been conducted. In addition, to ensure the robustness of the results two
classifiers, i.e., SVM and RF were used in this study. Our results indicated that preprocessing
is a must step for having an efficient sentiment analysis system where on average around 7%
improvement was obtained. In addition, the performance of normalization(case folding,
removing punctuations and stop words, and converting numbers to equivalents word) when
used alone outperform using the raw data, while using steaming alone did not improve the
performance. Similarly, when performing the preprocessing steps in sequence, preprocessing
without stemming was the best option and achieved the highest improvement.
Key words: Text Classification, Sentiment Analysis, Preprocess, Document Review,
Machine Learning.
INTRODUCTION
In general, computer-based sentiment analysis (SA) is the mechanism that depends basically
on artificial intelligence to identify the impressions within the content, Ex. positive, negative,
neutral, agree, reject, optimist, pessimist, etc.
On average, more than a billion bytes of new data are published daily. Hence, such data is a
very important resource that can be processed to obtain useful knowledge. SA is the
appropriate choice that can be used to understand and analyze such data. In addition, it has the
ability to save hours of manual processing.
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Nowadays, the number of companies interested in getting the customer's opinions about their
products, services as well as brands is increasing daily. This can be done using the SA
systems, which can detect emotions, feelings, or intentions such as (happiness, sadness,
angriness, interest or unconcerned, etc.) (Jain & Singh, 2018). SA is a branch of text
classification, and it consists of some main steps such as data gathering, data preprocessing,
feature extraction, and classification step. In this study, we have investigated the effect of the
second step, i.e., preprocessing. The main aim of preprocessing is to improve the quality of
the used samples (data) and eliminate useless information. Overall, it is well known that such
a step is essential for building any efficient classification system. However, we have studied
the effect of the main preprocessing steps when used individually as well as when they are
combined. In addition, we have obtained the percentage of improvement, if existed, for the
preprocessing and its steps.
We started first by summarizing the recent studies related to this work and the SA systems. In
(Alam & Yao, 2019), the effect of data preprocessing on the performance of Naive Bayes
(NB), maximum entropy (MaxE), and support vector machines (SVM) classifiers when used
for SA tasks was investigated. Results of (Alam & Yao, 2019) proved that NB has
outperformed others. In addition, preprocessing steps have improved the accuracy of the NB
algorithm only. In other words, the performance of MaxE and SVM was not improved by
preprocessing the data.
In (Pradha et al, 2019), the effect of multiple preprocessing steps such as stemming,
eliminating stop words, lemmatization, and spelling correction was investigated. The
researchers worked on weighting the sentiment score using some data that were collected
from Twitter. Both SVM and NB classifiers were used in this study. Overall, the stemming
preprocessing step resulted in the best accuracy, where the SVM when the stemming is
performed was able to achieve the best accuracy, i.e., 90.3%. In addition, the study of (Pradha
et al, 2019) confirms that the preprocessing stage is essential when working with unstructured
Twitter data.
Also, another model with a preprocessing stage for sentiment analysis (SA) using Twitter
posts about health-related was proposed. The main task of this model was to capture the
intention of the tweeps (Twitter users) in (Kumar & Babu, 2019). The main preprocessing
steps implemented in this study are cleaning the posts and reducing their dimensions. Results
showed that the preprocessing stage can lead to some improvement in results.
In (Alemneh et al, 2020), the authors normalized Amharic words and handled entries of
Amharic Sentiment Lexicon by replacing varied alphabets of the same sound with identical
symbols. Moreover, they used a stemmer after negation to reduce the mismatch of Amharic
words. The proposed system consists of components including preprocessing and sentiment
score calculation using negation detection and char level n-grams features. Overall, the results
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indicated that the negation handling algorithm performs very well (acc. 86.2%) and
outperforms both character and word level machine learning models. In addition, character
level n-gram is more useful than word level for classifying Amharic Sentiment. Finally,
combining both the negation handling approach and char n-gram models was able to get 98%
accuracy.
SA MAIN COMPONENTS
In the following, the preprocessing steps are explained in detail. In addition, the other main
components of the SA system are also summarized.
Preprocessing
In general, preprocessing works on improving the quality of the used data and eliminating
useless information. Preprocessing differ from one language to another, where each language
has its own properties (Punctuations, stop worlds, diacritics, structure and shape of its letters,
etc.). In this study, we investigated the effect of preprocessing English language text. The
investigated steps are summarized below.
Tokenization, also defined as segmentation, which is an important stage of preprocessing
techniques. It works on splitting the text (series of words) into individual terms, or tokens.
Larger length sentences of text can be broken into sentences; sentences can be broken into
words, etc. It is worth mentioning that segmentation can be used some times to refer to the
process of dividing large parts of a text (document) into pieces larger than words (e.g.
paragraphs or sentences).
Normalization: In general, normalization can contain some sub-steps such as 1) Case folding,
i.e., converting the whole text into the same state (upper or lower). 2) Removing punctuations
and stop words (ex. most common words in a language such as "the," "and," and "a,"). 3)
Indexing numbers by converting them to equivalents word. It is worth mentioning that also
stemming and lemmatization can be sometimes considered as sup steps of the normalizing.
Stemming: Briefly, stemming works on eliminating all kinds of affixes to obtain a word
stem(root), where the word “eating” is converted to “eat”, similarly all words trouble,
troubling and troubled are converted to troubl.
It is worth mentioning that investigating other preprocessing steps such as lemmatization,
handling the misspellings, and negation processing is gonging to be our next step.
Feature Extraction
In general, in order to classify any text, it must be converted into some numerical values. This
process can be done using the Vector Space Model (Soucy & Mineau, 2005), which is an
arithmetic model that mainly used in text mining and classification fields to represent the
samples by weights and vectors. Each weight represents the importance of a term in a
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document. TF-IDF (Term Frequency – Inverse Document), and word embeddings such as
word2vec and BRET are examples of frequently used approaches (Church , 2017) and
(Devlin et al, 2018).
In this study, for simplicity purposes, we have used the TF-IDF. In general, the term
frequency (TF) which is the frequency of the index terms in the document or query is
computed first. It is worth mentioning that the main problem of TF is that some words such as
the stop words that do not help in the classification process usually appear many times in the
text. Hence, such words get the heights TF values. To solve the intermentioned problem, IDF
which assigns the heights scores to the rear words and very small scores to the frequent words
can be used. Hence, the word features (weights) are computed by multiplying their TF and
IDF.
Classification
As the last component of the text classification system and SA in particular, a classifier is
needed. It is job is to predict, as accurately as possible, the class of each sample, here the
classes are positive or negative. In this study, both the well-known Random forests (RF) and
Support vector machine (SVM) are used. Briefly, these two classifiers are explained below.
I. Random Forest (RF)
RF is a learning model that is frequently used for classification and regression tasks (Wu et al,
2014). Generally, it is s a supervised learning algorithm that combines multiple decision trees
to construct the main classifier. Overall, each sample is passed to all used trees and its class is
selected based on the majority voting. RF main advantages are 1) avoid the overfitting by
averaging the decision trees results, and 2) Less sensitive and more capable to deal with
losing data or missing features.
II. Support Vector Machines (SVM)
It is a linear supervised machine learning model that also can be used for classification and
regression analysis (Dumais, 1998). SVM performs the classification process by finding some
boundaries (called hyperplane) that maximize the margin (distance) between the classes,
where each data is mapped as a point in high dimensional space using a nonlinear method,
and in this new space, the classification is carried out according to the hyperplane, that can
distinguish between the classes quite well with more confidence.
EXPERIMENTS
In this section, multiple experiments to evaluate the main steps of data preprocessing were
performed using the English language challenging and benchmark “sentiment140” dataset
(Go et al, 2009). In general, this dataset consisted of 1,600,000 tweets extracted using the
Twitter API, where each one has some features such as the polarity of the tweet, tweet id,
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tweet text, the date of the tweet, etc. Related to the evaluation, we have used the following
main standard metrics that are well known used for evaluating classification systems:
1) Accuracy, it is the proportion of right predicted samples to the total samples and can be
obtained using
Accuracy =

𝑇𝑃+𝑇𝑁
N

(1),

2) Precision is the proportion of right predicted positive samples to the total predicted positive
samples. Precision can be represented by
𝑇𝑃

Precision = 𝑇𝑃+𝐹𝑃

(2),

3) Recall (Sensitivity) is the proportion of right predicted samples that were identified
correctly to the all positive samples in the dataset. It can be obtained using Equation (3).
𝑇𝑃

Recall = 𝑇𝑃+𝐹𝑁

(3),

4) F1 score is defined as the weighted average of Recall and Precision. In general, F1 is more
preferred compared to the accuracy, especially if we have a different class distribution.
F1 Score =

2∗Recall ∗ Precision
Recall + Precision

(4).

Where the True Positives (TP) - the correctly positive predicted samples, i.e., the predicted
and the true label is positive. True Negatives (TN) - the correctly negative predicted samples.
It means that the predicted and the true label is negative. False positives (FP) and false
negatives (FN) occur when the actual class contradicts with the predicted class. FP– there is a
difference between the true label and estimated label. i.e. the samples are negative but
classified as positive. On the other hand, FN – refers to the samples that are positive but
classified as negative.
Experiment 1: Using Raw Data
In this experiment, we have investigated the performance of both RF and SVM using the raw
data, i.e., using the data without preprocessing. The results of this experiment can be seen in
Table 1. Overall, SVM was able to outperform the RF using all the evaluating metrics. In
addition, both classifiers were able to process and obtain almost the same results for the
samples of the two existed classes, i.e., Negative and Positive (both classes can be processed
using the same classifier and same steps). However, the results are around 70%. Hence, some
improvement is needed to have an efficient real-time SA system.
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Table 1: The Accuracy, Precision, Recall and F1 score of SVM and RF using the Raw Data.
Classifier

Class

Precision (%)

Recall (%)

F1-score (%)

Negative

76

68

72

Positive

71

78

74

Negative

72

58

64

Positive

65

77

70

SVM

Overall Accuracy(%)

73

RF

68

Note that for the following experiments we are going to obtain the overall performance as the
system does not have any difficulty in processing the samples of the two classes.
Experiment 2: The Effect of Data Normalization
In this experiment, we have investigated the effect of applying the previously mentioned
normalization sub-steps, i.e., case folding, removing punctuations and stop words, and
converting numbers to equivalents word. The results of this experiment are shown in Figure 1,
it is clear that the normalization sub-steps has improved the performance of both SVM and
RF, and on average the improvement was around 3%. In addition, SVM still able to
outperform the RF using all the evaluating metrics.
0,8
0,7
0,6
0,5
0,4
0,3
0,2
0,1
0
SVM
RF

Precision
0,75
0,7

Recall
0,77
0,76
SVM

F1-score
0,76
0,73

Accuracy
0,76
0,71

RF

Figure 1: The Accuracy, Precision, Recall and F1 score of SVM and RF using the Normalized
Data.
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Experiment 3: The Effect of Stemming Step
In this experiment, we have investigated the effect of applying only the stemming on the raw
data. As mentioned before, stemming obtain the word stem(root) by eliminating all kinds of
added affixes. As shown in Figure 2, compared to the result of the previous two experiments,
stemming alone was not able to improve the performance compared to using the raw data. In
addition, the obtained results are less than the result of using the normalized data. Mainly, this
due to the face that multiple different meanings words are stemmed from the same root, which
may affect the final decision of the classifier.

0,8
0,7
0,6
0,5
0,4

0,3
0,2
0,1
0
SVM
RF

Precision
0,71
0,78

Recall
0,68
0,44
SVM

F1-score
0,72
0,57

Accuracy
0,73
0,66

RF

Figure 2: The Accuracy, Precision, Recall and F1 score of SVM and RF using the Stemmed
Data.
Experiment 4: The Effect of combining all the Pre-Processing steps
In the first part of this experiment, all studied preprocessing steps were applied to the raw
data. Generally, these steps in sequence are tokenization, normalization(case folding,
removing punctuations and stop words, and converting numbers to equivalents word), and
stemming. However, based on the previous experiment, i.e., experiment 3, stemming may
decrease the overall performance. Based on this observation, as the second part of this
experiment, we have used all the preprocessing steps and excluded only stemming.
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Table 2: The Accuracy, Precision, Recall and F1 score of SVM and RF using Full
Preprocessing vs. Preprocessing without Stemming.
Classifier Precision

Recall

F1-score

Accuracy

SVM

0.76

0.76

0.76

0.76

RF

0.70

0.76

0.73

0.71

SVM

0.78

0.77

0.78

0.8

RF

0.72

0.77

0.76

0.73

Full preprocessing

Preprocessing
Without Stemming

Overall, as shown in table 2, preprocessing without stemming obtained the best results
compared to full preprocessing and the results of performing the preprocessing steps
individually. In addition, the SVM was able to achieve the highest performance and got 0.8 as
accuracy, and it was able to get a 7% improvement, while the RF got a 5% improvement as
compared to using the raw data. Hence, preprocessing is essential to build an efficient text
classification based systems, such as SA.
CONCLUSIONS
Social media analytics is currently one of the important research fields and leads to introduce
multiple internet-based systems, such as SA. In this work, we have investigated the effect of
the preprocessing steps such as case folding, removing punctuations and stop words,
converting numbers to equivalents word, and stemming on the performance of SA systems. In
addition, to ensure the robustness of the results two classifiers, i.e., SVM and RF were used in
this study. Furthermore, the investigation was done through multiple experiments using the
English language challenging and benchmark “sentiment140” dataset.
The overall results showed that preprocessing is a must step for having an efficient Sa system.
In more details, the performance of normalization(case folding, removing punctuations and
stop words, and converting numbers to equivalents word) when used alone outperform using
the raw data, while using steaming alone did not improve the performance. Similarly, when
performing the preprocessing steps in sequence, preprocessing without stemming was the best
option and achieved the highest improvement.
Investigating the performance of existing CNN models for SA systems is one direction for
future work. A second direction is to investigate the performance of the state-of-the-art word
embedding approaches such as BERT, ElMo, and XLNet when used for the Turkish language.
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ABSTRACT

Geological structures in different regions of Bursa are examined in this study by using vertical
electrical sounding method (VES). The study area includes 13 different districts of Bursa.
Vertical electrical drilling measurements were taken at 34 points in the study area using the
Schlumberger sequence. The data obtained were evaluated with the IPI2win computer
program. Thickness and reel resistivity of each layer were obtained. At the same time, the
well logs of the wells drilled close to the areas where vertical electrical drilling method was
applied were examined. The geological structure of the region was interpreted by evaluating
the well logs and IPI2win computer program results. Average thickness and reel resistivity of
the geological zone in the study area were obtained. This study will constitute the basis for
future studies in examining the geology of the area.
Key words: VES, IPI2win, Geology, Field survey
1. INTRODUCTION
The geological structure of the ground, its geotechnical properties, and environmental
conditions should be evaluated very well in urban development. It is very important to take
necessary precautions ahead of time. In this regard, it is very important to know geology.
Vertical electrical sounding (VES) method, one of the geoelectrical methods, is a method used
in groundwater research and determination of geological layers. Today, this method is used a
lot. While geoelectrical methods provide information about the depth of freshwater-saltwater
interacting and the spatial size of the contaminated groundwater zone, seismic, gravity,
magnetic and thermal methods cannot provide such information. VES method is the most
widely used method among geoelectrical methods.
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There is a wide array of studies about the VES method in the literature. Gyulai et al. (2017)
investigated the geoelectrical properties of thermal waters with VES measurements.
Balakrishna et al. (2014) investigated the groundwater potential of fractured aquifers using
electrical tomography and VES method. Sundararajan et al. (2012) made an environmental
impact assessment using VES and Wenner methods. In the study of Egemen and Karakılçık
(2012), the geothermal potential of Salihli district of Manisa was investigated by VES
method.
The purpose of this study is to examine the geological structure within the determined region
in Bursa. For this purpose, VES method was applied using the Schlumberger sequence. This
study was carried out in 13 different districts of Bursa, namely Karacabey, Harmancık,
Büyükorhan, Nilüfer, Osmangazi, Yenişehir, İnegöl, Mustafakemalpaşa, Keles, İznik,
Mudanya, Kestel, Orhangazi. VES measurements were taken at 34 points in total in these
districts. Due to the existing geographic conditions, topographic conditions, and physical
constraints, the alignment distances showed some changes while using the VES method. To
evaluate the DES data, PI2win computer program was used. As a result, true resistivity values
and layer thicknesses were obtained and low resistivity areas in the region were detected. In
addition, 34 wells were drilled close to the VES applied areas. Well logs taken while drilling
the well were examined and compared with the IPI2win program results. The geological
structure of the region was deduced from the real resistivity values obtained.
2. REGIONAL CLIMATE, VEGITATION AND STUDY AREA
Bursa generally has a mild climate which, however, also varies according to the regions.
While the north experiences mild and warm climate, the south encounters harsh Uludağ
climate. The hottest months of the province are July - September, and the coldest months are
February - March.
Bursa is a province rich in natural vegetation and part of the area is covered in forests. The
plateaus in the southern part, where forests have been severely damaged, generally have
steppes. Maquis and olive groves are dominant on the Marmara shores. Lower forests are
mostly made up of hornbeam, linden, chestnut and alder. In higher areas, beech, oak, fir and
larch forests are dominant and pure Uludağ fir forests in the high parts of the mountain. Table
1 shows study numbers, regions and VES alignment distances (AB / 2).
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Table 1. Study numbers, regions and VES alignment distances
Study
no.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34

Study region

AB/2 (m)

Karacabey Şahinköy
Harmancık Kılavuzlar
Büyükorhan Gedikler
Nilüfer Akçalar
Nilüfer Uludağ Uni.
Osmangazi D.A.S.Tesisi
Nilüfer Özlüce Arıtma
Osmangazi
Hamitler
Arıtma
Yenişehir Çardak Köyü
İnegöl Çeltikçi Köyü-1
Mustafakemalpaşa
Tatkavaklı-1
Mustafakemalpaşa
Tatkavaklı-2
Keles Akçapınar Köyü
Osmangazi
Gökçeören
Köyü
Mustafakemalpaşa
Tatkavaklı-3
Mustafakemalpaşa
Tatkavaklı-4
Karacabey Hamidiye Köyü
İnegöl Çeltikçi Köyü-2
Mustafakemalpaşa
Yalıntaş
Karacabey Yarış
İznik Müşküle
Mudanya Esence-1
Mudanya Mesudiye
Mudanya Esence-2
Harmancık, H.Danişment
Osmangazi, Alaşar
Kestel, Seymen-1
Kestel, Seymen-2
İnegöl, Küçükyenice
Yenişehir, Osmaniye-1
Yenişehir, Osmaniye-2
Yenişehir, Osmaniye-3
Yenişehir, Kızılköy
Orhangazi, Sölöz

200
200
200
200
200
200
200
160
200
200
200
200
200
140
200
200
200
200
180
140
200
280
200
300
200
200
200
200
200
275
225
275
200
200
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3. MATERIAL AND METHOD
Electrical resistivity, also known as the VES method, is based on the principle of measuring
the potential difference created by the electric current sent underground with 2 current
electrodes with 2 potential electrodes.
In practice, an electric current is sent to the ground through stainless conductive electrodes
from two points such as A and B. The voltage difference in the ground is measured with the
help of electrodes from two points such as M and N. Figure 1 shows the distribution of current
lines as a result of the current sent from the current electrodes and the distribution of the
resulting electrical voltage lines, i.e. potential lines.

I

A

M

∆V

N

B

Figure 1. Distribution of streamlines and potential lines

The purpose of this method is to determine the depth and resistivity values of underground
layers by potential measurements from the surface. In the field application of the VES
method, there are different geometric sequences depending on the problem to be solved. The
most widely used are Schlumberger, Wenner and Dipole-Dipole sequences. The
Schlumberger sequence was preferred in this study. The reason why this sequence is preferred
is that it gives deeper information for the same horizontal opening distance compared to other
sequences. The main differences between sequences are research depth and sensitivity to
horizontal lateral solution. Electrode arrays can either be shifted sideways without distortion
of their spacing to examine whether there is a lateral discontinuity underground, or deeper
horizontal stratifications can be examined by increasing the alignment distance without
changing the middle point of the electrode arrays. As the electrode gaps are increased, more
in-depth information is obtained. Schlumberger sequence is given in Figure 2, and geometric
factor k for Schlumberger sequence calculation is given in equation (1).
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B
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Figure 2. Schlumberger sequence
𝑘 = 𝜋𝑛(𝑛 + 1)𝑎

(1)

After calculating the geometric factor k, the apparent resistivity is calculated using the
following equation.
∆𝑉

𝜌𝑎 = ( 𝐼 ) 𝑘

(2)

ρa= Apparent resistivity (ohm-m)
∆V= Measured voltage difference (mV)
I= Current (mA)
k= Geometric factor (sequence coefficient)
In reality, the underground isotope consists of complex structures instead of semi-infinite
environment. For this reason, the resistivity relations do not give the true resistivity values of
the soil. The apparent resistivity is only equal to the true resistivity in isotropic and semiinfinite environment (Başokur, 2004). It is necessary to switch from the apparent resistivity
value to the true resistivity.
With the VES technique, apparent resistivity values are processed on the vertical axis of the
logarithmic paper and the electrode gap on the horizontal axis in order to obtain the
thicknesses of the underground layers and the real resistivity values (Figure 3). Thus, the
apparent resistivity change from the surface to the deeper layers is achieved.
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(AB/2)

Figure 3. Presentation of apparent resistivity values obtained as a result of VES measurement
as a function of electrode spacing (VES curve)
Various techniques are available for obtaining the true resistivity and thicknesses of layers
from the VES curve mentioned above. These can be listed as follows.




Sequential approximation interpretation methods
Asymptotic evaluation
Approximate assessment techniques
 Evaluation with model curves
 Evaluation with two layer model curves
 Evaluation with three layer model curves
 Evaluation with support card points
 Direct comment methods
While the sequential approach interpretation methods were the least used among these
methods, the asymptotic evaluation method was the most used until the development of the
computer (Coşkun, 2005). The curves obtained are overlapped with Orellana-Mooney model
curves (Orellana and Mooney, 1966) and the true resistivity and thicknesses of the layers are
determined. Besides, with the widespread use of computers, programs such as IPI2win
(Bobachow, 2002), RES2DINV (Loke, 1997; Loke, 2000) are used to determine the
resistivity values and layer thicknesses of the soil instead of classical methods. In this study,
IPI2win program was used to determine the resistivity values and layer thickness of the soil.
IPI2win is a program capable of performing inverse and straight solutions in one dimension in
electrical prospecting techniques. Linear filters developed in the Moscow State University
Geophysics Laboratory are used in straight solution problems. In inverse solution problems,
the variables of Newton algorithm or Tikhonov approach are used in the smallest layer
environments. Inverse solution problems are solved separately for each curve (Gürbüz et al.,
2005). The program generates vertical electrical sounding curves using apparent resistivity
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values versus the Schlumberger electrode array. Layer thickness and resistivity values are
determined. Resistivity values of some rocks are given below (Table 2).
Table 2. Rocks and their electrical resistivity
Geological material

Electric resistivity
(ohm-m)
Moist clay soil and 1-10
moist clay
Moist silty soil and <10
silty clay
Moist silty and sandy 10-100
soil
Sand and gravel with <1000
silt alternation
Coarse dry sand and >1000
gravel deposits
Very fractured rock 100
with cracks filled
with moist soil
Little cracked rock <1000
with cracks filled
with dry sand
Massive and solidly >1000
formed rock

4. RESULT
VES method was applied using Schlumberger sequence in the field. Analyzes were made with
IPI2win software using the field measurement data. With this software, the true resistivity and
thicknesses of the layers were obtained. In addition, well log of each well was examined
separately. The resistivity values found by the IPI2win software results were verified with the
formation samples in the well logs. As an example, the IPI2win software solution of Bursa
Province, Karacabey District Şahinköy is given (Figure 4).
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Figure 4. Determination of true resistivity with IPI2win software for Bursa Province,
Karacabey District Şahinköy
In the study, the resistivity values and formation thicknesses of the soil were found by
processing the Schlumberger sequencing data made in each region into the IPI2win program.
Table 3 is formed by taking the arithmetic mean of the resistivity values and layer thicknesses
of each layer.
Table 3. Average thicknesses and resistivity values of layers
Average
Number
Average
thickness
of
resistivity
of
of layers
layers
layers (ohm-m)
(m)
1

2.7

147.1

2

19.1

1219.0

3

39.1

10369.7

4

35.8

1530.4

5

111.0

707.0

6

32643.0
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When the well logs and IPI2win software results of the wells drilled close to the VES applied
regions are evaluated, it is determined that the geological layers given in Figure 5 are located
in the study area.
Layer 1
Layer 2
Layer 3
Layer 4
Layer 5

Layer 6

Sand and gravel with silt
alternation
Coarse dry sand and gravel
deposits
Massive and solidly
formed rock
Coarse dry sand and gravel
deposits
Little cracked rock with
cracks filled with dry sand
Massive and solidly formed
rock

Figure 5. Geological layers
5. CONCLUSION
The study area consists of an average of 6 geological layers (Figure 5). The average thickness
and true resistivity of the geological layers in the study area are as follows: The first layer is
2.7 m thick, its resistivity is 147.1 ohm-m, the thickness of the second layer is 19.1 m, its
resistivity is 1219 ohm-m, the third layer is 39.1 m, its resistivity is 10369.7 ohm-m, the
fourth layer is 35 8 m, with resistivity of 1530.4 ohm-m, the fifth layer is 111 m, with
resistivity of 707 ohm-m, and the resistivity of the sixth layer is 32643 ohm-m (Table 3). The
lowest resistivity values are in the first layer, while the highest resistivity value is located in
the lowest layer. In general, the upper layers consist of sand and gravel, while the lower layers
are composed of rocks (Figure 5). With this study, the geology of the region was determined
within the scope of the area studied.
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ABSTRACT

One of the most significant problems faced by dams built for various purposes is the filling of
dam reservoirs with the solids carried by the rivers. In engineering applications, calculating
the sediment volume below its actual value causes operation and maintenance problems in
storage facilities and the expected benefit from dams cannot be achieved. Calculating the
sediment volume over its real value increases building costs. In order to estimate a dam's dead
storage, the amount and distribution of sediment entering and retained in the reservoir must be
known. Solid matter retained as a result of the accumulation of solid particles in a reservoir
once the particles start to move is examined in this study. Here, the sediment status of the
Çaygören reservoir is investigated. Dead storage volumes were calculated between 19832003, 1978-2003, 1970-2003 with the application of elevation-area-capacity curve, improved
prismoidal formula and Simpson's method in Çaygören dam reservoir after which the results
were evaluated.
Key words: Sedimentation, Sedimentation in Reservoirs, Çaygören Dam
1. INTRODUCTION
Turkey is among the top countries in the world in terms of hydraulic potential energy.
However, the country can only benefit from 22% of this total potential. Considering the fact
that energy shortages still face the country and will still continue in the future, this figure is
really concerning. The truth that this hydraulic potential needs to be utilized more and
properly cannot be ignored.
The biggest problem faced by our dams is the solid matter carried by rivers to the reservoir.
Millions of tons of soil brought by the river in various ways accumulate in the dam reservoir
and shorten the lifespan of the dams. In addition, the most fertile lands of our country
continue to be destroyed by erosion every year. Most river beds in Turkey have very steep
slopes and due to the irregularity of water regime, solid material transport is considerably
high. Most of the material brought by the stream is held in the dam reservoir and, thus, the
reservoir capacity is reduced and therefore, the lifespan of the dam will decrease. Therefore, if
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dead storage is taken into account as the solid material volume that will accumulate in the
reservoir during the operation process of the dam, filling takes place in a much shorter time
and the life of the dam is shorter than planned. There are various studies on the investigation
of reservoir sedimentation (Alvarez-Guerra et al 2010; Betrie et al 2011; Çelik et al 2012;
Fakıoğlu and Atlıer 2016; Haregeweyn et al 2012; Kokpinar et al 2010; Mukherjee et al 2007;
Sumi 2008; Walling 1983; Wanh and Hu 2009; White 1990). The issue of sedimentation in
dam reseviors, which has a very important place in dam planning, has been examined.
Sediment volume methods have been applied in the Çaygören Dam reservoir. Dead storage
volumes were calculated between 1983-2003, 1978-2003, 1970-2003 with the application of
elevation-area-capacity curve, improved prismoidal formula and Simpson's method and
results obtained are later examined.
2. ÇAYGÖREN DAM
Çaygören Dam is a dam that has the most data in terms of sedimentation within the
boundaries of Balıkesir province and is used for irrigation and flood control purposes. The
Çaygören Hydroelectric Power Plant, which was established by Su Energy Electricity
Production Company with the build-operate-transfer contract model, started to generate
electricity since May 2006. The plant has a capacity of around 20 million 250 thousand kWh
per year, however, production was suspended due to insufficient rainfall in the region.
3. MATERIAL AND METHOD
There are some methods for reservoir capacity calculation depending on the leveling area
data. These methods include: elevation capacity curve method, Improved prismoidal method,
Simpson's method, Mean finite area method, Eakin method, the formula based on crosssectional areas and the distance to the dam and Universal method. In this study, dead storage
volume percentages were calculated using elevation-area-capacity curve, improved prismoidal
and Simpson's methods in Çaygören Dam reservoir.
3.1. Elevation-Area-Capacity Curve Method
The elevation-area-capacity curve method is a common method for small-type reservoirs. A
topographic map is needed and it is generally sufficient to use leveling intervals of 2m. In the
application of this method, the following steps are followed:
1. The leveling map of the region is prepared by making field research and measurements.
When the dam starts to fill, hydrographic (sounding) maps of the region are prepared.
2. The area bounded by the leveling curve corresponding to each elevation in the leveling map
is calculated using the planimeter.
3. Level-area curve is drawn by marking the elevations vertically and areas horizontally.
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4. By using the elevation-area curve, the area between the leveling elevations and the curve is
measured using planimeter or millimetric paper and the reservoir volume of the dam is found.
5. By conducting the same operations, the reservoir volume of the dam is found for the other
hydrographic maps according to different years.
6. The differences between the volumes give the sediment volume.
3.2. Improved Prismoidal Method
Although the improved prismoidal method is not as reliable as the elevation-area-capacity
curve method, it is a simpler and easier solution in terms of applying the calculations. This
method is applied as follows:
1.From the leveling maps, the area bounded by the leveling curve corresponding to each level
is calculated with the use of a planimeter.
2. The volume of the segment between these areas is found using the formula below.

V

L
( A  AB  B)
L

(1)

Here,
V: Volume between leveling curves (m³),
L: Leveling ranges (m),
A: Lower level area (m²),
B: Upper level area (m²)
3. After these volumes are found for all successive level areas, the reservoir capacity is found
by summing them up.
4. The same procedures are applied to the hydrographic maps of different years to find the
reservoir volume of those years.
5. The differences between the volumes give the sediment volume collected in the reservoir.
3.3. Simpson’s Method
This method is based on the calculation of the reservoir capacity with a completely
mathematical relation. With this method, the leveling areas of the reservoir are numbered in
the reservoir capacity calculation and the following formula is used.
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V=1/3H[Ao+An+4(A1+A3+…..+An-1)+2(A2+A4+….+An-2)

(2)

Here,
V: Reservoir volume (m³),
A: Leveling areas (m²),
H: Leveling ranges (m)
In this formula, cross-section areas can be taken instead of A values, and the distance between
cross-section areas can be taken instead of the H value, and the volume can also be calculated
based on these values. The same process is applied to hydrographic maps of different years to
find the reservoir volumes of the dam. The differences give the sediment volume accumulated
over the years.
4. RESULTS
The area bounded by the leveling curve, which is the maximum operating elevation in the
Çaygören Dam reservoir map, corresponding to each 10 m elevation up to 270 elevation, was
calculated using a planimeter. Then, the elevation-area curve is drawn by marking the
elevations on the vertical axis and the areas on the horizontal axis. The area between the
leveling levels and the curve was calculated by using the elevation-area-capacity curve. The
reservoir volume at each elevation was calculated according to the elevation-area curve
method. Similarly, calculations were made between 1983-2003, 1978-2003 and 1970-2003
using the prismoidal method and Simpson's methods (Table 1).
Table 1. Evaluation of Results of Sediment Volumes Found by Sediment Volume Methods in
Çaygören Dam Reservoir.
METHODS
Elevation-area-capacity
Improved prismoidal
Simpson’s

% (1983-2003)
72%
95%
95%

% (1978-2003)
88%
111%
108%

%(1970-2003)
135%
158%
151%

5. CONCLUSION
Dead storage volumes were calculated in our currented study between 1983-2003, 1978-2003,
1970-2003 by applying elevation-area-capacity curve method, improved prismoidal method
and Simpson's method in Çaygören Dam reservoir.
Based on these calculations, 72% of dead storage volume fills up in 20 years, 88% in 25
years, and 135% in 33 years according to the elevation-area-capacity method. With the
46

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

improved prismmoidal method, 95% fills up in 20 years, 111% in 25 years and 158% in 33
years. According to the Simpson's method, 95% of the dead storage volume fills up in 20
years, 108% in 25 years and 151% in 33 years.
The dam started to consume its own volume by filling the entire dead storage volume with
sediment in approximately twenty-five years. This indicates that more sediment has
accumulated than anticipated and it is strongly recommended to clean the accumulated
volume.
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ABSTRACT

Increasing amounts of digital images are used in many applications around the world and this
usage rate is constantly increasing. There are cameras as sensors to capture images for
different purposes especially for automation purposes. Object detection is a technique for
identifying the objects in images. The main goal is to understand what an image involves.
Object detection is still challenging task in computer vision related fields and that with the
recent developments in deep neural networks, recognizing the objects in images is now
possible with higher accurate rates.
In this work, we used convolutional neural network on Keras for object detection and we
analzed the effects of some design parameters on the performance. The experiments were
made under 16 diffrent design parameters and the results were observed and summarized.
German Traffic Sign Dataset was used on training and testing because of involving adequate
images on the dataset.
Key Words: CNN, Object Detection, Hyperparameters, Keras, GTSD.
INTRODUCTION
Deep learning is used in many fields, especially in professional groups such as engineers,
doctors and space researchers. Deep learning have entered into our lives in a wide variety of
areas such as face and voice recognition systems, autonomous driving, alarm systems, image
enhancement, advertisement / advice systems and cancer cell detection.
Autonomous driving support has become an issue that we are accustomed to see especially in
electric vehicles in recent years, but traditional vehicle manufacturers are now more
concerned. The biggest reason behind the widespread use of this technology is that we want
machines to understand the events happening around them and for people to be able to make
decisions. The ability of the tools and smart devices we use to perceive the objects in our
environment and to understand what these objects are, not only facilitates daily life but also
plays a preventive role in preventing possible dangers.
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In order for a machine to understand what the object in any picture is, we have to have many
pictures and the algorithm must train itself with these pictures. Today, everywhere is equipped
with cameras and social media accounts where users can upload photos have been popular for
a long time, which allows us to have a lot of image data. Next, an algorithm will be required
to detect the objects in the photograph by processing these photographs. For this purpose, one
of the deep learning methods such as artificial neural networks (ANN), convolutional neural
networks (CNN) or recurrent neural networks (RNN) can be used.
In this study, using the convolutional neural network technique, object detection was
performed. To train and test our system, the German Traffic Sign Dataset was used.
Convolutional neural networks are more popular methods that produce more accurate results
than artificial neural networks. Also, the recursive neural network method is not preferred, as
there is no correlation between the ordering of the input data. With the design parameters
developed using the convolutional neural network technique, how the hyperparameters affect
the result was examined. These parameters can be listed as changing the learning rate value,
changing the number of train images, changing the number of epochs, changing the batch size
value, changing the number of nodes and adding an external class to the dataset. 16 different
design parameters have been created to examine the effect of these hyperparameters on
change. Thus, the effect of hyperparameters on the result is examined in detail. The results
obtained for each algorithm were reflected on the graph and a table was created to observe the
results more clearly.
In order to use the Convolutional Neural Network technique, the German Traffic Sign Dataset
used in the International Artificial Neural Networks Conference held in 2011 was used.
Although there are many data sets available, if a data set containing over 100,000 images such
as the Russian Traffic Sign Dataset were used, much longer times would be required to obtain
the results of the algorithms. If a data set containing approximately 4000 images, such as the
Swedish Traffic Sign Dataset, was used, it would not be possible to generalize about the
algorithms created since the number of pictures and classes would be relatively insufficient.
For this reason, the German Traffic Sign dataset was chosen as the most ideal data set and
used in this study. Viktoria Plemakova's vehicle detection based on convolutional neural
networks study published in 2018, using a data set combining CVLab - EPFL, GRAZ-02 and
INRIA car datasets, performed vehicle detection with CNN technique. In his study named
object detection from images using convolutional neural networks, published by Olavi
Stenroos in 2017, he made image detection on two different traffic-related datasets with CNN
technique.
METHODS
In order for this study to come out, software language, image processing libraries, image
processing technique, a sufficiently rich data set, and a relatively powerful computer to get the
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results of the algorithms faster were needed. Since the main purpose of this study is to
highlight which hyperparameters they should pay attention to by guiding especially beginners,
the choices were made in a way that would enable the users to reach the results in the fastest
and most accurate way.
To create the algorithm, Python was used among software languages such as C, C ++, C #,
Java, R, Python and options such as Matlab. Although all of these options offer
comprehensive documentation and rich library support, Python has been chosen for reasons
such as being free, farther away from machine language and faster than other options.
Common tasks in image processing include displaying images, basic manipulations like
cropping, flipping, rotating etc, image segmentation, classification and feature extractions,
image restoration and image recognition. Python offers us an apt option that we can easily
download the libraries that will perform these operations. Apt (Advanced Package Tool) is a
free-software user interface that works with core libraries to handle the installation and
removal of software on Linux distributions like Ubuntu and Debian. Libraries such as
OpenCV, Keras, Numpy, scikit-image, os, random, matplotlib were used in this study. Since
os and random libraries from these libraries come as standard with Python, they do not require
installation, but other libraries must be installed with the help of the console.
OpenCV (Open Source Computer Vision Library) is an open source computer vision and
machine learning software library. This library has many optimized algorithms. These
algorithms can be used for a lot of operations, for example, detecting and recognizing faces,
identifying objects, tracking camera movements, tracking moving objects, extracting 3D
models of objects, producing 3D point clouds from stereo cameras, classifying human actions
in videos, stitching images together to produce a high resolution image of an entire scene,
finding similar images from an image database, removing red eyes from images taken using
flash, following eye movements, recognizing scenery and establishing markers to overlay it
with augmented reality, etc.
Keras is an Open Source Neural Network library written in Python that runs on top of Theano
or Tensorflow. It is designed to be modular, fast and easy to use. Keras doesn't handle lowlevel computation. Instead, it uses another library to do it, called the "Backend. So Keras is
high-level API wrapper for the low-level API, capable of running on top of TensorFlow,
CNTK, or Theano. NumPy is a general-purpose array-processing package. It provides a highperformance multidimensional array object, and tools for working with these arrays. (Gulli &
Pal, 2017)
Scikit-image includes algorithms for segmentation, geometric transformations, color space
manipulation, analysis, filtering, morphology, feature detection, and more.
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Matplotlib is a comprehensive library for creating static, animated, and interactive
visualizations in Python.
The CNN technique, which was first described in the academic paper in the convolutional
neural networks for images, speech and time-series study published by Yann LeCun et al. in
1998, was used as an image processing technique. An algorithm was created for the beginning
and it was examined how changes made in hyperparameters such as learning rate, number of
epochs, number of nodes, batch size and size of the data set will affect the result for each new
algorithm. The CNN structure used in this study is shown in Figure 1.
Learning rate is a hyper-parameter that controls how much we are adjusting the weights of our
network with respect the loss gradient. The smaller the learning rate value is chosen, the
slower we will move along the downward slope.Using a low learning rate is a good idea in
terms of making sure that wedon’t miss any local minima, but it can also mean that we’ll be
taking a long time to converge.
All of the data don’t participate in the training at the same time when the model is training.
They take part in training in a certain number of parts. The first part is trained, the
performance of the model is tested, and the weights are updated with backpropagation
according to performance of model. Then, with the new training set, the model is retrained
and the weights are updated again. This process is repeated in each training step to try to
calculate the most suitable weight values for the model. Each of these training steps is called
an epoch.
Batch size is a term used in machine learning. It indicates to the number of training examples
used in one iteration.
Citlalli Gamez Serna and Yassine Ruichek performed image processing using the traffic signs
of European countries such as Belgium, Croatia, France, Germany, Netherlands and Sweden
in their work titled Classification of Traffic Signs: The European Dataset. Again, in their
study, the total number of images, the number of test images, the number of trainin images
and the number of classes belonging to the data sets of European countries were tabulated. It
is seen that it has the richest European country data set with 43 classes, 39209 training
images, 12630 testing images and a total of 51839 images. For this reason, German Traffic
Sign Data set was used in this study.
Acer Nitro AN515-54 was used as the computer. This device has system features such as 8
GB Ram, Intel Core i7-9750h processor with 2.60 Ghz speed, 4 GB Nvidia GeForce GTX
1650 graphics card and 128 GB SSD storage. Also, Linux based Ubuntu 18.04 was used as
the operating system.
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Figure 1
RESULTS
16 different design parameters have been created to observe how much and how
hyperparameters affect the result. While creating these algorithms, the effect of changes in
hyperparameters on the result was examined rather than obtaining the highest correct
prediction rate.
First of all, an algorithm called reference code I was created, which is considered as the
starting point in order to make a comparison. In this algorithm, learning rate 1 x 10-1, epoch
number 30, batch size 32, and number of nodes in convolution layer are selected as 8, 16, 16,
32, 32, respectively, while the number of nodes in FC layer are selected as 128, 64 and 43
respectively. There is also one dropout. When this code is run, an algorithm that makes
approximately 93% accurate predictions has been obtained. The graphics of the results are
given in Figure 2 in the figures section. In addition, this code is named as algorithm 1 in order
to make it easier to compare and read the values in Table 2 in the discussion section.
In the next step, only the epoch number was updated to 60 without touching the other
parameters in the reference code I. As a result of this change, an accuracy rate of
approximately 94% was obtained. The graphics of the results are given in Figure 3 in the
figures section. In addition, the result values of this algorithm are given in algorithm 2 row in
the Table section. In addition, this code is named as algorithm 2 in order to make it easier to
compare and read the values in Table 2 in the discussion section.
In the next step, the learning rate was updated as 1 x 10-2 without touching the other
parameters in the reference code I. As a result of this change, an accuracy rate of
approximately 94% was obtained. The graphics of the results are given in Figure 4 in the
figures section. In addition, this code is named as algorithm 3 in order to make it easier to
compare and read the values in Table 2 in the discussion section.
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After previous algorithm, the learning rate was updated to 1 x 10-2 and the number of epochs
to 60 without touching the other parameters in the reference code I. As a result of this change,
an accuracy of approximately 95% has been achieved. The graphics of the results are given in
Figure 5 in the figures section. In addition, this code is named as algorithm 4 in order to make
it easier to compare and read the values in Table 2 in the discussion section.
Then, without touching the other parameters in the reference code I, only the first 3 nodes in
the convolution layer were updated as 128, 64, 64. As a result of this change, an accuracy of
approximately 96% has been achieved. This algorithm is regarded as reference code II.
Graphics of the results are given in Figure 6 in the figures section. In addition, this code is
named as algorithm 5 in order to make it easier to compare and read the values in Table 2 in
the discussion section.
Next, only the epoch number was updated to 120 without touching the other parameters in the
reference code I. As a result of this change, an accuracy of approximately 93% has been
achieved. Graphics of the results are given in Figure 7 in the figures section. In addition, this
code is named as algorithm 6 to make it easier to compare and read the values in Table 2 in
the discussion section.
After that, only batch size is updated to 8 without touching the other parameters in reference
code I. As a result of this change, an accuracy of approximately 80% has been achieved. The
graphics of the results are given in Figure 8 in the figures section. In addition, this code is
named as algorithm 7 in order to make it easier to compare and read the values in Table 2 in
the discussion section.
Then, the other parameters in the reference code I have been updated to 128 only batch size.
As a result of this change, an accuracy of approximately 94% has been achieved. The graphics
of the results are given in Figure 9 in the figures section. In addition, this code is named as
algorithm 8 in order to make it easier to compare and read the values in Table 2 in the
discussion section.
In the next stage, only the epoch number was updated to 60 without touching the other
parameters in reference code II. As a result of this change, an accuracy of about 97% was
obtained. The graphics of the results aregiven in the figures section as Figure 10. In addition,
this code is named as algorithm 9 in order to make it easier to compare and read the values in
Table 2 in the discussion section.
Then, only the learning rate was updated as 1 x 10-2 without touching the other parameters in
reference code II. As a result of this change, an accuracy of about 97% has been achieved.
Graphics of the results are given in Figure 11 in the figures section. In addition, this code is
named as algorithm 10 in order to make it easier to compare and read the values in Table 2 in
the discussion section.
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Next, without touching the other parameters in the reference code II, only the learning rate
was updated as 1 x 10-2 and the number of epochs was 60. As a result of this change, an
accuracy of approximately 98% has been achieved. The graphics of the results are given in
Figure 12 in the figures section. In addition, this code is named as algorithm 11 in order to
make it easier to compare and read the values in Table 2 in the discussion section.
In the next step, the number of images in the train image was reduced by 25% and
approximately 30,000 images were processed. As a result of this change, an accuracy of
approximately 80% has been obtained. The graphics of the results are given in Figure 13 in
the figures section. In addition, this code is named as algorithm 12 to make it easier to
compare and read the values in Table 2 in the discussion section.
After that, the number of images in the train image was reduced by 50% and approximately
20,000 images were processed. As a result of this change, an accuracy of approximately 72%
was obtained. The graphics of the results are given in Figure 14 in the figures section. In
addition, this code is named as algorithm 13 in order to make it easier to compare and read the
values in Table 2 in the discussion section.
Then, the number of images in the train image was reduced by 75% and approximately 10,000
images were processed. As a result of this change, an accuracy of approximately 55% was
obtained. Graphics of the results are given in Figure 15 in the figures section. In addition, this
code is named as algorithm 14 in order to make it easier to compare and read the values in
Table 2 in the discussion section.
In the next step, a new class has been added to the data set. The image dimensions were
reviewed, the roi region was found for each image, and the adding process was completed. As
a result of this change, an accuracy rate of approximately 93% was obtained. The graphics of
the results are given in Figure 16 in the figures section. In addition, this code is named as
algorithm 15 in order to make it easier to compare and read the values in Table 2 in the
discussion section.
In the last step, batch size 128, learning rate 1 x 10-2, epoch number 60 and first 3 nodes in
convolution layer were updated as 128, 64, 64 without touching the other parameters in
reference code II. As a result of this change, an accuracy rate of over 98% was obtained. The
graphics of the results are given in Figure 17 in the figures section. In addition, this code is
named as algorithm 16 in order to make it easier to compare and read the values in Table 2 in
the discussion section.
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DISCUSSION
Comparing algorithm 1 with algorithm 2 shows a change in the number of epochs. As a result
of this change, an increase of approximately 2% was observed in validation accuracy, while a
decrease of approximately 4% occurred in validation loss.
Comparing algorithm 1 with algorithm 6 shows a change in the number of epochs. As a result
of this change, an increase of approximately 0.5% in validation accuracy was observed, while
an increase of approximately 0.5% in validation loss occurred.
Comparing algorithm 2 with algorithm 6 shows a change in the number of epochs. As a result
of this change, a decrease of approximately 2% was observed in validation accuracy, while an
increase of approximately 4% occurred in validation loss.
When algorithm 1 and algorithm 3 are compared, there is a change in learning rate. As a result
of this change, an increase of approximately 1% was observed in the validation accuracy,
while a decrease of approximately 2% occurred in the validation loss.
Comparing algorithm 1 with algorithm 4, there is a change in learning rate and number of
epochs. As a result of this change, an increase of approximately 2% was observed in the
validation accuracy, while a decrease of approximately 8% occurred in the validation loss.
When algorithm 1 and algorithm 5 are compared, a change is seen in the first three nodes in
the convolutional layer. As a result of this change, an increase of approximately 3% was
observed in validation accuracy, while a decrease of approximately 8% occurred in validation
loss.
When comparing algorithm 1 with algorithm 7, there is a change in batch size. As a result of
this change, while a decrease of approximately 12% was observed in validation accuracy, an
increase of approximately 45% occurred in validation loss.
When comparing algorithm 1 with algorithm 8, there is a change in batch size. As a result of
this change, a decrease of approximately 1% was observed in validation accuracy, while an
increase of approximately 6% occurred in validation loss.
Comparing algorithm 5 with algorithm 9 shows a change in the number of epochs. As a result
of this change, an increase of approximately 1% in validation accuracy was observed, while a
decrease of approximately 0.5% in validation loss occurred.
When algorithm 5 is compared with algorithm 10, there is a change in learning rate. As a
result of this change, an increase of approximately 1% was observed in validation accuracy,
while a decrease of approximately 3% occurred in validation loss.
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When algorithm 5 is compared with algorithm 11, there is a change in the learning rate and
number of epochs. As a result of this change, an increase of approximately 2% was observed
in validation accuracy, while a decrease of approximately 6% occurred in validation loss.
When algorithm 1 is compared with algorithm 12, there is a change in the number of train
images. As a result of this change, a decrease of approximately 12% was observed in
validation accuracy, while an increase of approximately 48% occurred in validation loss.
Comparing algorithm 1 with algorithm 13, there is a change in the number of train images. As
a result of this change, while a decrease of approximately 20% was observed in validation
accuracy, an increase of approximately 30% occurred in validation loss.
Comparing algorithm 1 with algorithm 14, there is a change in the number of train images. As
a result of this change, a decrease of approximately 38% in validation accuracy was observed,
while an increase of approximately 49% occurred in validation loss.
When algorithm 1 is compared with algorithm 15, it is seen that a new class has been added to
the dataset. To create this class, 50 test images and 200 train image have been added to data
set. As a result of this change, an increase of approximately 1% in training accuracy was
observed, while an increase of approximately 7% occurred in validation loss.
When algorithm 1 and algorithm 16 are compared, there is a change in learning rate, number
of epochs, batch size and node numbers. As a result of this change, an increase of
approximately 6% was observed in validation accuracy, while a decrease of approximately
17% occurred in validation loss.
Comparisons with other algorithms have been made based on algorithm 1 called reference
code I and algorithm 2 called reference code II. As a result of these comparisons, the effects
of learning rate, epoch number, batch size and node number on loss, accuraccy, validation
loss and validaion accuracy are revealed. As expected, the increase in the number of learning
rate, epoch number, batch size and node number provided higher accuracy rates.In addition, it
was observed that adding a new image to the data set did not have a performance-degrading
effect.
CONCLUSION
Object detection processing was carried out on the GTSD data set using the Keras library with
CNN, which is still a popular deep learning method. Some observations were made by
making changes on the created algorithms. These observations are visualized with tables and
graphics. As a result of the observations made, it is presented to you that hyperparameters
such as number of epoch, learning rate, dropout, number of nodes have a significant effect on
the result. In addition, the effect of adding a new class to the data set on performance was also
examined. More detailed comparisons between algorithms are made in the discussion section.
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Considering these comparisons, it is seen that increasing the number of epoch and/or node
increases the correct prediction rate of the algorithm.
It has been demonstrated that reducing the batch size, learning rate and number of training
images in the data set reduces the correct prediction rate of the algorithm. The number of train
images are reduced in algorithm 12,13 and 14. When Table 2 is examined, it is seen that the
accuracy values are higher than the validation accuracy values in these design parameters.
Because overfitting happened in these design parameters. It has been noticed that the decrease
in the number of training images is the change that effects the data loss most negatively and
increases the loss rate the most.
It is also seen that adding a new class to the dataset does not have a negative effect on the
performance of the algorithm. In the last algorithm created, hyperparameters have been
selected to maximize the correct prediction rate. As a result of the regulations, an accuracy of
over 98% was achieved, while approximately 1% data loss was experienced.
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Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6
Algorithm 7
Algorithm 8
Algorithm 9
Algorithm 10
Algorithm 11
Algorithm 12
Algorithm 13
Algorithm 14
Algorithm 15
Algorithm 16

Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6
Algorithm 7
Algorithm 8
Algorithm 9
Algorithm 10
Algorithm 11
Algorithm 12
Algorithm 13
Algorithm 14
Algorithm 15
Algorithm 16

Learning
Rate
1x10-1
1x10-1
1x10-2
1x10-2
1x10-1
1x10-1
1x10-1
1x10-1
1x10-1
1x10-2
1x10-2
1x10-1
1x10-1
1x10-1
1x10-1
1x10-2

Training
Loss
%30,43
%21,28
%32,36
%27,50
%9,90
%25,78
%31,24
%10,58
%8,43
%11,06
%8,08
%34,73
%33,58
%28,49
%28,72
%1,22

TABLES
Epoch
Batch
Size
30
32
60
32
30
32
60
32
30
32
120
32
30
8
30
128
60
32
30
32
60
32
30
32
30
32
30
32
30
32
60
128
Table 1
Training
Validation
Accuracy
Loss
%90,66
%24,24
%93,41
%19,95
%90,09
%22,15
%91,79
%16,77
%96,98
%16,39
%91,93
%24,61
%60,18
%71,87
%96,75
%31,06
%97,52
%15,92
%96,81
%13,21
%97,70
%10,09
%89,35
%71,99
%89,30
%55,50
%91,00
%73,23
%91,28
%31,17
%99,64
%7,82
Table 2

Node
(First 3)
8, 16, 16
8, 16, 16
8, 16, 16
8, 16, 16
128, 64, 64
8, 16, 16
8, 16, 16
8, 16, 16
128, 64, 64
128, 64, 64
128, 64, 64
8, 16, 16
8, 16, 16
8, 16, 16
8, 16, 16
128, 64, 64

Validation
Accuracy
%92,32
%94,38
%93,25
%94,60
%95,38
%92,72
%79,89
%91,91
%96,21
%96,57
%97,17
%79,44
%71,27
%54,03
%92,33
%98,13
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ABSTRACT
With rapid advancements in the Internet technology, cyber-threats pose serious challenges,
and therefore, cybersecurity became a growing concern. In this paper, an efficient ensemble
system for cybersecurity attacks and network anomalies detection, in particular, is introduced.
The proposed system is implemented through investigating the performance of some wellknown machine learning Classifiers, namely, K-Nearest Neighbor (KNN), Naïve Bayes (NB),
for enhancing the task of network anomalies detection. For the purpose of improving the
overall performance, robust and stability of such a system, the performance of some ensemble
learning algorithms, namely, Random Forest (RF), AdaBoost (AdaBoost), and
GradientBoosting (GBC) has been investigated as well. The key advantage of the proposed
system is the combination with Principal Component Analysis PCA algorithm, which has a
tangible effect on improving the performance and speeding up the system. The PCA
algorithm reduces the number of used features by preserving the essential parts that have
more variation of the features and remove the non-essential features with fewer variation.
Several experiments have been conducted using the “KDD CUP99” dataset that is widely
used to evaluate intrusion detection prototypes. The experimental outcomes demonstrate that
the performance of the studied algorithms is somehow similar to each other, however, by
using the ensemble learning combined with the PCA of the studied algorithms, the
performance, robustness, and stability of the classifying process has been significantly
improved.
Key words: Cyber Security Attacks, Network Anomalies; Ensemble learning, K-Nearest
Neighbor, Naïve Bayes, Random Forest, AdaBoost, GradientBoosting; Principal
Component Analysis.
INTRODUCTION
Anomaly detection in networks refers to the problem of spotting the strange and unexpected
event by exploring the patterns hidden in the networks. It has become a significant task in
network analysis. Anomaly detection attempts to find patterns in data, which do not conform
to expected normal behavior. In more details, network anomalies such as (network intrusions,
network overload conditions, denial of service attacks and malicious/hostile activities) can
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cause network failures for both private and public entities. On the other hand, Cybersecurity,
which is the protection of internet-connected systems, hardware, software and data from
cyber-attacks becoming more complex and costly as the threats are growing every day.
Hence, developing flexible and adaptable security-oriented approaches along with new types
of attacks that are constantly emerging is a very difficult task. Therefore, anomaly intrusion
detection techniques and systems for networks are very innovative to achieve the necessary
protection.
The Network Anomaly Detection System (NADS) monitors computer networks and identifies
any deviations from the normal behavior (profile) to detect the possible attacks. The
importance of anomaly detection is due to the fact that anomalies data translate to significant
and often critical actionable information in wide variety of application domain (Kumar,
2005). Network anomaly detection (NAD) can be achieved through statistical-based,
clustering and outlier-based, classification-based, Knowledge-based, soft computing and
combination learner-based (Shia et al. 2019, Fernandes et al. 2019, Ramotsoela et al. 2018,
and Lee et al. 2018).
Nowadays, Network Anomaly Detection systems are one of the important research fields.
Many researchers are trying to improve the efficiency of these systems. In the following, we
have summarized the recent developments and studies related to NADS (Fernandes et al.
2019, Voronkov et al. 2018, and Sharma et al. 2018). In (Sharma et al. 2018), an Intrusion
Detection System based on the density maximization-based fuzzy c-means clustering was
proposed. This approach uses the membership matrix generation algorithm to improve the
clustering efficiency. In addition, it uses the Dissimilarity Distance Function (DDF) to
compute the distance metric. Overall, this approach obtained good results using the ADFA
Dataset.
In (Alkasassbeh, M. 2018), a hybrid approach that combines traffic prediction and changing
detection methods to detecting the distributed denial-of-service (DDoS) attack by monitoring
abnormal traffic in the network was presented.
In (Zerbini et al. 2019), an anomaly identification mechanism based on Discrete Wavelet
Transform (DWT) was presented. This system was compared with another detection model
based on Random Forest. In this work, both methods generate a normal traffic profile, which
is compared with actual real network traffic to recognize abnormal events. Their results
showed that both methods enhance the detection of anomalous behavior by maintaining a
satisfactory false-alarm rate. Software-defined networking (SDN) is an emergent paradigm
that aims to support next-generation networks through its flexible and powerful management
mechanisms (Peng et al. 2018, Carvalho et al. 2018). Although SDN provides greater control
over traffic flow, its security and availability remain a challenge.
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In (Carvalho et al. 2018) authors presented an SDN-based ecosystem that monitors network
traffic and proactively detects anomalies. In addition, they have studied the possibility of
using SDN with OpenFlow for centralized network monitoring.
Another SDN-based flow detection method was presented in (Peng et al. 2018), which
performs classification detection on the flows using the double P-value of transductive
confidence machines for K-Nearest Neighbors algorithm. Their experimental results showed
that this approach can achieve a lower false-positive rate and higher precision. Nowadays,
cloud computing became an essential part of global networks especially in supporting a very
large number of small and medium enterprises to build IT solution with low cost and less
effort (Kim et al. 2018). Hence, the availability of very advanced and efficient NADS is an
essential component in such a network.
In (Kim et al. 2018), a network threat detection and classification method for cloud computing
has been proposed. In this work, in order to improve the performance of detection and
classification of network threat, a hybrid way which applies an unsupervised clustering
approach with labeled data, and uses a supervised learning approach for feature selection has
been produced.
This paper is organized as follows: Section 2 presents an overview of the machine learning
approaches for NADS. In Section 3, the experimental study is discussed, and finally,
conclusions and future works are given in Section 4.
MACHINE LEARNING APPROACHES FOR NADS
In general, NADS aims at classifying and identifying each connection as normal or intrusion
types, it consists of the following stages:
1) Data aggregation: In this stage, data is captured from network traffic using one of the
available applications such as the Wireshark network monitoring application. In this work
the common challenging and benchmark dataset “KDD Cup99” is used. In general, the
KDD dataset includes around 5 million connection samples, where each sample has 41
features (attribute), and the last attribute indicates whether this connection sample is
normal or an attack. In addition, the attacks fall into one of the following four categories:
Denial of Service Attack (DOS), User to Root Attack (U2R), Remote to Local Attack
(R2L), and Probing Attack (probe).
2) Data pre-processing: The “Pre-processing” stage regulates the data to ensure an efficient
configuration of the classification system. In general, it has been proved that the
preprocessing of the text data is an important and essential step and if we skip such a step,
the chance of badly affected by the noisy and inconsistent data is increased. The objective
of this step is to clean by eliminating the duplicated, noise, and irrelevant part of data.
In addition, to speed up the system, and select the most efficient features, the PCA has
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been used in this stage. In other words, PCA is a statistical procedure that uses an
orthogonal transformation to convert a set of samples of possibly correlated features into
a set of values of linearly uncorrelated features called principal components (Wold,
1987), (Aït-Sahalia and Xiu, 2019). In other words, it can be utilized for extracting
information from a high-dimensional space, i.e., a large number of features, by projecting
it into a lower-dimensional subspace. It tries to preserve the essential parts that have more
variation of the data and remove the non-essential parts with fewer variations. The
purpose is to reduce the dimensionality of a data set (sample) by finding a new set of
variables (Uncorrelated), smaller than the original set of variables (Correlated), without
much loss of information and still retains most of the sample's information.
3) Classification:
In general, in this step an efficient system will be built. To achieve this goal, a model for
each of the following algorithms was built, and trained using the KDD CUP99 dataset.
I. Support Vector Machines (SVM)
It is a linear supervised machine learning model that also can be used for classification
and regression analysis (Dumais, 1998). SVM performs the classification process by
finding some boundaries (called hyperplane) that maximize the margin (distance)
between the classes, where each data is mapped as a point in high dimensional space
using a nonlinear method, and in this new space, the classification is carried out
according to the hyperplane, that can distinguish between the classes quite well with
more confidence.
II. K-Nearest Neighbor (KNN)
K-nearest neighbors, is a simple algorithm that stores all existing neighbors and
classifies new data according to the used similarity criteria (ex, distance functions as
Manhattan, Euclidean distance) (Cunningham, & Delany, 2020). KNN was used as a
non-parametric technique for statistical estimation and pattern recognition tasks in the
early 1970s. Hence, in our case, a tweet is assigned to the most common class among
its' nearest neighbors.
III. Naïve Bayes (NB)
Naive Bayes is a probabilistic classifier that based on Bayes theorem with naive
independence assumption. Naive Bayesian model is easy to build, with no complicated
iterative parameter estimation, which makes it particularly useful for very large
datasets. Naive Bayes operates by assuming independence, i.e., the presence of some
feature will not affect the other features (Frank & Bouckaert, 2006). In other words,
Naive Bayes classifier relies on the probability model, and in many practical
applications, the method of maximum likelihood is used in parameter estimation for
“Naive Bayes” models (Frank & Bouckaert, 2006).
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In addition, the state-of-the-art ensemble based algorithms are briefly summarized (Elith,
2019), (Wu et al, 2014), and (Ke et al. 2017).
I. AdaBoost Classifier (AdaBoost)
AdaBoost or Adaptive Boost is an ensemble classifier. It is an iterative ensemble
method that uses the weak classifiers within the ensemble structure in order to boost its
performance. In this case, the ensemble’s classifiers are added one at a time, where
each subsequent classifier is trained using the data that previous ensemble members
have failed to classify it correctly. In other words, AdaBoost selects the training set for
trains the current learning model based on the estimation of the last training (Elith,
2019).
II. Random Forest (RF)
Similar to the AdaBoost, RF is another ensemble classifier that is based on combining
multiple decision tree models (Wu et al, 2014). In other words, RF is an ensemble that
contains some relatively uncorrelated individual decision trees working together, where
each data sample is passed to all the trees to predict its class, and the class with the
most votes is selected as the prediction of the RF model.
III. GradientBoosting Classifier (GBC)
In general, the prediction model of the GBC classifier is produced by sequentially
fitting the base learner to current “pseudo”-residuals, which is the gradient of the loss
functional being minimized in respect to the model values for each training sample
evaluated at the current step (Ke et al. 2017).
4) Prediction and response stages.
The system has the ability to classify the intrusion attacks in offline and online modes.
The last stage of NADS, "Response” displays the important information and informs the
security analyst. The most important part of the NADS is to detect abnormal behavior and
inform the Security Analyst as soon as possible. Whereupon, Security Analyst takes
proper actions such as updating the network protection systems (Firewall, Antivirus
Servers, etc.). In the following, the details of the studied algorithms are summarized.
To sum up, the proposed system was built after intensive investigations to find the most
appropriate components for efficient NADS. The system, as shown in Figure 1, start by
preprocessing the collected data, then PCA is used to extract the useful information (a lowerdimensional subspace) from a large number of features. Finally, the Random Forest (RF)
classifier, which obtained the best performance as compared to other investigated ones, is
used to classify each sample as negative(normal sample) or as a positive attack, which further
classified into one of the four attacks(DOS, U2R, R2L, and Probe).
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Figure 1. A schematic diagram of the proposed NADS.
EXPERIMENTS
In order to investigate the performance of anomalies detection system, we conduct a
comparative evaluation experiment of four algorithms, namely K-Nearest Neighbors (KNN),
K-Means, Naïve Bayes and Random Forest. With the aim of examining the efficacy of the
above mentioned algorithms in different situations, a series of tests with their results are
presented, with a verity of parameters that discussed in this section.
Evaluation Metrics
In this study, we have used the following main standard metrics that are well known used for
evaluating network anomalies detections: 1) Percentage of Successful Prediction (PSP), also
known as Detection Rate (DR), which is the ratio between the number of correctly detected
attacks and the total number of attacks and can be calculated using Equation (1). 2) Accuracy
(ACC), which is the ratio of the total number of correctly classified attacks and normal
connections divide to the total number of connections and calculated using Equation (2). In
addition, to ensure the robustness of the performed experiments, we have used the K-fold
cross validation, where k was set to 10.

Where, True Positive (TP) represent the number of correctly predicted packets as attacks by
system, the True Negative (TN) is the number of correctly predicted packets as normal by
system, False Positive (FP) is the number of normal packets, which are predicted as attacks,
and the False Negative (FN) is the number of attack packets which are predicted as normal.
Experiments and Results Analysis
Experiment 1: Performance of machine learning classifiers (individuals) vs. ensemble
learning classifiers
In this experiment, we have investigated the performance of each of the studied techniques,
i.e., K-Nearest Neighbor (KNN), Naïve Bayes (NB) Random Forest (RF), AdaBoost
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0,898

0,56

0,74

0,848

0,908

(AdaBoost), GradientBoosting (GBC). In this experiment, 125,973 samples were used for
training and 25,192 for testing, where the raw data is used (no preprocessing) and all the
sample’s features are used. The results of the first experiment can be seen in Figure 2.
Overall, the results indicated that the DT ensemble-based algorithm achieved the highest
accuracy, i.e., 0.908 as compared to the other algorithms. On the other hand, the lowest
accuracy was obtained by the NB classifier.

KNN

NB

RF

ADABOOS T

GBC

Figure 2. The accuracy of the studied algorithms.
Experiment 2: Performance of the Proposed NADS
In this experiment, the performance of the proposed NADS was investigated using a dataset
consisted of 1,000,000 training and 25,192 testing samples. In addition, to ensure the
scalability and robustness of the proposed NADS, this experiment was repeated five times(5
iterations). The results of this experiment are shown in Table 1 and can be summarized as
follows. Overall, our system was able to achieve 0.99 as accuracy. Related to the average of
DR, was between 92.50 and 95.47, where the proposed system was able to achieve the highest
DR for the DoS attacks (above 99.98), and above 81.51 for U2R attacks.
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Table 1. The accuracy and the DR for detecting the exact type of attacks of the proposed
NADS.

.Iteration

DR
(%)

DR For
Normal
(%)

DR
For
Probe
(%)

DR
For
DoS
(%)

DR For
R2L
(%)

1st

92.50

99.97

99.88

99.99

89.95

81.51

0.99

2nd

93.18

99.98

99.91

99.98

93.30

81.51

0.99

3rd

95.47

99.97

99.86

100.0

95.69

81.81

0.99

4th

94.09

99.96

99.69

100.0

88.99

81.81

0.99

5th

93.61

99.95

99.69

99.98

86.60

81.81

0.99

DR For Accuracy
U2R (%)
(%)

CONCLUSIONS AND FUTURE WORKS
Cyberattacks become more attractive and potentially more disastrous as our dependence on
information technology increases. In this paper, we proposed an anomaly detection model for
cybersecurity attacks using Ensemble Learning and Principal Component Analysis. The
proposed model has shown a noticeable improvement in terms of accuracy rate compared to
some machine learning classifiers. Moreover, the proposed system demonstrated high
scalability and robustness with a high detecting rate for DoS and U2R attacks.
As a future work, this study could be further improved and extended in several aspects, such
as combining several mechanisms in one framework. Furthermore, the system performance
could be exposed by testing the proposed system in different environments and scenarios
using different data sets.
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ABSTRACT
In this study, it is aimed to develop Supported Ionic Liquid Phases (SILPs) adsorbent to be
used in removing Bisphenol-A (BPA) from the aqueous solutions. In this context, ionic liquid
(IL), BMIMTF2N with high BPA extraction ability is impregnated into porous support by
following the wet impregnation method. Sorption performances of prepared SILPs were
examined by batch sorption studies.
The results showed that the incorporation of ILs significantly improved the sorption
performances of porous supports. Sorption percentages are directly affected by the pH value
of the BPA solution.
Key words: Silica Aerogel, Adorption, Bisphenol-A (BPA).
INTRODUCTION
Bisphenol-A (BPA) is a colorless, organic synthetic compound. It is a strong endocrinedisrupting chemical that is used as a plasticizer in the synthesis of many plastic materials used
in daily life. BPA is often used in the production of polycarbonate plastics and in many plastic
consumer products including toys, water pipes, drinking containers, food packaging
manufacturing, contact eye lenses, sports safety equipment, dental materials, medical
equipment and poses a great threat to human health. In addition to its greatest effect is an
endocrine disrupter, it has been observed that it increases asthma rates, causes cancer, and
causes regression in brain and intelligence development (Babu, 2015).
There are many different methods for removing BPA from wastewater. Recently, it has been
reported that extraction, adsorption, oxidation, membrane, multifunctional membrane (with
rejection, adsorption and catalysis functions) methods are applied to remove BPA from
aqueous solutions (Xiaotong, 2016; Lin,2009). Among them adsorption is considered as a
promising candidate because of low cost and easy operation (Bhatnagar, 2017). In general
efficiency of adsorption depends on the surface properties of adsorbent. Hence, there is a
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continuous effort to enhance the removal efficiency by improving the surface properties of
adsorbents. Recently, hydride materials derived by incorporation of functional groups onto
porous supports have gained attraction due to synergistic combination of unique features of
extraction and adsorption processes (Daigboya, 2018). Supported Ionic Liquid Phase (SILP)
materials are very recent example of hybride adsorbents where ionic liquid is entrapped on a
solid phase (Lemus, 2011)
In this study a SILP s were prepared by impregnation of BMIMTF2N ionic liquid onto solid
supports of Aerosil TT-600 and silica aerogels by physical impregnation method. One of the
solid supports used in this study was synthesized by sol-gel method. Sorption performance of
prepared adsorbents were examined by batch sorption tests and noticeable enhancement in the
sorption performances of adsorbents by functionalization have been observed.
EXPERIMENTAL STUDY
Materials
Two types of silica support were used in this study. The commercial one, Aeosil TT-600,
fumed silica was supplied from Evonik Industries. The other type of solid support namely
silica aerogel was synthesized by following sol-gel method. Tetraethyl orthosilicate (TEOS)
used as a silica precursor for the preparation of aerogel was obtained from Sigma Aldrich.
During the sol-gel process, to ensure hydrolysis, ethanol (EtOH) was used in the aqueous
media (deionized water) and hydrochloric acid (HCl) and ammonium hydroxide (NH4OH)
were involved as acid and base catalysts. Ionic liquid, 1-Butyl-3 methyl imidazolium bis
(trifluoromethyl sulfonyl) imide, (BMIMTF2N) used as an extractant was purchased from
Sigma Aldrich.
Synthesis of Silica Based Aerogels
Silica aerogels were prepared by following the sol-gel method that consists of the
transformation of the liquid 'sol' phase into the 'gel' phase, which is solid because of the
chemical reactions of the precursors and solvents used. It takes place in four steps, which are
hydrolysis of the precursors followed by condensation, gelling (sol-gel transition), aging and
drying. In this study, silica precursor, TEOS was hydrolyzed in the mixture of ethanol and
deionized water. pH of the solution was adjusted as 3 by adding 0.1 M of HCl to promote the
hydrolysis reaction during 90 minutes. Then adding a few drops of 6M NH4OH, brought the
pH value up to 8 where the condensation reaction dominated the formation of a threedimensional network structure. After 30 min. of stirring, the gel formation was observed. The
aging and drying steps are the two most important steps of the synthesis, as they directly
affect the pore structure and distribution of the silica aerogel. In this manner, samples were
left for an aging day along in polyethylene molds and then dried in ambient pressure.
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Impregnation of Ionic Liquid into Solid Supports
The impregnation of the ionic liquid (BMIMTF2N) into solid supports (TT-600 or
synthesized silica aerogel) was obtained by following the physical impregnation method
(Gizli and Merve, 2017). Solid supports dispersed into ethanol were contacted with a
specified amount of ionic liquid by shaking at 150 rpm during 24 h. Then the mixture was
filtered and ionic liquid impregnated particles namely supported ionic liquid phase (SILP)
materials were dried in order to remove ethanol. The ratio of the IL to solid support was
selected as 1: 1.
Percentage of impregnation was calculated from the weight differences of bare (without IL)
and IL impregnated supports.
Adsorption Studies
Batch adsorption studies were carried out by contacting 0.1 g. of SILP with the specified
volume of aqueous BPA solution. The initial pH of the BPA was adjusted in the range of
4~12.
BPA concentration before and after adsorption was measured by UV-Spectrophotometer.
Based on the concentration difference, the percentage of removal is calculated with the given
equation:
% 𝑅𝑒𝑚𝑜𝑣𝑎𝑙 =

𝐶𝑖𝑛𝑖𝑡𝑖𝑎𝑙 −𝐶𝑓𝑖𝑛𝑎𝑙
𝐶𝑖𝑛𝑖𝑡𝑖𝑎𝑙

x100

(1)

RESULT AND DISCUSSION
The silica aerogel made in the laboratory has an opaque look and is a little blue towards the
edges. It is extremely light and low in density. After grinding, the silica aerogels turn into a
very light, dusty white powder. Figure 1 shows the physical appearances of aerogel prepared
in this study.
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Figure 1. Visual observations of silica aerogels
The porous structure of the synthesized silica aerogel was examined by SEM analysis and
SEM images of the prepared sample is presented along with the commercial one in Figure 2.

(a)

(b)

Figure 1. SEM Image of the (a) Synthesized Silica Aerogel, (b) Aerosil TT-600 (Gizli ve
Arabacı, 2017)
It is evident from Figure 2 that, both synthesized and commercial supports have a welldeveloped and highly porous structure.
Table 2 shows the physicochemical properties of supports and SILPs. Each solid support
exhibited different porous structure hence they ended up with different density values by
impregnation with IL.
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Table 1. Physicochemical properties of silica aerogel, TT600 and SILP materials
Specific Surface
Density
Porosity
Sample ID
Area
g/cm3
%
m2/g
TT-600

0.06

97.27

240

Silica Aerogel

0.21

90.45

900

SILP-1 (based on TT600)
SILP-2 (based on silica
aerogel)

0.17

92.27

-

0.37

83.18

-

The adsorption efficiency of pure supports and SILPs was examined and results were
demonstrated on Figure 3.
60

55

50
pure

impregnated

% Sorption

40
30
30
20
12
7,5

10
0
TT-600

Silica Aerogel

Figure 3. Sorption percentage of adsorbents
As stated in Figure 3, adsorption efficiency of TT-600 and prepared silica aerogels increased
from 7.5 % to 55% and 12 % to 30.5 %, respectively. The highest sorption percentage
belonged to SILP-1, Aerosil TT-600 impregnated with BMIMTF2N. The efficiency of this
material is around 55% but this can be increased by changing the parameters such as pH of
the solution, impregnation ratio, solid to liquid ratio or temperature. Among them pH of the
aqueous solution is the key parameter affecting the sorption performances of the adsorbents.
Since BPA is a weakly acidic compound (pKa =9.6), higher pH values can cause the
dissociation of BPA to penolate anions with negative charge (Yıldırım, 2017).
Effect of pH on the sorption performance of SILP-1 is presented on Figure 4.
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Figure 4. Effect of solution pH on the sorption performances of SILP-1
Sorption percentage of the SILP-1increased with an increase on pH. In alkaline media,
formation of the anionic compounds because of the enhanced dissociation promotes the
electrostatic interaction between the cation part of the ionic liquid incorporated into porous
support. Hence this situation is resulted in the higher sorption percentage exhibited by the
adsorbent at higher pH values.
CONCLUSION
In this study, SILPs were successfully prepared by incorporating the imidazolium type ionic
liquid, BMIMTF2N onto solid supports ( Aerosil TT-600 and silica aerogel) and applied for
the removal of BPA from aqueous solution. BPA removal efficiencies of SILs were examined
by batch sorption studies and sorption percentage values are obtained as 55% and 30.5% for
SILP-1 and SILP-2, respectively. It can be also concluded that the involvement of ionic liquid
significantly improved the adsorption performance of SILPs. SILP-1 type adsorbent has pHdependent sorption behavior. The highest sorption percentage value, 82 % was obtained at pH
of 10 with BMIMTF2N impregnated Aerosil TT-600.
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ABSTRACT
Fermented meat products in hundreds of different formulations are offered to consumer
choice in different countries. Pepperoni is a fermented meat product, and is also a type of
sausage that contains pepper in seasoning formulae. The fermented meat products are
produced especially from red meat such as pork and beef. On the other hand, the demand for
low fat sausages is increasing in the society of consumers, so new formulation will be
developed is necessarily. For this purpose, 2 different raw materials and 2 starter culture
combinations were used in this study to develop 4 new fermented pepperoni formulations.
Beef and Beef-Turkey mix were preferred as different meat types of the raw materials and
two different starter cultures were inoculated into meat mixture Bactoferm LHP DRY (starter
culture-A) and Bactoflavor BFL-F02 (starter culture-B). To determine the effect of meat type
and starter culture in fermented Pepperoni sausages, other intrinsic and extrinsic factors were
applied the same in all recipes; and also, both the seasoning mixture and additives were used
in the same way and amount. All pepperoni mixture formulations were stuffed into casings
and the product were placed in fermentation rooms under controlled conditions (28-30˚C
temperature and 95% RH) to allow the growth of the lactic acid-producing bacteria. While the
pH value of pepperoni recipes in which starter culture-A was used reached 4.84 during the
fermentation process, the pH value in the recipes using starter culture-B was reached 5.32. All
manufacturing pepperoni sausages were placed in a drying room at temperature 16-18°C and
relative humidities of 70-75 % until the humidity of final products was achieved to 46%. The
period of drying was going on 8 days. After the Pepperoni sausage production process was
completed for all trials, sensory tests were conducted to determine consumers' perception and
acceptance. It was determined that the most preferred pepperoni sausage was the beef / starter
culture-A product due to its different sensory characteristics (taste, appearance, mouthfeel,
taste and odor specific to the fermented product). Beef-turkey meat mixture / starter culture-B
was chosen the least preferred pepperoni sausage.
Key words: Fermentation, type of meat, starter culture, pepperoni, sensory tests.
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GİRİŞ
Pepperoni çekilmiş et ve yağ, tuz, baharat karışımı ve katkı maddelerinin karıştırılarak
bağırsaklara doldurulması, belirli sıcaklık ve rutubet değerlerinde starter kültürler ile
olgunlaştırılıp kurutulmasıyla elde edilen fermente bir et ürünüdür. Pizza ya da sandviçlerde
sıkça kullanılan pepperoni, sucuk veya salam olarak bilinir (Feiner, 2016).Tat ve şekil
itibariyle klasik Türk sucuğuna benzeyen pepperoni içerisindeki baharat ve kullanılan
malzemeler ile sucuktan ayrılır (Yilmaz and Velioglu, 2009). Pepperoni dünyada genellikle
sığır eti ve kürlenmiş domuz etinin karıştırılmasıyla üretilmektedir. Karakteristik özellikleri
yumuşak, tütsü aromalı, parlak kırmızı renkte olmasıdır. Geleneksel üretim fermantasyon
işlemiyle gerçekleşmektedir. Geleneksel olarak Pepperoni üretiminde %60 domuz, %40 dana
eti kombinasyonu kullanılır. Hazırlanan et hamurunda genellikle belli oranlarda tuz, şeker
grubu, beyaz biber, karabiber, kırmızıbiber, anason, karanfil, rezene, biberiye kullanılır ve
hazırlanan karışım 34-38mm çapındaki kılıflara doldurulup, 38-43°C sıcaklıkta ve %95
RH’de soğuk tütsüleme ile birlikte 12 saat süreyle fermente edilir. Sonrasında kurutma
kabinlerine alınarak 16-18°C - %70-75 RH’de 12-15 gün kurutulur (Holdren vd., 1997; Heinz
and Hautzinger, 2007).
Geleneksel işlenmiş et ürünlerinin üretiminde; et türünün seçimi, işleme koşulları ve hangi
starter kültürün kullanıldığı et ürününün kalitesini belirleyen önemli parametrelerdir (Laranjo
vd. 2017).
Fermente sosis, Pepperoni, ABD’de olgunlaşma derecesine göre ‘kuru sosis’ olarak
adlandırılır. Olgunlaşma süreleri 10-15 gün arasındadır ve tütsülenerek üretilmektedir. Son
ürün nem değeri %35 değerlerindedir. Pepperoni üretiminde çoğu kez son işlem olarak 58°C
merkez sıcaklığına kadar ısıl işlem uygulanmaktadır (USDA, 2005). Et ürünleri üretiminde
kullanılan et ve yağ ham maddeleri her türlü hayvandan elde edilebilir. Bu süreçte gelenekler
ve dini inançlar önemli ve belirleyici etkiye sahiptir. Güney Avrupa ve Uzakdoğu ürünlerinde
daha uygun maliyet ve damak tadına göre en çok Domuz eti kullanılırken, başta sığır eti
olmak üzere diğer etler Kuzey Amerika'da, Kuzey Avrupa'da ve dini inançların domuz eti
tüketimini engellediği ülkelerde kullanılmaktadır. Almanya'da fermente sosisler genellikle
eşit miktarda domuz eti ve sığır etinden oluşurken, İtalyan, İspanyol ve Macar sosisleri
çoğunlukla sadece domuz etinden üretilir. ABD'de hindi ve tavuk sosisleri çok yaygındır
(Toldrá ve Hui, 2015).
Starter kültürler, belirli bir konsantrasyonda et emülsiyonuna eklendiğinde ürün özelliklerini,
sahip oldukları enzimatik aktiviteye bağlı olarak geliştirebilen seçilmiş suşlardan oluşan
formülasyonlardır. Bunlar, et ürünlerinin tüketiciler tarafından kabul edilebilirliklerini
güçlendiren, besin kalitesini koruyan veya iyileştiren canlı mikroorganizmalar olarak da
tanımlanabilir (Vignolo vd., 2010; Laranjo vd. 2017). Ayrıca et ürünlerinde istenen
asitlendirmeyi, aromayı ve rengi sağlamak için kullanımı yapılan bu mikroorganizmaların,
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üretimlerinin helal olmayan kaynaklardan temin edilmiş olmaması ve helal olmayan
kirlilikten tamamen arındırılmış olmaları bir çok müslüman toplum için ürünün tüketime
kabul edilebilirliğini etkilemektedir.
Tüketicilerin gıda seçiminde, gıda maddesine ilişkin duyusal izlenimleri; görsel, koku,
dokunma ve tat duyularını kullanımıyla başlamaktadır (Watts vd.,1989). Duyusal
değerlendirme gıdaların bu tip karakteristiklerini belirlemek üzere kurgulanmış olan ve
tepkileri ölçen, analiz edebilen, yorumlayan bir disiplin olarak tanımlanmaktadır ( Sharif vd.,
2017). Duyusal analiz testleri, hem taze hem de işlenmiş et ürünlerinde yaygın olarak
uygulanmaktadır; yeni ürünlerin geliştirilmesi veya mevcut ürünlerin yeniden formüle
edilmesi, işleme yöntemlerinden, depolama veya yeni bileşenlerin kullanımından kaynaklanan
değişikliklerin belirlenmesi ve kalitenin sürdürülmesi vb.. Bu nedenle et ve et ürünlerinin
kalite kontrolünde mevcut olan pek çok objektif değerlendirme yönteminin yanı sıra duyusal
değerlendirme önemini sürdürmektedir. Bir gıdanın belirli duyusal özelliklerine ilişkin
bilgiler, ürüne yönelik testler kullanılarak elde edilmelidir. Et ürünlerinin duyusal kalitesini
değerlendirmek için birçok farklı yöntem kullanılabilir. Ancak yaygın olarak, duyusal
değerlendirme tekniği üç alanda kategorize edilir: Ayrımcılık testler; Tanımlayıcı testler;
Tüketici kabul ve tercih testleri (Sharif, 2017; Mörlein, 2019; Yang ve Lee, 2019).
Bu çalışmada yapılan literatür araştırmasına uygun olarak müslüman ülkelerde tüketimi
yaygın olmayan fermente sosis, pepperoni et ürünün tercih edilebilir niteliklerde üretimi için
yeni reçeteler belirlenmiştir; iki farklı et türü (sığır ve sığır-hindi karışımı) ile iki farklı starter
kültür starter kültür-A; Bactoferm LHP DRY ve starter kültür-B; Bactoflavor BFL-F02
kullanılarak toplamda 4 grup fermente pepperoni ürünü üretilmiştir. Üretim yöntemi bütün
reçetelerde aynı olacağından son üründeki farklılık et türü ve starter kültür kaynaklı olacaktır.
Üründe meydana gelen farklılıklar duyusal değerlendirme testleri; Sıralama testi, eşleşmiş
kıyaslama testi ve puanlama testi kullanılarak yorumlanmıştır.
MATERYAL VE YÖNTEM
Araştırmada üretimi yapılan pepperoni ürün formülasyonları Tablo 1’de sunulmuştur. Et ve
yağ grupları 13mm aynadan çekilmiştir. Çekilen et ve yağ, buz, tuz, baharat karışım, katkı
maddeleri karıştırılarak hamur haline getirilmiş ve hazırlanan karışım bu kez 3,2mm aynadan
çekilmiştir. Hamur karışımının 40-45mm çaplarındaki doğal bağırsaklara dolumu yapılmıştır.
Dolumu yapılan dört farklı pepperoni karışımları 28-30°C’de %95 bağıl nem değerindeki
ortam şartlarında 36 saat süreyle fermantasyon işlemine maruz bırakılmıştır. Starter kültür-A
kullanılan iki üründe pH 4,84, starter kültür-B’nin kullanıldığı ürünlerde ise pH 5,32 olarak
belirlenmiştir.
Son olarak üretilen pepperonilerde nem %46 değerine ulaşana kadar 16-18°C - %70-75
RH’de 8 gün kurutma işlemi uygulanmıştır.
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Tablo 1. Pepperoni Ürün Formulasyonu
Dolgu ve Katkılar

Sığır-Hindi Eti

Sadece Sığır
Eti

Hindi(donuk)

37,08

X

Sığır kaburga döş (donuk)

X

46,36

Sığır kol gerdan eti(taze)

32,45

37,08

Dana kavram yağı(donuk)

23,18

9,27

Buz

3,71

3,71

Baharat karışımı

1,6

1,6

Tuz

1,11

1,11

Şeker grubu

0,48

0,48

Antioksidan

0,09

0,09

Antimikrobiyal

0,3

0,3

Starter kültür-A(Bactoferm LHP DRY)
starter kültür-B(Bactoflavor BFL-F02)

Üretilen fermente pepperoni numuneleri hakkında duyusal özelliklerin değerlendirilmesi
amacıyla panelistlere et türü kombinasyonu ve starter kültür bakımından farklı dört ayrı
numune sunulmuş olup puanlama, sıralama, eşleşmiş kıyaslama testleri yapılmıştır (Sharif
vd., 2017; Mörlein, 2019). Yapılan çalışmada 10 kadın ve 11 erkek panelist ile duyusal testler
gerçekleştirilmiştir. Panelistlerin yaş gruplarının %47,62’ü genç, %28,57’i orta yaş ve
%23,81’i yaşlı panelistlerden oluşmaktadır. Panelistlerin pepperoni ile benzer bir ürün olan
sucuk tüketim sıklıkları en fazla %52,38 değeriyle haftada bir kezdir.
BULGULAR VE TARTIŞMA
Panelistlerin doğru değerlendirme yeterliliğine ne derece sahip olduklarını belirlemek
amacıyla önce eşleşmiş kıyaslama ve sıralama testini uygulanmıştır.
Panelist sayısının çok olmadığı durumlarda eşleşmiş kıyaslama testinin uygulanması daha
pratik olmaktadır. Panelistlere iki örnek aynı anda sunulmuş ve örnekler arasında farklılık
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olup olmadığını belirlemeleri istenmiştir. Panelistlerin yaptığı değerlendirme tablo 2’de
sunulmuştur.
Tablo 2. Eşleşmiş kıyaslama test sonuçları
Örnek
24A51A
87A35B
51B35A
24B87B
24A24B
35A35B
87A87B
51A51B

Farkındalık
Var
6,67%
6,67%

Yok

Değerlendirme

93,33% Örnekler arasında kullanılan starter kültürler aynı olup et
türleri farklıdır.
93,33% Doğru tespit yapan panelistlerin oranı %93,33 değerindedir.

26,67% 73,33% Örnekler arasında kullanılan et türleri aynı olup starter
kültürler farklıdır.
Doğru tespit yapan panelistlerin oranı %56,66 değerindedir.
60%
40%
0%

100%

20%

80%

20%

80%

Örneklerde kullanılan starter kültür ve et türü grupları aynıdır.
Panelistlerden aynı olan örneklerin ayırt edebilirlikleri
sorgulanmıştır.
%83,33 doğru tespit yapılabilmiştir.
Panelistlerin %16,67'lik kısmı bu ayrımı yapamamıştır.

16,67% 83,33%

Eşleşmiş kıyaslama testinde panelistlerden ikişer adet örnek arasında kıyaslama yaparak
farklılık olup olmadığı, farklılık olması durumunda en çok beğenilen ürünün beğenme
sebepleri (lezzet, görünüş, ağız hissi ve genel beğeni) ile birlikte belirtmeleri istenmiştir.
Panelistler starter kültürlerin aynı olup et türlerinin farklı olduğu kıyaslamalarda %93,33
başarı sağlarken et türlerinin aynı olup starter kültürlerin farklı olduğu örneklerdeki farkı ayırt
etmede ise %56,66 başarı sağlayabilmişlerdir. Starter kültür son üründe verdiği ekşilik dışında
çok fazla farklılık yaratmadığı için ayrım oranı net bir şekilde sağlanamamıştır. Ancak et türü
farkı son üründe lezzet, ağız hissi, görünüş gibi birçok özellikte farklılıklara sebep verdiği için
ayrım çok daha net yapılmıştır
Sıralama testinde panelistlerden örnekleri tercih sırasına göre sıralamaları istenmiştir (Şekil
1).
Sıralama testi sonuçlarına bakıldığında en çok beğenilen ürünün %66,67 oranla sığır
eti/starter kültür-A(Bactoferm LHP DRY)’nın kullanıldığı ürün olduğu, en az beğenilen
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ürününde %47,62 değerle sığır-hindi eti karışımı/starter kültür-B(Bactoflavor BFL-F02)’nin
kullanıldığı ürün olduğu tespit edilmiştir.
Sıralamada ilk iki sırayı sadece sığır etiyle üretilen ürünler oluşturmuş olup bunun nedeni
panelistlerin sığır etinden üretilen ürünlerin görünüş ve lezzetine daha fazla yatkın olmasından
olduğu düşünülmüştür. Starter kültür-A(Bactoferm LHP DRY) ’nın verdiği ekşimsi tat ve
fermente ürünlere özgü olan koku bu kültürle üretilen numune de diğerine göre daha çok
beğeni sağlamıştır.

Şekil 1. Sıralama testi panelist beğeni değerlendirmesi
Gıdalar arasındaki kalite farklılıkları ve farklılıkların derecesini tüketici tercihine göre
öngörebilmek amacıyla puanlama testi yapılmıştır. Puanlama testinde panelistlerden
pepperoni numunelerini; görünüş, ağız hissi, lezzet, kusur ve genel beğeni olarak puanlaması
istenmiştir (Şekil 2 a-e). Görünüş (Şekil 2.a) olarak üründen beklenen kırmızı renk, mozaik
yapı ve parlak görünümü en iyi sağlayan örneğin %66,67 değer ile sığır eti/starter kültür-A
kullanılan pepperoni numunesi olduğu tespit edilmiştir. Görünüş olarak yeterli derecede
kırmızı renkte olmayan, mozaik yapısı kaybolmuş, mat görünümde olup en az beğeniyi alan
örneğin %28,57 değer ile sığır-hindi karışımı eti/ starter kültür-B’nin kullanıldığı ürün olduğu
tespit edilmiştir. Genel olarak görünüş bakımında sığır etinden yapılan ürünler sığır-hindi eti
karışımı ile yapılanlardan daha çok beğeni görmüştür. Bu farklılık sadece sığır eti kullanılan
numunelerde daha parlak, sığır-hindi eti karışımı kullanılan numunelerinse soluk renkte
kaldığı ve albenisinin diğer ürüne göre daha düşük olmuştur.
Lezzet (Şekil 2b.) olarak fermente ürünlerde beklenen kendine özgü tipik tat ve koku hem
sığır eti/starter kültür-A hem de sığır eti/starter kültür-B’nin kullanıldığı numunelerde eş
beğeni (%61,90 oranıda) sağlamıştır. Lezzette beklentiyi en az karşılayan numune %9,52
değeriyle sığır-hindi eti karışımı/starter kültür-B’nin olduğu görülmüştür. Panelistler sığırhindi eti karışımlı ürünlerin diğerine göre daha yavan ve kokusuz geldiği için beklentiyi
karşılamadığını ifade etmiştir.
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a)

b)

c)

d)

e)

Şekil 2. Panelistlerin a) Görünüş b) Lezzet c) Ağız hissi d) Kusur e) Genel beğeni
değerlendirmesi
Ağız hissi testinde (Şekil 2-c) ağızdaki yağlılık, homojen dağılma ve direnç gösterimi olarak
tercih edilen numune %61,90 değeri ile sığır eti/ starter kültür-A’nın kullanıldığı numune olup
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ondan sonra en iyi ağız hissini %57,14 oranla sığır eti/starter kültür-B’nın kullanıldığı
numune olduğu vermiştir. Ağız hissinde beklentiyi sağlayamayan örnekse %14,28 oranla
sığır-hindi eti karışımı / starter kültür-A’nın kullanıldığı üründür. Burada en büyük farklılığı
sadece sığır etiyle üretilen ürünün daha az yağlı olup, içerdiği et türü dolayısıyla ağızda
dağılımının daha iyi olmasından kaynaklanmaktadır.
Kusur değerlendirmesinde (Şekil 2-d) numunede istenen özellikler az oranda gözenekli yapı,
dışta ince bir kabuk ve ekşi tattır. Bu özellikleri en iyi sağlayanın%66,67 oranıyla sığır
eti/starter kültür-A’nın kullanıldığı ürün, sağlayamayan numune ise %28,57 değeriyle sığırhindi eti karışımı/starter kültür-A’nın olduğu tespit edilmiştir. Bunun nedeninin sadece sığır
etiyle üretilen üründe starter kültürün verdiği ekşilik dengeli bulunurken sığır-hindi karışımlı
numuneler daha ekşi karakter sergilemiştir. Son üründe pH değerlerine bakıldığında da starter
kültür-B (Bactoflavor BFL-F02) ’nin kullanıldığı ürünlere göre daha yüksek asitli değerlerin
geliştiği görülmüştür.
Genel beğeni test (Şekil 2-e) sonuçları incelendiğinde çok beğenilen örneğin %47,62
değeriyle sığır eti/starter kültür-A’nın, hiç beğenilmeyen ürünün ise % 9,52 oranla sığır-hindi
eti karışımı/starter kültür-B (Bactoflavor BFL-F02) ’nin kullanıldığı ürün olduğu tespit
edilmiştir.
Genel beğeni diğer duyusal özellikler; görünüş, lezzet, ağız hissi ve kusur dikkate alınarak
değerlendirilmiş olup sonuçlarında paralel olduğu ve panelistlerin değerlendirmelerinde
istikrarlı kararlar verdiği belirlenmiştir.
SONUÇLAR
Duyusal testlerden genel olarak beğeniyi sadece sığır etiyle üretilen ürünler sağlamış olup
sığır-hindi eti karışımı ürünler Türk tadına çok uyum sağlamamıştır. Pepperonin içeriğindeki
baharatlar karışımının alışkın olunan ağız tadından farklı olması ve bu farkın sığır-hindi eti
karışımlı numunelerde daha baskın ortaya çıkması panelistler tarafından olumsuz tepki
almıştır.
Starter kültür açısından en çok beğeniyi starter kültür-A (Bactoferm LHP DRY) ile üretilen
ürünler sağlamıştır. Pediococcus acidilactici ve Pediococcus pentosaceus kültürlerinin bir
karışımı olan starter kültür-A (Bactoferm LHP DRY) ile üretilen numunelerin fermente
üründen beklenen olgunlaşma sürecinde tat ve kokusu daha iyi gelişmiş ve arzulanan
aromatik yapı, kuruma, dengeli asidik gelişim sağlanmıştır.
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ABSTRACT

Industry 4.0 is an opportunity to shape the future production systems via digital transformation
by utilizing advanced technologies and qualified human resources. The Industry 4.0 concept
enabling smart systems that can operate on their own with digital infrastructure, has been
referred as “the 2020 advanced technology target” of Germany in 2011. This digital
transformation has become a popular global topic that is an inevitable task to be fulfilled for
countries in a highly competitive environment. The current researches are measuring the
readiness of countries to complete the Industry 4.0 transition process successfully, and are
ranking these countries with respect to the determined criteria. Moreover, the requirements for
this transformation for a country are also identified in the literature. Therefore, the purpose of
this study is to examine how Industry 4.0 research has been addressed on a country basis in
Turkish national databases since 2017 through a systematic review, and to obtain meaningful
results. In this context, research questions were defined, and the findings pointed out that there is
an insufficient number of public examinations for Industry 4.0. There is also a need to train
qualified personnel and to provide technological education. Investments in R&D studies and the
incentive policy developments are the another tasks for this transformation process. Hence, this
study increases awareness of the industry practitioners, and provides a road map for action plans
in Turkey. In addition, as a theoretical contribution, the academicians who are into conduct
researches in this field can extract a point of view about which subject and which methods are
applicable in which scope.
Key words: Industry 4.0, Systematic review, Literature review, Country comparisons.
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INTRODUCTION

Industry 4.0 was first mentioned in 2011 as Germany's 2020 high-tech target (Zhou et al., 2016).
The concept of "Industry 4.0" is the concept that can monitor and control smart machines, can
enable smart systems in digital environment (EBSO, 2015). In this sense, Industry 4.0 provides
the systems’ operation via information and communication technologies in an integrated manner
(Tortorella & Fettermann, 2017).
The awareness of Industry 4.0 has become popular, and it has raised both in the industry and the
society. However, how it will be implemented in country basis and what preparations are
required still pose a question mark. According to the Ünlü & Atik (2019) study, which examines
29 European Union countries, Turkey is 27th in the country ranking as an analysis result of the
Industry 4.0 indicators. Therefore, this study examines Turkey's place in a competitive
environment compared on a country basis and illustrates what should be done for Industry 4.0
digital transformation within the country.
The purpose of this study is to address the Industry 4.0 country-based researches via a systematic
review of publications that are conducted in Turkish journals in the last five years (since 2017)
from the Dergipark database, and draw meaningful findings from this review. In this context, a
systematic publication search was carried out, answers to identified research questions were
sought. The following section includes the steps of the relevant methodology, systematic review,
findings and conclusion.
METHODOLOGY
Systematic Review
Systematic review aims to minimize personal views and attitudes by following a repeatable,
scientific and pre-planned process by conducting a comprehensive review of relevant studies
with clear and repeatable criteria (Cook et al., 1997; Briner & Denyer, 2012).
This study adopted the systematic review steps that put forward by Okoli & Schabram (2010).
These steps are not the same for every research, but are shaped according to the structure of the
study. Table 1 states the main steps of systematic review. In the background of the systematic
review, there is the question of what has been done in Industry 4.0 studies on a country basis.
Accordingly, the research questions addressed by this study:
1. Which departments have worked on this subject?
2. In which years the studies were published?
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3.
4.
5.
6.
7.
8.

Which journals have published the articles, and what is the time duration of publication?
What topics did these articles cover?
Which methodologies were the articles used in data collection and analysis?
Which methodologies were used in which subjects?
Which departments used which methodologies?
What were the findings of these studies when classified according to their subjects?
Table 1. Systematic review steps
#
1
2
3
4
5
6
7
8
9

Steps
Background and rationale for the review
Defining research questions
Defining search criteria (review protocol)
Searching the literature
Selecting studies
Extracting data
Analyzing data and synthesis
Presenting the findings
Interpreting results and drawing conclusions

Stages
Planning

Conducting

Reporting

Search criteria were in the form of ((‘‘country’’, ‘‘state’’ or ‘‘Turkey’’) and “Industry 4.0”). The
articles containing these keywords in Dergipark database have been examined, after reviewing
the summary sections of the articles, the necessary eliminations were done and 22 articles were
accessed as a result. Only the articles published in 2017-2020 were considered.
By answering to the first research question, it was observed that mainly the Departments of
Economics and Business Administration carried out the research in this field. Most of the studies
have been discussed with the contribution of Economics and Business, Industrial Engineering,
Information Technology, Aviation Management, Political Science and Public Administration,
International Relations departments have also contributed, albeit in small numbers (Figure 1).
When these studies are classified according to the publication years, it was seen that the number
of publications has reached its peak in 2018 (Figure 2).
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Figure 1. Academic departments conducting research within the scope of Industry 4.0
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Figure 2. Publication dates of studies

When the journals’ publication numbers were examined, it was the "Süleyman Demirel
University Faculty of Economics and Administrative Sciences Journal" publishing in this topic.
The "publication duration" was obtained by using the given date of acceptance and date of
submission information. The number of publications and publication durations of the journals
were shown in Figure 3.
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Figure 3. Number of articles and publication duration of the journals.
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The topics covered by the examined articles are;
i.

The analysis focusing on the Turkey
o Turkey's place in the fourth industrial revolution (Göv & Erdoğan, 2020),
o Current analysis of Turkey's place in Industry 4.0 (Yüksekbilgili & Çevik, 2018),
o Examination of Turkey within the scope of Industry 4.0 and innovation indicators
(Bulut & Akçacı, 2017),
o Turkey's Industry 4.0, where it should be started (Yalçıner & Çaylak, 2020),
o Evaluation of the Industry 4.0 applications in Turkey (Öztürk & Alaşahan, 2019),
o Evaluation of Industry 4.0 in terms of Turkey's foreign trade (Nuroğlu & Nuroğlu,
2018a),
o Opportunities and threats from the point of view of Turkey (Koca, 2018)
ii. A comparative analysis illustrating the global position of Turkey
o The effects of the fourth industrial revolution in terms of international political
economy (Özkan et al., 2018),
o Industry 4.0 transformation performance, comparison with European Union countries
(Ünlü & Atik, 2018),
o Comparison of Germany and Turkey's Industry 4.0 roadmap (Nuroğlu & Nuroğlu,
2018b),
o Comparison of Turkey’s ‘‘Vision 2023’’ strategy and Germany's ‘‘2025’’ strategic
goals (Tutar et al.., 2018),
o The impact of China's growth on payment patterns (Elibol, 2018),
o Effects of driving forces on Turkey and China (Sözen & Mescioğlu, 2019),
o Impact of Industry 4.0 on sustainable development (Doğruel Anuşlu & Fırat, 2020)
iii. Publications dealing with digital transformation, data mining and the transformation
process
o Industrial and technological activities carried out in the process of digital
transformation in Turkey (Arucu, 2020),
o The impact of digital transformation on the Turkish economy (Kurt, 2020),
o Digital transformation and digital maturity level in industry (Sağbaş & Gülseren,
2019),
o Comparison of robotic technology data in the world and in Turkey (Kılıç & Alkan,
2018),
o Policies and strategies related to big data and data mining (Köseoğlu & Demirci,
2017),
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o

Effects of the process of transformation into production in the period of Industry 4.0
(Aksoy, 2018),
o Understanding the new production style (Bağcı, 2018)
iv.
Relationship of technological progress with employment structure in Turkey (Aydın,
2018)
The articles with the methodologies in data collection and analysis (Table 2):

Table 2. Methodologies used in data collection and analysis
Publication

Subject
Type

Applied methodology

Data collection format

Göv & Erdoğan (2020)

i

Literature review

In-depth interview

Nuroğlu & Nuroğlu (2018b)

ii

Secondary data

Literature review

Tutar et al. (2018)

ii

Secondary data

Literature review

Arucu (2020)

iii

Literature review

Literature review

Özkan et al. (2018)
Kurt (2020)
Yalçıner & Çaylak (2020)
Aydın (2018)
Köseoğlu & Demirci (2017)
Nuroğlu & Nuroğlu (2018a)

ii
iii
i
iv
iii
i

Literature review
Analysis
Literature review
Literature review
Literature review
Survey results

Öztürk & Alaşahan (2019)

i

Ünlü & Atik (2018)

ii

Literature review
Literature review
AHP and TOPSIS
ARDL Empirical analysis
Content analysis
Literature review
Pedroni cointegration test
and Granger causality analysis
Factor and clustering analysis

Bağcı (2018)
Sözen & Mescioğlu (2019)
Sağbaş & Gülseren (2019)

iii
ii
iii

Literature review
Literature review
Literature review

Literature review
Literature review
Literature review

Yüksekbilgili & Çevik (2018)

i

Keyword analysis

In-depth interview

Koca (2018)

i

Literature review

Literature review

Bulut & Akçacı (2017)

i

Literature review

Literature review

Doğruel Anuşlu & Fırat (2020)

ii

Regression analysis

Literature review

Literature review
Literature review

The topics and methodologies were mainly carried out together in the form of literature review.
When acquiring the knowledge, it is understood that there are a few surveys and in-depth
interviews. The data analysis of these papers resulted in some inferences and comparisons based
on the literature review in general. AHP and TOPSIS techniques were used in determining the
importance levels, and various rankings were done with the weights. The other techniques were
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Pedroni cointegration test, Granger causality analysis, keyword analysis, content analysis, factor
and cluster analysis, regression analysis.
Table 3. Examination of the methodologies with the covered topics
Subject type

Applied method

Data collection format

Literature review

Interview

AHP and TOPSIS

Literature review

Literature review

Survey results

Pedroni cointegration test
i. Analysis focusing on Turkey

Literature review
and Granger causality analysis
Keyword Analysis

Interview

Literature review

Literature review

Literature review

Literature review

Comparison with secondary data

Literature review

Comparison with secondary data

Literature review

Literature review

Literature review

Factor and clustering analysis

Literature review

Literature review

Literature review

Regression analysis

Literature review

Literature review

Literature review

ii. Comparative country analysis

Literature review and comparison of statistical Literature review, country and sector examples, various
data
data representing digital transformation
iii. Digital transformation, data
mining and the transition process

iv. Technological progress and
employment

Content analysis

Literature review

Literature review

Literature review

Literature review

Literature review

ARDL empirical analysis

Literature review
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Examining which departments use which methodologies (Table 4);
Table 4. Examination of the methods used together with the sections of researchers
Department
Information
technologies

Methodology

Data collection format

Literature review

Literature review

Industrial
engineering

AHP and TOPSIS
Literature review
Regression analysis

Literature review
Literature review
Literature review

Aviation
management

Literature review

Interview

Economy

Economy &
business
administration
Business
administration
International
relations
Political science
and public
administration

Literature review, country and sector
Literature review and comparison of
examples, various data representing
statistical data
digital transformation
Pedroni cointegration test
Literature review
and Granger causality analysis
Factor and clustering analysis
Literature review
Literature review
Literature review
Comparisons with secondary data
Literature review
Literature review
Survey results
Literature review
Literature review
Comparison with secondary data
Literature review
ARDL empirical analysis
Literature review
Literature review
Literature review
Keyword analysis
Interview
Literature review

Literature review

Content analysis

Literature review

Accordingly, most of the departments carried out their research through "literature review".
The departments having analysis with numerical data were Economics, Industrial
Engineering, and Business Administration.
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FINDINGS
The findings and contributions of the studies were discussed by classifying them according to
their subjects. Accordingly, Table 5 listed what are the needs to be done for Industry 4.0
nationally in our country.
Table 5. Findings of the analyzes focusing on Turkey
Göv &
Erdoğan
(2020)
Nuroğlu &
Nuroğlu
(2018a)
Öztürk &
Alaşahan
(2019)
Yüksekbilgili
& Çevik
(2018)

Koca (2018)

Bulut &
Akçacı (2017)
Yalçıner &
Çaylak (2020)

From the point of view of both manufacturers of products and those who demand
products, it seems that it is still much earlier to use the concept of Industry 4.0 for
Turkey.
Industry 4.0 is an important opportunity for Turkey's foreign trade deficit
reduction. If a position is taken in short time, it will be an opportunity for Turkey's
manufacturing industry and exports. If it cannot keep up, smart machines and
systems that cannot be produced domestically will have to be imported, and on the
other hand, the export volume will decrease due to the inability to provide the
products and services that the digital world needs to the world markets.
The findings suggest that Turkey should pay more attention to R&D studies in this
area.
The priority is to create new technological infrastructures and expert staff who can
work with these infrastructures.
It is believed that Industry 4.0 will cause the “death’’ of many professions all over
the world, in turn, it will allow new professions to be “born’’. This situation, it will
not cause an increase in unemployment as feared, but rather will provide an
increase in employment. In order for our country not to miss the train in this new
industrial revolution, it is necessary to start providing Industry 4.0 education from
a very young age by establishing techno parks, especially in companies, it is
necessary to establish Industry 4.0 departments and employ Industry 4.0 engineers
in these departments.
It is observed that Turkey's R&D expenditures have an increasing effect on
technology exports. Efforts to increase this situation should be encouraged.
Ranking of the sectors that need to be started to be digitalized in Turkey:
Textile> Automotive> Food and Agriculture> Machinery Systems> White Goods>
Chemicals.

The findings of the comparative analysis showing the location of Turkey globally in Table 6.
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Table 6. The findings presenting the global position of Turkey in Industry 4.0

Nuroğlu &
Nuroğlu
(2018b)

Tutar et al.
(2018)

Özkan et al.
(2018)

Ünlü & Atik
(2018)
Sözen &
Mescioğlu
(2019)
Doğruel
Anuşlu &
Fırat (2020)

While German companies were performing digital transformation in the industry,
they encountered problems arising from the lack of acceptance of digital
transformation by employees, data problems, coordination problems within the
company, the current structure making Industry 4.0 applications difficult, undefined
standards and the same work being done in different layers. Turkish companies
have just focused on investment costs in this regard. They are not yet aware of the
problems they will encounter in practice such as data security, unspecified
standards, new business and workplace design, insufficient legal and technical
infrastructure. In Turkey's digitization roadmap, standardization, modeling,
digitalization work and workplace design issues were never addressed, and no
action plan was made for the preparation of legal infrastructure in accordance with
the requirements of digitization. As Turkey progresses in the process of digital
transformation in the industry, deficiencies in these issues will arise and the
roadmap will need to be revised in this direction.
It has been determined that Germany's 2025 targets largely overlap with the
Industry 4.0 indicators. However, this is unfortunately not valid for the Vision 2023
strategy. It is understood that Turkey's goals, objectives and performance are not
sufficient to achieve Industry 4.0 and that more efforts should be made to do so.
Artificial intelligence / sensor / robot technology in Turkey, the internet of objects,
big data, cyber security, cloud computing and so on. new policies in areas should be
determined.
With the developments, the need for unqualified labor force will decrease, while the
need for skilled labor force will increase. Developing medium-sized countries such
as Turkey, which provides a competitive advantage thanks to cheap labor in the
global economy, are in danger of losing this advantage as the need for Labor
decreases.
The findings obtained showed that Germany is the country with the best
performance in terms of Industry 4.0. However, it has been determined that the
countries included in the analysis do not exhibit a homogeneous appearance in
terms of Industry 4.0. Turkey; It is in the same cluster with Hungary, Latvia and
Poland.
It is obvious that significant shares should be allocated for R&D. The first step is to
train qualified people first and foremost. Turkey needs the production of high-tech
products and structural changes.
According to the results of the regression analysis, it has been observed that the
indicators representing Industry 4.0 generally have positive effects on sustainable
development, while some indicators have negative effects on sustainable
development.
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The findings of the publications dealing with data mining and the transition process are given in Table
7.
Table 7. Findings on digital transformation, data mining and transformation in articles.

Arucu (2020)

Kurt (2020)

Aksoy (2018)

Elibol (2018)

Kılıç & Alkan
(2018)
Köseoğlu &
Demirci
(2017)
Bağcı (2018)

Sağbaş &
Gülseren
(2019)

Workforce should be trained to effectively manage new production systems. With
the transformation, increasing demand for the workforce in different specialization
areas will create new employment opportunities for disciplines. Companies should
be more competent.
It should be ensured that the young population, who is preparing for business life,
immediately continue their education and training life with an understanding that
will facilitate adaptation to digital transformation.
Innovations made in the production process in international trade will be decisive in
the competitiveness of companies. In the era of Industry 4.0, “unintelligible”
producers, firms or nation-states will lose.
The payment method will be directed towards the payment method against goods
and even the way of clearing will be developed. It is expected that they will soon
turn to digital money.
Turkey should adopt production-oriented approach in the industrial robot market,
out of producing similar and identical projects, policies should be developed to
encourage the production of projects aimed at developing robots, software and
hardware that create high added value. The budget allocated for R&D should be
increased.
It has been found that there is an awareness of big data and data mining in the top
policy documents and before the ministries, but a more comprehensive and holistic
strategy and action plan is needed in this regard.
First of all Turkey must complete the automation and information systems process
that forms the basis of industry 4.0.
Western countries and Europe want to use the digital transformation process as a
tool against the Far East and especially China, which has a labor advantage. But
China has been one of the leading countries in digital transformation, thanks to its
visionary industry vision.
For industrial transformation, developing technology and innovation capacity and
training qualified workforce, strengthening data communication infrastructure and
strengthening corporate governance are of great importance.

In addition, technological advances in the employment structure of the relationship of Aydin
(2018) study in Turkey;
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It was found that the technological progress in the country changed the demand for
employment towards receiving higher education. This finding supports the theoretical
assumption that technological progress has changed the employment structure towards
the demand for skilled labor. It is concluded that while participating in the
technological progress of the country, it will be appropriate to follow education
policies that increase the education level of the workforce in terms of adaptation to the
change in the employment structure.
CONCLUSION

Industry 4.0, which is globally defined as the technological target for 2020 and beyond, is
inevitable for countries that want to compete globally. Researches measure how ready
countries are to successfully complete the Industry 4.0 transition process and it ranks these
countries according to the determined criteria, and also determines what the requirements are
for this transformation within the country. It is clear that the first step in achieving the
determined goal is to create a road map. Therefore, this study aims to determine what should
be included in this roadmap through systematic publication screening.
Common points of research in this study: lack of reviews made in the field of public, the need
to train qualified people and provide technological education, the need for high investment in
R&D work and the need to develop incentive policies.
In terms of raising awareness for practitioners in Turkey, this study is useful in terms of
showing where to start in creating an action plan. In addition, considering the theoretical
contribution of the study, the scientists who will do research in this field are given an idea
about which subject and which methods they can apply in what scope.
As a constraint, it can be shown that the study focuses only on articles from the last five years
and uses only one database. But since the focus of the study was only on Turkey-oriented
publications, such a research plan was carried out.
Future researches may carry out richer and more comprehensive studies with current articles
from different databases and focus on different research questions.
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ABSTRACT

Industry 4.0 where industrial revolutions gain a new dimension with digital transformation;
forms the basis for integrated systems that can communicate with each other, verify through
sensors, exchange and analyze data, and make decisions with artificial intelligence. Smart
factories of the future are an opportunity to minimize costs and human errors. In this context,
it is inevitable that besides of production systems and supply chains, the financial
infrastructure will experience a transformation. Hence, the purpose of this study is to examine
how the finance sector was contextualized the Industry 4.0 since 2017 in Turkey via the
Turkish national database through a systematic review in order to infer meaningful results.
Accordingly, analyzes were made on the basis of various research questions. The significant
findings were obtained especially in the field of accounting and marketing, with the
emphasized importance of big data analytics. This study provides benefits in terms of defining
the needs of finance sector representatives who are actively operating in accounting and
marketing. In addition, a framework is presented as a theoretical contribution that states a
conceptual idea to the academicians who are willing to research in this field and that explains
the big data analytics in detail.
Key words: Industry 4.0, Systematic review, Literature review, Finance, Marketing,
Accounting.
INTRODUCTION
Industry 4.0, the digital industrial revolution; is a collective of the all information
technologies and industry. It is a system that communicates with each other via cyber physical
systems, can exchange data without a need for operator support, can detect with its sensors,
can make data analysis and make decisions with artificial intelligence, and can add a new
dimension to production through three-dimensional printers (Ertuğrul & Deniz, 2018). If
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Turkey can be implemented the system, it is expected to increase the growth at a rate of 5 to 8
percent (Fortune 2017).
It is inevitable that this transformation process will lead to financial changes. For example, it
will change the job description and requirements of the accounting profession (Rasgen &
Gönen, 2019). By transferring e-books to the relevant account by means of codes, algorithms
and smart system through e-documents, e-books will be filled automatically, and by using erecords, the financial reports required for each information user or department of the
enterprise can be obtained. It will be possible to carry out automatically within the time and
constraints defined in the system, and to store all financial transactions in e-archives with the
help of cloud systems (Dursun et al., 2019). With the compliance of the accounting profession
with Industry 4.0, the possibility of error and fraud will be reduced. As a result of meeting the
need for more comprehensive, reliable, transparent and real-time information, it will be
possible to prepare financial reports in a good manner. Management and control of business
assets will be easier. Although it is possible to get rid of the physical dependency in audit
studies, to eliminate the problems in accessing data, to minimize the errors caused by the
customer operating personnel and the assistant auditors, the quality of the audit is expected to
increase. (Kablan, 2018).
The purpose of this study is to systematically examine the publications dealing with the
finance, accounting and marketing dimension of Industry 4.0 published in Turkish journals in
the last years (since 2017) from the database of Dergipark and to draw meaningful results
from this publication. For this purpose, answers were sought for the research questions
determined. The following section includes the steps of the relevant method, systematic
publication review, findings and results.
METHODOLOGY
Systematic Review
Systematic review aims to minimize personal views and attitudes by following a repeatable,
scientific and pre-planned process by conducting a comprehensive review of relevant studies
with clear and repeatable criteria (Cook et al., 1997; Briner & Denyer, 2012).
This study adopted the systematic review steps that put forward by Okoli & Schabram (2010).
These steps are not the same for every research, but are shaped according to the structure of
the study. Figure 1 states the main steps of systematic review. In the background of the
systematic review, there is the question of what has been done in Industry 4.0 studies of
finance. Accordingly, the research questions addressed by this study:
1. Which departments have worked on this subject?
2. In which years the studies were published?
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4. Searching the
literature
5. Selecting studies
6. Extracting data

Reporting

1. Background and
rationale for the
review
2. Defining research
questions
3. Defining search
criteria (review
protocol)

Conducting

Planning

3. Which journals have published the articles, and what is the time duration of
publication?
4. What topics did these articles cover?
5. Which methodologies were the articles used in data collection and analysis?
6. Which methodologies were used in which subjects?
7. Which departments used which methodologies?
8. What were the findings of these studies when classified according to their subjects?
7. Analyzing data and
synthesis
8. Presenting the
findings
9. Interpreting results
and drawing
conclusions

Figure 1. Systematic review steps
Search criteria were in the form of ((‘‘country’’, ‘‘state’’ or ‘‘Turkey’’) and “Industry 4.0”).
The articles containing these keywords in Dergipark database have been examined, after
reviewing the summary sections of the articles, the necessary eliminations were done and 16
articles were accessed as a result. Only the articles published in 2017-2020 were considered.
By answering the first research question, it was seen that mainly Accounting and Business
departments were working in this field. In addition, the Computer Engineering, Banking and
Insurance, and the Department of International Trade also contributed to a small number of
their studies (Figure 2).
When these studies are classified according to the publication years, the number of
publications on this subject reached its peak in 2019 (Figure 3).

Figure 2. Departments conducting research in the finance dimension of the Industry 4.0
99

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020
8
7
6
5
4
3
2
1
0

8

5

2
1

2017

2018

2019

2020

Figure 3. Publication dates of Industry 4.0's finance research

When the journals were examined, it was seen that the most published journal on this subject
was "Süleyman Demirel University Faculty of Economics and Administrative Sciences
Journal" of this field. The "publication time" of the article described in the articles was
obtained by using the “date of arrival” and “acceptance date of the article”. The number of
publications and publication times in the journals are shown in Figure 4.
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Figure 4. Number of articles and publication times of journals

When the topics covered by the examined articles are examined,
i.
ii.

International Financial Reporting (Altuk Özden, 2018)
Accounting (Tutar, 2019; Rasgen & Gönen, 2019; Dursun et al., 2019; Kablan, 2018;
Okan Gökten, 2018; Coşkun Arslan & Karkacıer, 2019; Yardımcıoğlu et al., 2019;
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iii.
iv.

Erdoğan, 2019; Kaya et al., 2017; Tektüfekçi, 2019; Coşkun Arslan & Demirkan,
2019)
Marketing 4.0 (Aktürk, 2020; Ertuğrul & Deniz, 2018; Kotler et al., 2017)
Marketing And Data Mining (Bilgiç & Esen, 2018)
comes to the fore.

When the methods used by the articles in data collection and analysis are examined Table 1
was obtained.
Table 1. Methods used in data collection and analysis
Publishing

Topic Type Applied Method

Data Collection Format

Altuk Özden, 2018

i

Big Data Analytics

Literature Review

Tutar, 2019

ii

Conceptual Study

Literature Review

Rasgen & Gönen, 2019

ii

Simulation

Literature Review

Dursun et al., 2019

ii

Big Data Analytics

Literature Review

Kablan, 2018

ii

Big Data Analytics

Literature Review

Okan Gökten, 2018

ii

Big Data Analytics

Research

Coşkun Arslan & Karkacıer, 2019

ii

Big Data Analytics

Literature Review

Yardımcıoğlu et al., 2019

ii

Big Data Analytics

Research

Erdoğan, 2019

ii

Big Data Analytics

Theoretical Review

Kaya et al., 2017

ii

Big Data Analytics

Literature Review

Tektüfekççi, 2019

ii

Focus group meeting

Literature Review

Coşkun Arslan & Demirkan, 2019

ii

Sample Application

Theoretical Review

Aktürk, 2020

iii

Big Data Analytics

Theoretical Review

Ertuğrul & Deniz, 2018

iii

Conceptual Review

Literature Review

Bilgiç & Esen, 2018

iv

Big Data Analytics

Literature Review

When the subjects and methods discussed are analyzed together, it is understood that subjectindependent data collection method is mainly carried out in the form of literature review and
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there are few theoretical studies (Table 2). In the analysis of data, big data analytics
applications are generally used.

When the methods used by which departments are examined, it is determined that most of the
departments resort to "literature review" to collect data, and almost all departments apply big
data analytics in the analysis of numerical data, and there are a few simulations and
conceptual studies.
Table 2. Examining the departments of the researchers together with the methods they use,
Department

Analysis Method

Data Collection Format

Big Data Analytics

Literature Review

Conceptual Study

Literature Review

Big Data Analytics

Literature Review

Simulation

Literature Review

Big Data Analytics

Research

Big Data Analytics

Literature Review

Big Data Analytics

Research

Big Data Analytics

Theoretical Review

Big Data Analytics

Literature Review

Focus group meeting

Literature Review

Sample Application

Theoretical Review

Conceptual Review

Literature Review

Big Data Analytics

Literature Review

Banking and Insurance

Big Data Analytics

Literature Review

Computer Engineering

Big Data Analytics

Theoretical Review

International Trade

Big Data Analytics

Research

Accounting

Business
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RESULTS
The study examined the findings and contributions, Turkey in the context of industrial 4.0
"international financial reporting" addressing the issue of Altun Ozden (2018) study;


The role and effectiveness of big data under the concept of Industry 4.0; financial
statements, through the internet of things (Internet of Thing-IoT).

The findings of the studies on accounting are as in Table 3.
Table 3. The findings of the study in the industry 4.0 accounting in Turkey

Tutar (2019)

As a result of the inference from the literature, Industry 4.0, which emerged with the
development of technology and digitalization today, has created new business lines
for the accounting profession and endangered the future of the accounting
profession. For this reason, in the accounting education process, in addition to the
theoretical part of accounting, how to use new generation technologies, data analysis
methods should be taught, and sufficient knowledge and skills should be taught to
create the data flow process required for the accounting information system in a new
generation factory.

Rasgen &
Gönen (2019)

Traditional accounting practices will leave its place to systems where information
from autonomous robots is simultaneously recorded in the information system. This
change will change the job description and requirements of the accounting
profession.

Dursun et al.
(2019)

There are also problems brought by this digital revolution. Considering that these
systems are ideal targets for cyber spies and criminals, the system's gaps are
expected to be closed. In addition, an error that may occur in any of the systems
subject to digitalization can endanger the entire system with a domino effect. Taking
these disadvantages into consideration, measures to be taken in cyber security are
needed.

Kablan (2018)

The effects of the concept of accounting audit, the role of the auditor and the concept
of the Internet of Things on the field of audit in the businesses of the future and the
current audit understanding should change.

Okan Gökten
(2018)

As the problem of distribution of indirect expenses became apparent, activity-based
costing approach was adopted instead of traditional costing, and activities were
focused on cost control.
Zeroing of direct labor costs, rapid increase in intangible fixed assets, costs that arise
in line with minimization of negative environmental and social impacts, and changes
in the costs of inputs such as energy will directly affect costing approaches.

Coşkun Arslan
& Karkacıer
(2019)

Developed in the field of management accounting; advanced techniques such as
activity-based costing, target costing, product life cycle costing, balance scorecard,
benchmarking and lean accounting; It is considered as the outputs of globalization,
digital transformation and competition.
With these changes in the field of management accounting, the digital information
104

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

needed for business managers to make healthier future decisions in the digital
transformation process will be provided faster and more accurately by using
information technologies. In addition, business managers will be able to obtain
appropriate reports and budget preparation processes with the same speed and
accuracy.

Yardımcıoğlu
et al. (2019)

Erdoğan
(2019)

Kaya et al.
(2017)

Tektüfekçi
(2019)

Coşkun Arslan
& Demirkan
(2019)

We can predict that accounting, which will turn into more consultancy services with
more technology, will serve in the field of consulting and auditing, apart from the
traditional recording function. Big data will be produced through the internet of
things. Thus, financial reports will also be shaped in line with the needs of the users
and most importantly, they will serve to report the financial situation of the
enterprise in a realistic way.
With the transformation that the accounting system will undergo, the transition to
"financial engineering" or, in other words, to "accounting engineering" is moving
towards. In line with these explanations, we can say that with Industry 4.0, there is a
transition from traditional accounting to the concept of "Lean Accounting".
The place and concept of the auditor's traditional professional work will change,
digital transformations will be able to perform the auditor's work in all areas,
including judgment and decision making.
Auditors will consist of a very small number of people who are experts enough to
cooperate with and manage these systems and now have a different title such as
Cognitive Control Consultant.
Strategic Accounting Management will focus on more strategic operations, provide
automatic internal control / audit and automatic critical financial reporting.
With the digital transformation within the scope of Industry 4.0, up-to-date
electronic accounting applications and analysis have been started. electronic
accounting documents in Turkey within the scope of e-billing, e-Invoice Archive, an
e-dispatch applications. Said development process in Turkey of digital applications
of web-based financial advisory profession is examined, it was determined to take
the form of financial engineering.
In the transformation that will occur in the production system, if robots are used in
production, it is thought that the nature of the direct Labor Expense, which we use to
determine the cost of production within the Cost accounting system, will change, and
the quality of the account will change based on the fact that the workmanship will be
done with robots. With Industry 4.0, the need for experts based on information
technologies will increase in terms of smart production processes. In this respect,
coding software training should definitely be included in the education curriculum in
order to be among the developed countries that create qualified labor force as a
country.

Findings of Turkey in the context of industrial 4.0 ‘Marketing 4.0’ subject;


In the researches, there were not enough decision support systems suggested as
concrete or model that appeal to the end user or marketing unit managers. For this
reason, by integrating the genetic algorithm, which is an artificial intelligence
technique, to the marketing decision support system, a new perspective called Genetic
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Algorithm-Marketing Decision Support System has been gained in Marketing 4.0
perspective. In order to make the enterprise resource planning (ERP) software used on
a global scale more compatible with Industry 4.0, ERP producers have been advised to
keep the decision support systems that continuously learn and make instant
autonomous decisions as modular as mentioned here (Aktürk, 2020).
Today, the loyalty of consumers to brands takes a short time. The desire to discover
and try “new” is more powerful. Social media, which is one of the alternative channels
under Marketing 4.0, has gained importance. As a result, it is inevitable for businesses
to change their marketing point of view in changing competition conditions.
Businesses need to know their customers and develop appropriate products / services
in order to retain their existing customers or reach potential customers (Ertuğrul &
Deniz, 2018).

Bilgiç and Esen (2018), who took marketing and data mining together, obtained the following
findings;


It has been observed that not only the purchasing data of the customers are important,
but also the data is obtained from external data sources. For example, data such as
online purchasing behavior of customers, internet usage data and comments on social
media are analyzed with hybrid techniques. In this respect, in future studies, models
and techniques can be developed that will enable the analysis of structured and
unstructured data together by using not only in-store shopping data but also multiple
data sources (sensors, RFID, wireless networks, web). As a matter of fact, as
emphasized today, in-store movements of customers are monitored through wired and
wireless smart systems, how long they hesitate in which aisles and which products
they interact with are recorded and kept in cloud systems. With the aforementioned
data, researches on the facility layout for the presentation of the service / product to
the customer and the aisle and shelf layout are still ongoing. Studies on this matter are
important in terms of both academic and sectoral contribution.
CONCLUSION

It is inevitable that financial changes will occur with Industry 4.0. In particular, the necessity
of preparing areas such as accounting and marketing for the next period and what should be
done in this context have been revealed.
The common points of the researches in the study are: big data will be analyzed, the need to
change the quality of human resources in this direction, the need to start the preparations of
relevant trainings and infrastructure, and especially the changing customer behavior in
marketing will be obtained as big data.
In this study, in terms of imparting awareness to industry officials in Turkey demonstrate the
need to start from the creation of action plans provide benefits in terms. In addition,
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considering the theoretical contribution of the study, the scientists who will do research in this
field are given an idea about which subject and which methods they can apply in what scope.
It can be shown as a limitation that the study focuses only on articles from the last five years
and uses only one database. However, the focus of the work was carried out only where such
research plan for Turkey focused publications.
Future researches can carry out richer and more comprehensive studies with current articles
from different databases, and focus on different research questions.
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ABSTRACT

Industry 4.0 is the new digital transformation-based industrial revolution, where human mind
and talent specialization are used in skilled jobs, and automation systems are for repetitive
tasks. It is a well-planned organization that all production units operate in a harmony by
ensuring the digital data, software and information technologies work in an integrated
manner. The radical changes of the digital transformation have made a compulsory
educational shift for the future manufacturing environments. However, researches on the
redesign of existing education systems illustrates that especially the higher education has no
adequate infrastructure for this transformation in order to overcome the transformation
process. Therefore, the purpose of this study is to examine how the educational studies of the
Industry 4.0 have been discussed in Turkish national databases since 2017 via a systematic
review, and to obtain significant results. In this context, various research questions have been
determined. The findings focus on the Industry 4.0 education requirements in line with
technological progress, course contents in higher education and the needed industrial
infrastructure, studies measuring students’ perception and knowledge of the new industrial
revolution, Industry 4.0 education for children, and academicians' perspective on the digital
transformation. This study provides benefits for all units having responsibility in shaping the
education system in Turkey in terms of imparting awareness of Industry 4.0, and provides a
basis for action plans. In addition, this study presents a theoretical contribution by giving new
researchers an idea about which subject and which methods to apply in what scope.
Key words: Industry 4.0, Systematic review, Literature review, Education 4.0.
INTRODUCTION
Industry 4.0 is the new industrial revolution launched at the Hannover fair in 2011. It is a
revolution in creating added value by automation that require specialized labors in skilled
jobs. Industry 4.0, the fourth industrial revolution; plans all units having directly or indirectly
related to production working together with each other, and foresees that digital data, software
and information technologies integrated (Sener & Elevli, 2017).
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The structural changes brought about by digital transformation put new responsibilities on
education systems. One of these responsibilities is to train current and future generations as
individuals who are compatible with the changes in the world (Demir et al. 2019). Studies
evaluating the status of individuals having the qualifications required by the new system
reveal the existence of some problems in the education systems, especially at the higher
education level (Philanthropy & Kalaycı, 2017).
The purpose of this study is to systematically examine the publications on the education
dimension of Industry 4.0 made in Turkish journals in the last years (since 2017) from the
Dergipark database and to draw meaningful results from these publications. In this context, a
systematic review was carried out and answers were sought for the determined research
questions. The following section includes the steps of the relevant methodology, systematic
review, findings and results.
METHODOLOGY
Systematic Review
Systematic review aims to minimize personal views and attitudes by following a repeatable,
scientific and pre-planned process by conducting a comprehensive review of relevant studies
with clear and repeatable criteria (Cook et al., 1997; Briner & Denyer, 2012).
This study adopted the systematic review steps that put forward by Okoli & Schabram (2010).
Table 1 states the main steps of systematic review. In the background of the systematic
review, there is the question of what has been done in Industry 4.0 education. Accordingly,
the research questions addressed by this study:
1. Which departments have worked on this subject?
2. In which years the studies were published?
3. Which journals have published the articles, and what is the time duration of
publication?
4. What topics did these articles cover?
5. Which methodologies were the articles used in data collection and analysis?
6. Which methodologies were used in which subjects?
7. Which departments used which methodologies?
8. What were the findings of these studies when classified according to their subjects?
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Table 1. Systematic review steps
#
1
2
3
4
5
6
7
8
9

Steps
Background and rationale for the review
Defining research questions
Defining search criteria (review protocol)
Searching the literature
Selecting studies
Extracting data
Analyzing data and synthesis
Presenting the findings
Interpreting results and drawing conclusions

Stages
Planning

Conducting

Reporting

Search criteria were in the form of ((‘‘country’’, ‘‘state’’ or ‘‘Turkey’’) and “Industry 4.0”
and (“education” or “train”). The articles containing these keywords in Dergipark database
have been examined, after reviewing the summary sections of the articles, the necessary
eliminations were done and 23 articles were accessed as a result. Only the articles published
in 2017-2020 were considered.
By answering the first research question, it was seen that the Departments of Business
Administration, Educational Sciences and Industrial Engineering were mainly working in this
field (Figure 1).
When these studies are classified according to the publication dates, it is seen that the number
of publications on this subject reached its peak in 2020 (Figure 2). By considering the years of
publications, it is seen that there is an increasing trend in researches on education.
Management and organization
Management information systems
Technical education
Chemistry
Business
Department of aeronautical sciences
Industrial engineering
Department of electrical education
Educational sciences
Information and document management department
Management information systems
Computer education and instructional technology
Information and document management department

1
1
1
1
8
1
4
2
7
1
2
1
1
0

2

4

6

8

Figure 1. Departments conducting research on the education dimension of Industry 4.0
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9
8
7
7
6
5
4
4
3
2
2
1
0
2017

2018

2019

2020

Figure 2. Publication dates of studies

The "publication time" of the article described in the articles was obtained by using the date
of arrival to the journal and the date of acceptance. The number of publications and
publication times in the journals are shown in Figure 3.
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300

0,8
268

0,7

248

0,6

246

253

250

245
200

0,5

173

0,4

165

143

0,3
89

0,2
0,1

350

85

92

100

73

51
31

150

50
31

0

0

Number of papers since 2017

Publication duration (in terms of days)

Figure 3. Number of articles and publication periods of journals.

When the topics covered by the examined articles are examined,
i.
ii.
iii.
iv.
v.

New lines of business, Industry 4.0 training in line with technological developments
Industry 4.0 course contents in higher education, industrial infrastructure of education
Studies to measure students' perception of Industry 4.0 and knowledge
Industry 4.0 education for children
Academics' perspective on Industry 4.0

topics come to the fore.
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When the methods used by the articles in data collection and analysis are examined (Table 2),
Table 2. Methods used in data collection and analysis
Publications

Topic Type

Eginli & Nacaklı (2020)

Applied Method

Data Collection Format

Augmented and Virtual Reality

Literature Review, observation

Sener & Elevlı (2017)
Demirkaya & Sarpel (2018)
Altan (2018)
Çetin et al. (2020)

observation
i. Industry 4.0
training in line with
new business lines
and technological
developments

Cloud computing

Literature Review
Literature Review

Case Study

Survey

Öztemel (2018)

Literature Review

Literature Review

Uçak & Erdem (2020)

Literature Review

Literature Review

Compilation

Literature Review

Demir et al. (2019)
Özen (2019)
Özköse & Arı (2020)

ii. Industry 4.0
course contents in
higher education,
industrial
infrastructure of
education

Literature Review
Research Model

Analysis

Literature Review

Literature Review

Yelkikalan et al. (2019)

Factor Analysis for the Scale

Survey

Torun & Cengiz (2018)

Statistical Data Analysis

Survey

Yıldız & Fırat (2020)

Factor Analysis and Structural
Equation

Survey

Factor Analysis

Case Study

Factor Analysis

Scanning model

Research Model

survey form

Özkoç & Karalar (2019)

Data analysis

Question form

Sertel et al. (2020)

Data analysis

survey form

Doğan & Baloğlu (2020b)

Factor Analysis

General Scan Pattern

Yazıcı & Düzkaya (2017)

Yarım & Çelik (2020)
Doğan & Baloğlu (2020a)
Kaygısız & Sipahi (2019)

iii. Studies to
measure students'
perception and
knowledge of
Industry 4.0

Güneş & Çakmakkaya (2019)

iv. Industry 4.0
education for
children

Description Method

Documentary Screening Method

Kaygın et al. (2019)

v. Academics'
perspective on
Industry 4.0

Literature Review

Semi-structured interview technique

results are obtained.
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When the subjects and methods discussed are analyzed together, it is seen that the form of
data collection on subjects such as "(i) new business lines, Industry 4.0 education in line with
technological developments" and "(ii) Industry 4.0 course contents in higher education,
industrial infrastructure of education " is mainly a literature review. While determining, it was
seen that the data collection method on "(iii) Studies to measure students' perception of
Industry 4.0 and knowledge" was carried out as a questionnaire / questionnaire, and it was
understood that there was a small number of interviews.
In the analysis of the data, it was seen that while inferences were generally based on the
literature review, statistical analyzes were made on "Studies to measure the perception and
knowledge of students on Industry 4.0 (iii)", especially through Factor Analysis and Structural
Equation Model. When examining which departments use which methods (Table 3),
Table 3. Examining the departments of researchers and the methods used together
Part

Topic

Applied Method

Data Collection Format

Literature Review

Literature Review

Case Study

Survey

Industrial Engineering

Literature Review

Literature Review

Department of Educational Sciences

Compilation

Literature Review

Research Model

Analysis

Management

Factor Analysis for the Scale

Survey

Industrial Engineering

Factor Analysis and Structural
Equation

Survey

Factor Analysis

Scanning model

Technical Education Faculty

Research Model

Survey Form

Department of Electrical Education

Factor Analysis

General Scan Pattern

Management Information Systems
Department
Department of Educational Sciences

Management Information Systems
Department

Department of Educational Sciences

i

ii

iii

Information and Document
Management Department

iv

Description Method

Documentary Screening Method

Management

v

Literature Review

Semi-structured interview technique
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Accordingly, most of the departments carried out their research through "literature review".
Departments that perform statistical analysis with numerical data are listed as Industrial
Engineering, Business Administration, Educational Sciences.
FINDINGS
The findings and contributions of the studies were discussed by classifying them according to
their subjects. Accordingly, Table 4 lists the findings on “Industry 4.0 training in line with
new business lines, technological developments”.
Table 4. New lines of business, Industry 4.0 training findings in line with technological developments
Publication

Results

Eginli &
Nacaklı
(2020)

Augmented Reality saves time in aviation industry trainings and contributes to serious reductions in risk and
occupational accident rates. In this process, it is considered that it would be beneficial to hold a large-scale
workshop with the participation of private sector representatives who are experts in aircraft maintenance
reality applications, aviation Vocational Schools of universities and academic staff of four-year schools.

Instead of renewing the current education system and waiting for the adaptation process, it is necessary to
create an alternative to act faster. In the projections made, it is not predicted that the people related to
Sener & Elevli
Industry 4.0 are deeply specialized in a single subject. Instead, generations that can adapt more easily to new
(2017)
technologies and can use them immediately are desired. Thus, the profound expertise of the current education
system will not be distorted.

Demirkaya &
Sarpel (2018)

With the Industry 4.0 process, it is evaluated that new professions will emerge, some professions will
disappear as in previous industrial revolutions, and the importance of training and development activities will
increase when the next period is analyzed well.

Altan (2018)

Deficiencies or problems in the education system; It has also been determined that it indicates the scarcity of
innovative organizations in the business world as a result of its reflection on the effects of industry, society
and human interaction.

Çetin et al.
(2020)

It has been determined that school administrators do not correctly understand the effects of technologies
developing with the industrial revolutions on the education system, the technological systems brought by
these developments are not in the school, and those who understand the relationship between technology and
education correctly are administrators who have received a master's degree.

Öztemel
(2018)

In order for social transformations to work properly, education must keep up with these transformations along
with technological and industrial developments. For this, the education system must change.

As a result of the research, it is understood that the targets that are at the top of the learning generation and
Uçak & Erdem
planned to be brought to the new generations are developed in line with market demands rather than an
(2020)
educational philosophy.

116

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

“The findings of the Industry 4.0 course contents in higher education, the industrial
infrastructure of education "are shown in Table 5, and the findings of the publications dealing
with" studies to measure the perception and knowledge of students on Industry 4.0 "are given
in Table 6.
Table 5. Industry 4.0 course contents in higher education, findings of the industrial infrastructure of
education.
Publication Results

Demir et
al. (2019)

When the basic qualifications aimed to gain individuals / students in line with the
concepts of Industry 4.0, Education 4.0 and University 4.0 are examined; "technology
knowledge / skills" and communication, critical thinking, problem skills,
The importance of providing "humanitarian skills" such as the desire to learn is
emphasized

Özen
(2019)

It has been concluded that basic indicators can meet the 4.0 era in Turkey are at a lower
level than OECD countries and that education is far from meeting the needs of the age.
Affiliated to Bartın University Social Sciences Institute

Özköse &
Arı (2020)

Management Information Systems Distance Education Non-Thesis Master's program
courses were associated with the concept of industry 4.0. Components in the course
content can only be accepted as input. Other issues have little been mentioned. It would
be useful to add the courses specified on this subject to the curriculum.

Yazıcı &
Düzkaya
(2017)

Industry flows later when capturing Turkey's economic and international situation dealt
with promptly determining the new policy should begin to adapt to the industrial
revolution 4.0. The change of the education system is an indispensable part of this.




In addition, Güneş & Çakmakkaya (2019) in their study on “Industry 4.0 education for
children” obtained the following findings:
With the STEM approach, it is thought that Makerspace venues are a service required
by the 21st century skills and education system, and it is important that children's
books offer these services that may be in question. The importance of children's
libraries, the number of which is not known exactly in our country, has been
emphasized and solutions should be developed after determining the general problems.

Kaygın (2019) in their study on the perspective of academics to Industry 4.0. (2019) findings:
• Academicians care about Industry 4.0, they see it as an obligation for businesses and do not
think we are in the desired position. The scarcity of studies on this subject in our country and
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the fact that what has been done is no more than a literature review should be integrated with
the comments of academicians and researchers.
Tablo 6. Öğrencilerin Endüstri 4.0 algısı ve bilgi birikimini ölçmeye yönelik çalışmaların bulguları.

Yayın

Bulgular

Yelkikalan. (2019)

The students' perceived benefit levels, perceived ease of use and their
intention to use these technologies differ significantly according to their
gender; It was determined that usage behaviors did not differ
significantly according to gender. The students' perceived benefit levels
regarding Industry 4.0 technologies and their intention to use these
technologies differ significantly according to their faculty / vocational
school; It was determined that perceived ease of use and usage behavior
did not differ significantly.

Torun & Cengiz (2018)

The curriculum currently implemented by universities is insufficient for
the technology age. The gap between the required competencies and
lessons learned can be overlooked for the time being; However, after
about 10 years, this gap will become a problem for students. This is why
Turkey must be revised in the general curriculum of the university and
must make the necessary improvements and changes.

Yıldız & Fırat (2020)

The awareness and knowledge levels of university students about
Industry 4.0 technology and its components are not at a sufficient level
to catch up with the speed and technologies of the revolution we are
living.

Yarım & Çelik (2020)

It is observed that students mostly access the information they use in
daily life from the internet (websites, blogs, search engines, educational
sites, etc.) and the virtual world (twiter, instagram, facebook, etc.)
According to research findings, teachers and schools, which were the
most important sources of information in the past, lost their former
importance in accessing information.

Kaygısız & Sipahi (2019)

Compiled from different scales and surveys related to the subject, a new
questionnaire consisting of three parts concluded that Generation Y
students are included in the "Skeptic" category of individual innovation
but should be among those who are innovative and pioneering, industry
has heard about the 4.0 concept before, but their knowledge level on
this subject should be increased.
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Özkoç & Karalar (2019)

While measuring the negative reactions of undergraduate students who
do not have sufficient knowledge on the aforementioned subjects about
industry 4.0, positive reactions of K12 students who gained knowledge
on subjects such as coding and robotics were determined. This showed
that the trainings received affected the perspective of industry 4.0.

Sertel et al. (2020)

It has been determined that the students are inadequate because they
should be about industry 4.0, software and coding. Related curriculum
changes and elective courses are requested by the system.

Doğan & Baloğlu (2020b)

It has been determined that the Industry 4.0 Awareness Level of the
students is below middle level. While the level of awareness varies
according to gender, university attended, grade point average and
secondary education graduation sources, it has been determined that it
does not change with the department and grade level of the students.

CONCLUSION
In line with the fact that digitalization and self-managing systems will create the production
environments of the future, the most important aspect of successfully continuing the Industry
4.0 transition process is education. The systems of this future, in which human mind, talent
and labor will be used in value-added studies, also impose serious responsibilities on
education systems.
The common points in the articles on the topics that can be summarized as Education 4.0 in
this study are as follows: Industry 4.0 training in line with technological developments,
Industry 4.0 course contents and industrial infrastructure of education in higher education,
Studies to measure students' perception and knowledge of Industry 4.0, Industry 4.0 education
for children, Academics' perspective on Industry 4.0.
When the results of the studies are examined, it is seen that the level of awareness of students
and academicians about Industry 4.0 is average. The course curriculum will be insufficient to
meet this transformation process, the necessary technological systems are not available in
schools, the correct understanding of the relationship between technology and education can
only be achieved at the graduate level, and the new generations are developing in line with
market demands rather than educational philosophy. It has been observed that it is important
to acquire "humanitarian skills" such as skills and willingness to learn.
The study, to all units that have responsibility in shaping the education system in Turkey is of
benefit in terms of showing the need to start from the standpoint of creating awareness of and
action plans. In addition, considering the theoretical contribution of the study, an idea is given
to new researches in this field on which subject and which methods they can apply in what
scope.
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The fact that the study focuses only on articles from the last five years and uses only one
database can be shown as a limitation. However, the focus of the work was carried out only
for such a research plan that broadcasts in Turkey.
Future researches can carry out richer and more comprehensive studies with current articles
from different databases, and focus on different research questions.
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ABSTRACT
In this paper, we established relations between different subclasses of harmonic univalent
functions by applying Hadamard product involving the Pascal distributions series.
Key words: Harmonic functions, Univalent functions, the Pascal distribution.
INTRODUCTION
Let 𝐻 denote the family of continuous complex-valued harmonic functions of the form
𝑓 = ℎ + 𝑔̅ defined in the open unit disk 𝔼 = {𝑧 ∈ ℂ ∶ |𝑧| < 1}, where
∞

ℎ(𝑧) = 𝑧 + ∑ 𝑎𝑛 𝑧
𝑛=2

∞
𝑛

and 𝑔(𝑧) = ∑ 𝑏𝑛 𝑧 𝑛

(1)

𝑛=1

are analytic in 𝔼.
A necessary and sufficient condition for 𝑓 to be locally univalent and sense-preserving in 𝔼 is
that |ℎ′(𝑧)| > |𝑔′(𝑧)| (Clunie and Sheil-Small 1984).
Denote by 𝑆𝐻 the subclass of 𝐻 consisting of functions 𝑓 = ℎ + 𝑔̅ which are harmonic,
univalent and sense-preserving in 𝔼 and normalized by 𝑓(0) = 𝑓𝑧 (0) − 1 = 0. One can easily
show that the sense-preserving property implies that |𝑏1 | < 1. The subclass 𝑆𝐻 0 of 𝑆𝐻 consist
of all functions in 𝑆𝐻 which have the additional property 𝑏1 = 0. Note that 𝑆𝐻 reduces to the
class 𝑆 of normalized analytic univalent functions in 𝔼, if the co-analytic part of 𝑓 is
identically zero.
A function 𝑓 ∈ 𝑆𝐻 is said to be harmonic starlike of order 𝛼 (0 ≤ 𝛼 < 1) in 𝔼 if and only if
𝑧ℎ′ (𝑧) − ̅̅̅̅̅̅̅̅
𝑧𝑔′(𝑧)
Re (
) ≥ 𝛼, (𝑧 ∈ 𝔼)
ℎ(𝑧) + ̅̅̅̅̅̅
𝑔(𝑧)

(2)
122

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

and is said to be harmonic convex of order 𝛼 (0 ≤ 𝛼 < 1) in 𝔼 if and only if
𝑧 2 ℎ′′(𝑧) + 𝑧ℎ′ (𝑧) + ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑧 2 𝑔′′ (𝑧) − 𝑧𝑔′(𝑧)
Re (
) ≥ 𝛼, (𝑧 ∈ 𝔼)
𝑧ℎ′(𝑧) + ̅̅̅̅̅̅̅̅
𝑧𝑔′(𝑧)

(3)

These classes represented by 𝑆𝐻∗ (𝛼) and 𝐾𝐻 (𝛼), respectively, were extensively studied by
Jahangiri (1999). Denote by 𝑆𝐻∗ and 𝐾𝐻 the classes 𝑆𝐻∗ (0) and 𝐾𝐻 (0), respectively. For
definitions and properties of these classes, one may refer to Silverman (1998) and SilvermanSilvia (1998).
Let 𝐺𝐻 (𝛼), be a subclass of the functions 𝑓 = ℎ + 𝑔̅ in 𝐻 which satisfy the condition
Re ((1 + 𝑒 𝑖𝜃 )

𝑧ℎ′ (𝑧) − ̅̅̅̅̅̅̅̅
𝑧𝑔′(𝑧)
− 𝑒 𝑖𝜃 ) ≥ 𝛼,
̅̅̅̅̅̅
ℎ(𝑧) + 𝑔(𝑧)

(0 ≤ 𝛼 < 1, 𝜃 ∈ ℝ, 𝑧 ∈ 𝔼).

(4)

This class was studied in by Rosy et al.(2001).
Define 𝑇𝑆𝐻∗ (𝛼) = 𝑆𝐻∗ (𝛼) ∩ 𝑇, 𝑇𝐾𝐻 (𝛼) = 𝐾𝐻 (𝛼) ∩ 𝑇 and 𝑇𝐺𝐻 (𝛼) = 𝐺𝐻 (𝛼) ∩ 𝑇 where 𝑇
consisting of the functions 𝑓 = ℎ + 𝑔̅ in 𝑆𝐻 so that ℎ(𝑧) and 𝑔(𝑧) are of the form
∞

ℎ(𝑧) = 𝑧 − ∑|𝑎𝑛 |𝑧 𝑛 ,

∞

𝑔(𝑧) = ∑|𝑏𝑛 |𝑧 𝑛 ,

𝑛=2

|𝑏1 | < 1.

(5)

𝑛=1

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the Binomial
have been partially studied in the Geometric Function Theory from a theoretical point of view
(see Altınkaya and Yalçın(2017), Altınkaya and Yalçın(2018), Çakmak et. al. (2019 and
2020), El-Deeb et. al. (2019), Nazeer et. al.(2019), Porwal et. al.(2019)).
Let us consider a non-negative discrete random variable 𝒳 with a Pascal probability
generating function
𝑛+𝑚−1 𝑛
𝑃(𝒳 = 𝑛) = (
) 𝑝 (1 − 𝑝)𝑚 ,
𝑚−1

𝑛 ∈ ℕ0 = {0,1,2,3, … }

where 𝑝, 𝑚 are called the parameters.
Now we introduce a power series whose coefficients are probabilities of the Pascal
distribution, that is
∞

𝑃𝑝𝑚 (𝑧)

𝑛 + 𝑚 − 2 𝑛−1
=𝑧+∑(
) 𝑝 (1 − 𝑝)𝑚 𝑧 𝑛 𝑚 ≥ 1, 0 ≤ 𝑝 ≤ 1, 𝑧 ∈ 𝔼.
𝑚−1

(6)

𝑛=2
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Note that, by using ratio test we conclude that the radius of convergence of the above power
series is infinity. Now, for 𝑚, 𝑘 ≥ 1 and 0 ≤ 𝑝, 𝑞 ≤ 1 we introduce the operator
𝑚,𝑘
𝑘
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅̅
(𝑓)(𝑧) = 𝑃𝑝𝑚 (𝑧) ∗ ℎ(𝑧) + 𝑃
𝑃𝑝,𝑞
𝑞 (𝑧) ∗ 𝑔(𝑧) = 𝐻(𝑧) + 𝐺(𝑧)

where
∞

𝑛 + 𝑚 − 2 𝑛−1
𝐻(𝑧) = 𝑧 + ∑ (
) 𝑝 (1 − 𝑝)𝑚 𝑎𝑛 𝑧 𝑛
𝑚−1

(7)

𝑛=2

∞

𝐺(𝑧) = 𝑏1 𝑧 + ∑ (
𝑛=2

𝑛 + 𝑘 − 2 𝑛−1
) 𝑞 (1 − 𝑞)𝑘 𝑏𝑛 𝑧 𝑛
𝑘−1

and " ∗ " denotes Hadamard product of power series.
PRELIMINARY LEMMAS AND MAIN RESULTS
In order to establish connections between harmonic convex functions and Goodman- Ronning
type harmonic functions, we need following results in Lemma 1 (Clunie and Sheil-Small,
1984 ) and Lemma 2 (Rosy et. al., 2001).
Lemma 1. If 𝑓 = ℎ + 𝑔̅ ∈ 𝐾𝐻0 where ℎ and 𝑔 are given by (1) with 𝑏1 = 0, then
|𝑎𝑛 | ≤

𝑛+1
,
2

|𝑏𝑛 | ≤

𝑛−1
.
2

Lemma 2. Let 𝑓 = ℎ + 𝑔̅ be given by (1). If for some 𝛼 (0 ≤ 𝛼 < 1), 𝜃 ∈ ℝ and the
inequality
∞

∞

2𝑛 − 1 − 𝛼
2𝑛 + 1 + 𝛼
|𝑎𝑛 | + ∑
|𝑏𝑛 | ≤ 1
∑
1−𝛼
1−𝛼

𝑛=2

(8)

𝑛=1

is hold, then 𝑓 is harmonic, sense-preserving, univalent in 𝔼 and 𝑓 ∈ 𝐺𝐻 (𝛼).
Remark 3. (Rosy et. al., 2001) Let 𝑓 = ℎ + 𝑔̅ be given by (5). Then 𝑓 ∈ 𝑇𝐺𝐻 (𝛼) if and only
if the coefficient condition (8) is satisfied. Also, if 𝑓 ∈ 𝑇𝐺𝐻 (𝛼), then
|𝑎𝑛 | ≤

1−𝛼
1−𝛼
, 𝑛 ≥ 2, |𝑏𝑛 | ≤
, 𝑛 ≥ 1.
2𝑛 − 1 − 𝛼
2𝑛 + 1 + 𝛼

Theorem 4. Let 0 ≤ 𝛼 < 1, 𝑚, 𝑘 ≥ 1 and 0 ≤ 𝑝, 𝑞 ≤ 1. If the inequality
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2𝑚(𝑚 + 1)𝑝2 (7 − 𝛼)𝑚𝑝 2𝑘(𝑘 + 1)𝑞 2 (5 + 𝛼)𝑘𝑞
+
+
+
≤ 2(1 − 𝛼)(1 − 𝑝)𝑚
(1 − 𝑝)2
(1 − 𝑞)2
1−𝑝
1−𝑞
𝑚,𝑘
is hold, then 𝑃𝑝,𝑞
(𝐾𝐻0 ) ⊂ 𝐺𝐻0 (𝛼).

Proof. Suppose that 𝑓 = ℎ + 𝑔̅ ∈ 𝐾𝐻0 where ℎ and 𝑔 are given by (1) with 𝑏1 = 0. It suffices
𝑚,𝑘
(𝑓) = 𝐻 + 𝐺̅ ∈ 𝐺𝐻0 (𝛼) where 𝐻 and 𝐺 are given by (7) with 𝐵1 = 0 in 𝔼.
to show that 𝑃𝑝,𝑞
Using Lemma 2, we need to prove that Φ1 ≤ 1, where
∞

Φ1 = ∑
𝑛=2

2𝑛 − 1 − 𝛼 𝑛 + 𝑚 − 2 𝑛−1
(
) 𝑝 (1 − 𝑝)𝑚 |𝑎𝑛 |
1−𝛼
𝑚−1
∞

+∑
𝑛=2

2𝑛 + 1 + 𝛼 𝑛 + 𝑘 − 2 𝑛−1
(
) 𝑞 (1 − 𝑞)𝑘 |𝑏𝑛 |.
1−𝛼
𝑘−1

Using Lemma 1, we compute
∞

1
𝑛 + 𝑚 − 2 𝑛−1
Φ1 ≤
{∑(2𝑛 − 1 − 𝛼)(𝑛 + 1) (
) 𝑝 (1 − 𝑝)𝑚
2(1 − 𝛼)
𝑚−1
𝑛=2
∞

𝑛 + 𝑘 − 2 𝑛−1
+ ∑(2𝑛 + 1 + 𝛼)(𝑛 − 1) (
) 𝑞 (1 − 𝑞)𝑘 }
𝑘−1
𝑛=2

∞

1
=
{∑[2(𝑛 − 1)(𝑛 − 2) + (7 − 𝛼)(𝑛 − 1)
2(1 − 𝛼)
𝑛=2

+ 2(1 − 𝛼)] (
∞

𝑛 + 𝑚 − 2 𝑛−1
) 𝑝 (1 − 𝑝)𝑚
𝑚−1

𝑛 + 𝑘 − 2 𝑛−1
+ ∑[2(𝑛 − 1)(𝑛 − 2) + (5 + 𝛼)(𝑛 − 1)] (
) 𝑞 (1 − 𝑞)𝑘 }
𝑘−1
𝑛=2
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∞

1
𝑛 + 𝑚 − 2 𝑛−3
=
{2𝑚(𝑚 + 1)𝑝2 (1 − 𝑝)𝑚 ∑ (
)𝑝
2(1 − 𝛼)
𝑚+1
𝑛=3
∞

𝑛 + 𝑚 − 2 𝑛−2
+ (7 − 𝛼)𝑚𝑝(1 − 𝑝)𝑚 ∑ (
)𝑝
𝑚
𝑛=2
∞

+ 2(1 − 𝛼)(1 − 𝑝)𝑚 ∑ (
𝑛=2

𝑛 + 𝑚 − 2 𝑛−2
)𝑝
𝑚−1

∞

𝑛 + 𝑘 − 2 𝑛−3
+ 2𝑘(𝑘 + 1)𝑞 2 (1 − 𝑞)𝑘 ∑ (
)𝑞
𝑘+1
𝑛=3
∞

+ (5 + 𝛼)𝑘𝑞(1 − 𝑞)𝑘 ∑ (
𝑛=2

𝑛 + 𝑘 − 2 𝑛−2
)𝑞 }
𝑘

∞

1
𝑛+𝑚+1 𝑛
=
{2𝑚(𝑚 + 1)𝑝2 (1 − 𝑝)𝑚 ∑ (
)𝑝
2(1 − 𝛼)
𝑚+1
𝑛=0
∞

+ (7 − 𝛼)𝑚𝑝(1 − 𝑝)𝑚 ∑ (
𝑛=0
∞

𝑛+𝑚 𝑛
)𝑝
𝑚

𝑛+𝑚−1 𝑛
+ 2(1 − 𝛼)(1 − 𝑝)𝑚 ∑ (
) 𝑝 − 2(1 − 𝛼)(1 − 𝑝)𝑚
𝑚−1
𝑛=0

+ 2𝑘(𝑘 + 1)𝑞

2 (1

∞

𝑘

− 𝑞) ∑ (
𝑛=0
∞

𝑛+𝑘+1 𝑛
)𝑞
𝑘+1

𝑛+𝑘 𝑛
+ (5 + 𝛼)𝑘𝑞(1 − 𝑞)𝑘 ∑ (
)𝑞 }
𝑘
𝑛=0

=

1
2𝑚(𝑚 + 1)𝑝2 (7 − 𝛼)𝑚𝑝
2𝑘(𝑘 + 1)𝑞 2
𝑚
{
+
+
2(1
−
𝛼)
−
2(1
−
𝛼)(1
−
𝑝)
+
(1 − 𝑝)2
(1 − 𝑞)2
2(1 − 𝛼)
1−𝑝
(5 + 𝛼)𝑘𝑞
+
}.
1−𝑞

The last expression is bounded above by 1, by the given condition. Thus the proof of Teorem
4 is complete.
Lemma 5. (Clunie and Sheil-Small, 1984) If 𝑓 = ℎ + 𝑔̅ ∈ 𝑆𝐻∗,0 (𝛼) where ℎ and 𝑔 are given
by (1) with 𝑏1 = 0, then
|𝑎𝑛 | ≤

(2𝑛 + 1)(𝑛 + 1)
(2𝑛 − 1)(𝑛 − 1)
, |𝑏𝑛 | ≤
.
6
6
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Theorem 6. If 0 ≤ 𝛼 < 1, 𝑚, 𝑘 ≥ 1 and 0 ≤ 𝑝, 𝑞 ≤ 1 and the inequality
4𝑚(𝑚 + 1)(𝑚 + 2)𝑝3 (28 − 2𝛼)𝑚(𝑚 + 1)𝑝2 (39 − 9𝛼)𝑚𝑝 4𝑘(𝑘 + 1)(𝑘 + 2)𝑞 3
+
+
+
(1 − 𝑝)3
(1 − 𝑝)2
1−𝑝
(1 − 𝑞)3
(20 + 2𝛼)𝑘(𝑘 + 1)𝑞 2 (15 + 3𝛼)𝑘𝑞
+
+
≤ 6(1 − 𝛼)(1 − 𝑝)𝑚
2
(1 − 𝑞)
1−𝑞
𝑚,𝑘 ∗,0
is hold then 𝑃𝑝,𝑞
(𝑆𝐻 (𝛼)) ⊂ 𝐺𝐻0 (𝛼).

Proof. Suppose 𝑓 = ℎ + 𝑔̅ ∈ 𝑆𝐻∗,0 (𝛼) where ℎ and 𝑔 are given by (1) with 𝑏1 = 0. It suffices
𝑟,𝑠
(𝑓) = 𝐻 + 𝐺̅ ∈ 𝐺𝐻0 (𝛼) where 𝐻 and 𝐺 are given by (7) with 𝑏1 = 0. By
to show that 𝑃𝑝,𝑞
Lemma 5, we need to prove that Φ1 ≤ 1. Using Lemma 6, we have
∞

1
𝑛 + 𝑚 − 2 𝑛−1
Φ1 ≤
{∑(2𝑛 − 1 − 𝛼)(2𝑛 + 1)(𝑛 + 1) (
) 𝑝 (1 − 𝑝)𝑚
6(1 − 𝛼)
𝑚−1
𝑛=2
∞

𝑛 + 𝑘 − 2 𝑛−1
+ ∑(2𝑛 + 1 + 𝛼)(2𝑛 − 1)(𝑛 − 1) (
) 𝑞 (1 − 𝑞)𝑘 }
𝑘−1
𝑛=2
∞

1
𝑛+𝑚−2
=
{4 ∑ (
) (𝑛 − 1)(𝑛 − 2)(𝑛 − 3)𝑝𝑛−1 (1 − 𝑝)𝑚
6(1 − 𝛼)
𝑚−1
𝑛=2

∞

+ (28 − 2𝛼) ∑ (
𝑛=2
∞

+ (39 − 9𝛼) ∑ (
𝑛=2
∞

𝑛+𝑚−2
) (𝑛 − 1)(𝑛 − 2)𝑝𝑛−1 (1 − 𝑝)𝑚
𝑚−1
𝑛+𝑚−2
) (𝑛 − 1)𝑝𝑛−1 (1 − 𝑝)𝑚
𝑚−1

𝑛 + 𝑚 − 2 𝑛−1
+ (6 − 6𝛼) ∑ (
) 𝑝 (1 − 𝑝)𝑚 }
𝑚−1
𝑛=2

∞

1
𝑛+𝑘−2
+
{4 ∑ (
) (𝑛 − 1)(𝑛 − 2)(𝑛 − 3)𝑞 𝑛−1 (1 − 𝑞)𝑘
6(1 − 𝛼)
𝑘−1
𝑛=2

∞

𝑛+𝑘−2
+ (20 + 2𝛼) ∑ (
) (𝑛 − 1)(𝑛 − 2)𝑞 𝑛−1 (1 − 𝑞)𝑘
𝑘−1
𝑛=2
∞

𝑛+𝑘−2
+ (15 + 3𝛼) ∑ (
) (𝑛 − 1)𝑞 𝑛−1 (1 − 𝑞)𝑘 }
𝑘−1
𝑛=2
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∞

1
𝑛 + 𝑚 − 2 𝑛−4
=
{4𝑚(𝑚 + 1)(𝑚 + 2)𝑝3 (1 − 𝑝)𝑚 ∑ (
)𝑝
6(1 − 𝛼)
𝑚+2
𝑛=4

+ (28 − 2𝛼)𝑚(𝑚 + 1)𝑝

∞

𝑛 + 𝑚 − 2 𝑛−3
− 𝑝) ∑ (
)𝑝
𝑚+1

2 (1

𝑚

𝑛=3

∞

𝑛 + 𝑚 − 2 𝑛−2
+ (39 − 9𝛼)𝑚𝑝(1 − 𝑝)𝑚 ∑ (
)𝑝
𝑚
𝑛=2

∞

𝑛 + 𝑚 − 2 𝑛−1
+ (6 − 6𝛼) ∑ (
) 𝑝 (1 − 𝑝)𝑚 }
𝑚−1
𝑛=2

∞

1
𝑛 + 𝑘 − 2 𝑛−4
+
{4𝑘(𝑘 + 1)(𝑘 + 2)𝑞 3 (1 − 𝑞)𝑘 ∑ (
)𝑞
6(1 − 𝛼)
𝑘+2
𝑛=4

+ (20 + 2𝛼)𝑘(𝑘 + 1)𝑞

2 (1

∞

𝑛 + 𝑘 − 2 𝑛−3
− 𝑞) ∑ (
)𝑞
𝑘+1
𝑘

𝑛=3

∞

𝑛 + 𝑘 − 2 𝑛−2
+ (15 + 3𝛼)𝑘𝑞(1 − 𝑞)𝑘 ∑ (
)𝑞 }
𝑘
𝑛=2

∞

1
𝑛+𝑚+2 𝑛
=
{4𝑚(𝑚 + 1)(𝑚 + 2)𝑝3 (1 − 𝑝)𝑚 ∑ (
)𝑝
6(1 − 𝛼)
𝑚+2
𝑛=0

+ (28 − 2𝛼)𝑚(𝑚 + 1)𝑝

2 (1

− 𝑝) ∑ (
𝑛=0

∞

+ (39 − 9𝛼)𝑚𝑝(1 − 𝑝)𝑚 ∑ (
∞

∞

𝑚

𝑛=0

𝑛+𝑚+1 𝑛
)𝑝
𝑚+1

𝑛+𝑚 𝑛
)𝑝
𝑚

𝑛+𝑚−1 𝑛
+ (6 − 6𝛼)(1 − 𝑝)𝑚 ∑ (
) 𝑝 − (6 − 6𝛼)(1 − 𝑝)𝑚 }
𝑚−1
𝑛=2

∞

1
𝑛+𝑘+2 𝑛
+
{4𝑘(𝑘 + 1)(𝑘 + 2)𝑞 3 (1 − 𝑞)𝑘 ∑ (
)𝑞
6(1 − 𝛼)
𝑘+2
𝑛=0

+ (20 + 2𝛼)𝑘(𝑘 + 1)𝑞

2 (1

∞

𝑛+𝑘+1 𝑛
− 𝑞) ∑ (
)𝑞
𝑘+1

∞

+ (15 + 3𝛼)𝑘𝑞(1 − 𝑞)𝑘 ∑ (
𝑛=0

𝑘

𝑛=0

𝑛+𝑘 𝑛
)𝑞 }
𝑘
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=

1
4𝑚(𝑚 + 1)(𝑚 + 2)𝑝3 (28 − 2𝛼)𝑚(𝑚 + 1)𝑝2 (39 − 9𝛼)𝑚𝑝
{
+
+
+ 6(1 − 𝛼)
6(1 − 𝛼)
(1 − 𝑝)3
(1 − 𝑝)2
1−𝑝
4𝑘(𝑘 + 1)(𝑘 + 2)𝑞 3 (20 + 2𝛼)𝑘(𝑘 + 1)𝑞 2
𝑚
− 6(1 − 𝛼)(1 − 𝑝) +
+
(1 − 𝑞)3
(1 − 𝑞)2
(15 + 3𝛼)𝑘𝑞
+
}
1−𝑞

≤ 1,
by the given condition.
𝑟,𝑠
Theorem 7. If 0 ≤ 𝛼 < 1, 𝑚, 𝑘 ≥ 1 and 0 ≤ 𝑝, 𝑞 < 1 then 𝑃𝑝,𝑞
(𝑇𝐺𝐻 (𝛼)) ⊂ 𝑇𝐺𝐻 (𝛼) if and
only if the inequality

(1 − 𝑝)𝑚 + (1 − 𝑞)𝑘 ≥ 1 +

3+𝛼
|𝑏 |
1−𝛼 1

is hold.
Proof. Suppose 𝑓 = ℎ + 𝑔̅ ∈ 𝑇𝐺𝐻 (𝛼) where h and g are given by (5). We need to prove the
operator
∞
𝑟,𝑠
(𝑓)(𝑧)
𝑃𝑝,𝑞

= 𝑧−∑(
𝑛=2
∞

+∑(
𝑛=2

𝑛+𝑚−2
) (1 − 𝑝)𝑚 𝑝𝑛−1 |𝛼𝑛 | 𝑧 𝑛 + |𝑏1 |𝑧̅
𝑚−2

𝑛+𝑘−2
) (1 − 𝑞)𝑘 𝑞 𝑛−1 |𝑏𝑛 |𝑧̅ 𝑛
𝑚−1

is in 𝑇𝐺𝐻 (𝛼) if and only if Φ2 ≤ 1, where
∞

Φ2 = ∑
𝑛=2

2𝑛 − 1 − 𝛼 𝑛 + 𝑚 − 2
3+𝛼
|𝑏 |
(
) (1 − 𝑝)𝑚 𝑝𝑛−1 |𝛼𝑛 | +
1−𝛼
𝑚−1
1−𝛼 1
∞

+∑
𝑛=2

2𝑛 + 1 + 𝛼 𝑛 + 𝑘 − 2
(
) (1 − 𝑞)𝑘 𝑞 𝑛−1 |𝑏𝑛 |.
1−𝛼
𝑘−1

By Remark 3, we have

129

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020
∞

∞

𝑛+𝑚−2
𝑛+𝑘−2
3+𝛼
|𝑏 |
Φ2 ≤ ∑ (
) (1 − 𝑝)𝑚 𝑝𝑛−1 + ∑ (
) (1 − 𝑞)𝑘 𝑞 𝑛−1 +
𝑚−1
𝑘−1
1−𝛼 1
𝑛=2

𝑛=2

∞

= (1 − 𝑝)𝑚 ∑ (
𝑛=0
∞

+ (1 − 𝑝)𝑘 ∑ (
𝑛=0

𝑛+𝑚−1 𝑛
) 𝑝 − (1 − 𝑝)𝑚
𝑚−1

𝑛+𝑘−1 𝑛
3+𝛼
|𝑏 |
) 𝑞 − (1 − 𝑞)𝑘 +
𝑘−1
1−𝛼 1

= 2 − (1 − 𝑝)𝑚 − (1 − 𝑞)𝑘 +

3+𝛼
|𝑏 | ≤ 1
1−𝛼 1

by the given condition and thus the proof of the theorem is complete.
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ABSTRACT
Earth's natural life is endangered, which threatens health, kinds of animals and also the
economy. There are many reasons for this situation, and waste that affects nature is one of
them. Approximately 1.3 billion tons of solid waste is generated every year in the world and
this amount is increasing every year. These wastes arise according to the consumption of
humanity, waste products and rapid urbanization (Gardner, 2012). To take this responsibility,
many countries and many companies had strategies and actions for zero waste. Also in
Turkey, governmental organization about zero waste called ‘Sıfır Atık’ was established. Zero
waste is a concept that focuses on waste problems and includes different strategies to manage
sustainable waste (Welsh Assembly Govt., 2010). In order to solve the waste problem, 5 R's
zero waste was suggested as a sustainable solution. These; Trash is Reduce, Reuse, Recycle
and Refuse and is also called Zero Waste Hierarchy. In this research, some questions are
asked to the users about what they do individually with the 5R approach to zero waste. For
each R, a product or case is selected and these R examples are asked about their approach.
The purpose of this research is to analyze what users are doing to reduce this waste problem
on their own and create a better environment and whether they accept it as a lifestyle or have
any reason to fail, and evaluate it within the framework of industrial design and user
approach.
Key words: Zero Waste, Five ‘R’, User Research, Industrial Design
INTRODUCTION
Nature life around the world is under danger and that threatens the health, kinds of animals
and also economy. There are many reasons of this situation and waste that affects the nature is
one of them. In the world, about 1.3 billion tons of solid waste each year and this amount is
increasing each year. These wastes occur according to humanity’s consumption, throw-away
products and rapid urbanization (Gardner, 2012). There are no people that don’t have a trash
in their homes or offices. Single use only products, take away culture, mass production and
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consumption threat all universe and lives that live in this world. In the world, more than 120
billion tons of natural sources are consumed in a year and that causes more than 3 billion tons
of solid waste belonging to a city (Giljum et al, 2008; Chalmin and Gaillochet, 2009). As
Connett (2013) mentioned about the researches, the solid waste in global scale doesn’t show a
good situation and by 2025 it can be double per year. Solid waste has turned to a global issue
especially in developing countries (Seng et al., 2010).
It is seen that pollution problem in the seas, oceans threat the lives of sea lives, all plastics
create a huge area in seas and other places living beings live. The climate change also affects
the ecological system. Unfortunately, humanity causes this climate chnage with
consumptions, manufacturing’s. Due to these consumptions that occur without thinking about
the universe, there become more and more waste. Something should change and it can be the
waste, because everybody creates waste every day (Connett, 2013).
When a product turns into a waste, that means the lifecycle of a product ended. It’s thrown
away from the environment where they have been used. Towards this solid waste’s increase, a
new notion came into life. It was called as zero waste. Zero waste is ‘a set of principles
focused on waste prevention that encourages the redesign of resource life cycles so that all
products are reused.’ (Url-1). Connett (2013) defines zero waste as to emit and destroy
amount and damage of waste and materials, to protect resources, managing and designing
products and processes in as system. The term of zero waste was used by Dr. Palmer for the
first time in 1973. He used this term to recover resources from chemicals (Palmer, 2004). In
zero waste, the waste is defined as resources’ transformation in the middle of the consumption
phase (Zaman, 2013).
The concept actually is explored newly. In the mid-1980s the idea was impossible in many
countries. With the year 1995, there was an idea to reduct the consumption, the notion has
been a goal of designers and manufacturers in some places like California ad Italy (Connett,
2013). After that zero waste became ideal as an environmental movement and showed the
business community a light. It has been successful to reduce the waste of some communities,
and others aimed it (Connett, 2013). It includes design and waste management together. They
work together to remove the threats of consumptions and unsustainable behavior. In zero
waste the product doesn’t live the traditional product consumption cycle. Because this product
may be recycled, repaired or turn into something else in its new cycle (Zaman, 2013).
This big waste and their bad influences on environment, humanity, all lives in the universe
forced the authorities to create solutions for more sustainable manner (Shekdar, 2009; Cheng
and Hu, 2010). Management of zero waste defines waste as a source also a symbol of the
modern society’s lack of efficiency (Zaman and Lehmann, 2013). On the other hand, users
and consumers get more conscious about the zero waste, they follow the news about it and
also new products or actions to support the zero-waste management. People move through
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more sustainability. There is no burning waste, throwaway society, there is sustainable society
in zero waste approach (Connett, 2013).
To take this responsibility, many countries and many companies had strategies and actions for
zero waste. Also, in Turkey, governmental organization about zero waste called ‘Sıfır Atık’
was established. They try to educate institutions and other, organize events and offers
literature about zero waste. On websites of organization, information, news, events,
participants and other information can be reached. Companies and institutions see the
legislation on this website (Url-2).
FIVE “R”
Zero waste is a concept that focuses on the waste problems and includes different strategies to
manage sustainably waste (Welsh Assembly Govt., 2010). These sustainable solutions come
with 5 R’s of zero waste: Refuse, Reduce, Reuse, Recycle and Rot. It is also called as Zero
Waste Hierarchy. It is seen that some resources show 3 R’s. But these days it is accepted as 5
R’s.
Firstly, these 5 R’s can be explained. Refuse can be explained as deny what is not needed,
reduce the needs or get just what really needed, reuse is about using again what is consumed,
recycle is about turning something to a new one, rot means to compost organic waste
(Johnson, 2013).
Refuse is about denying the things that are not needed. If something is not consumed, it
cannot turn into a waste. By reducing it can be avoided to get in our lives. By taking a can or a
bottle or a pouch, the use of the plastic bag while buying herbs, beans, cheese etc and by
carrying a thermos, the paper glass consumption can be refused. One use plastic bags,
conference gifts, plastic plates are some examples of products that can be denied and
especially the single use only plastic products constitute the main waste in streets, beaches,
oceans, parks, cities (Johnson, 2013). By reducing, new product needs, new solutions may be
needed. That makes manufacturers, organizations and designer to think about more about the
world.
Reduce is the second R and it defines if refusing cannot be done, then reduce. It is about get
what is really needed or cannot be reduced (Johnson, 2013). Humanity lives in consumption
age; they do not question if they need or not while buying. This step of zero waste forces user,
consumer think about their real needs. It may guide them to live more minimalistic.
There are some writers that write about how to apply zero waste in homes or how it can be
accepted as lifestyle. They are like guides that show the ways especially for individuals. One
of them, Korst (2012) offers some things that people can live without. Sponges, take-out
chopsticks, plastic shopping bags, hand wipes, paper napkins, single-serve items are some
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examples given by her. To reduce people can borrow books from the library, buy needs
second from hand ones and use bicycle while going somewhere as soon as possible.
Figure 1. 5 R’s of Zero Waste (Johnson, 2013)

Reuse is the usage of the product again. According to Korst (2012), it is about creativity.
Because user chooses the next journey of the product. It is up to users for which purpose it
will be used. From example, an old t-shirt can be turned to a shopping bag or broken plate
pieces can be part of a mosaic project (Korst, 2012). By reusing, the lifecycle of a product can
be extended, for different reasons they can be used. Products, objects can be repaired, they
can have new roles.
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Figure 2. Recycling eliminates the impacts of the first step in the linear society: the extraction
of virgin materials. (Connett, 2013).

Recycle defines return of the material to a new one. In that, a system is needed to collect and
turn them into a new one. These materials that c be recycled can be collected and if there
becomes around, they are recycling bins. They are mostly separated int groups according to
materials like paper, glass, metal. In the houses, users can separate the wastes in these groups,
and they can be recycled instead of being a solid waste. Glass bottles, some plastic packaging,
papers are examples of the recyclable materials. In the shopping, foods in glass jars can be
chosen. With these choices, the packaging of needs can be recycled. When materials are
recycled in industry, using them again saves energy cost and extraction impacts (Connett,
2013). It should be known that every material can’t be recycled, and recycling process needs
energy even it provides energy saving. Consumer should choose recyclable materials if they
can’t refuse that product.
Rot means compost. Organic wastes can be composted. There are also some machines to
compost these organic wastes. The fertilizer gained from this compost is used in the garden
for organic products that are raised. Newspapers, used matches, dry dog food, nut shells are
also examples that can be composted besides foods (Korst, 2012). It is important to compost
kitchen waste and other organics. Because when they mixed with other wastes, they cause to
bad smell and methane, they don’t decompose naturally and they cause to pollute the air and
the sand (Connett, 2013; Johnson, 2013). AS Cornett (2013) mentioned, in San Francisco,
farmers use the compost produced from the city’s organic discards.
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Figure 3. Reusing objects and composting organic materials cuts out the impacts of both
extracting raw materials and the manufacturing processes. The arrow in figure indicates the
flow of reusable objects and compost back to the consumer. (Connett, 2013).

RESEARCH
Zero waste became an environmental alternative for the pollution in the world waste creates.
This concept offers an ideal, nice image but it is challenging and hard for an organization or
community to apply (Song et. Al, 2015). To generate a zero-waste management, designers,
companies, householder and retailer, all them should take actions for sustainable design and
manufacturing methods and to do that all them should be encouraged (Clay et al., 2007). On
the other hand, public zero waste organization and planning in developing countries is in
extremely basic level (Buenrosto and Bocco,2003). So, to create an environmental alternative
in a developing country, individuals should behave responsibly for this issue. It should not be
forgotten that individual movements ad actions are important in these issues. Because in the
UK, household waste constitutes 9 per cent of all waste that are collected and threats the
universe (Defra, 2007). Individuals create this household wastes, so they have a role in the
consumption and creating wastes in their houses. With whole world zero waste is accepted as
an approach and some studies, some plans are made to decrease the consumption and the
damage we make for this world in Turkey. According to Connett (2013), the success of zero
waste start with individuals. They are concerned with in academia, business,
nongovernmental organization in anywhere they can do.
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In this research, users are asked some questions about what they do for zero waste
individually. Questions are prepared according to 5 R’s of zero waste. For each R, a product
or case is chosen, and they are asked about their approach on these examples of R’s. The aim
of this research is to see what users do to reduce this waste problem on their own and to create
better environment and if they accept that as a lifestyle or they have any reason not to success.
There are six participants in research. They were sent a survey via internet to answer the
questions. The questions are open-ended questions. They answered these questions without
any options, wrote answers their own sentences to eight questions.
Questions start with the question to ask if participants know about zero waste. In the second
question how they follow news, information, anything to know about zero waste is asked to
participant to understand their interest. Third question is to define if they know about 5 R’s of
zero waste hierarchy. Then for each R, a question is asked with a specific product or situation
about that R. These 5 R’s are refuse, reduce, reuse, recycle and rot. For refuse, paper single
use only glass is chosen and if they use these glasses or not is asked to them. Also, they are
asked to explain when they don’t use what they do instead. To reduce the consumption, the
question is asked to know if they shop needs or more and learn their secondhand clothes use
habits. For recycle step of hierarchy, participants asked if they separate recyclable wastes in
the house. Glass bottles is preferred as an example for that. They are wanted to explain what
they do these recyclable wastes. Glass jars is accepted as an example to reuse. How
participants reuse them is asked. Egg shells are examples for rot step. Participants are asked if
they compost eggshells or not and what they do for composting.
RESULTS
According to participants’ answer, all participants know about zero waste. The aim of the
selection of these participants that they are aware of zero waste approach. All of them
answered yes on this question. Most of participants know about 5 R’s of zero waste hierarchy.
Most of participants learn about zero waste and follow news about it from especially social
media, academic research, literature, some of them follow the events and one of them follows
the website of the Ministry of Environment and Urban Planning.
All participants try not to use paper single use only glass. They just use them when they don’t
have any alternatives with them especially in meetings, events shortly in public areas.
Participants carry a thermos, a flask or a mug instead of using single use only glasses. Just one
participant buys secondhand clothes, others don’t prefer to buy, but all of them pay attention
to shop just needed products. Two of them use clothes by swapping with others.
For recycling, almost all participant answered this question as yes. One of them separated
waste to recycle for a long time, but when she saw they throw away all of them to the same
place, she gave up doing that. Participant can’t find recycle boxes around their houses or they
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don’t actually believe the organization will supply that recycling. They separate glass, plastic,
battery mostly.
Figure 4. Participant’s answers to the zero-waste survey

About reusing the glass jar, all participants wrote that they reuse them. Every participant uses
them to keep something like legumes, nuts, herbs in the kitchen. They use them as a storage
box, but they are all in the kitchen. Two of participants use as a carrying box while reusing
the glass jars.
Except one participant, others know about rot. They have an idea about composting, but there
is no participant that applies it at home. Just one of them started to collect eggshells but
couldn’t complete the process.
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CONCLUSION
This research has tried to find out consumers’ approach to 5 R’s of zero waste hierarchy.
Findings of surveys are collected in a table. To sum up the table, individuals are interested in
zero waste actually via their own interest, research and conscious not via directions of
governmental or nongovernmental organizations. In our country, there are zero waste politics
and applications. But these actions don’t meet consumers enough.
The popularity and importance of zero waste in literature or in daily life are seen in answers
that all participants know about zero waste. Individuals have some roles to apply zero waste
strategy on their own. Consumers in also Turkey are aware of pollution, environmental
problems and consumption. They are educated about it; they get some actions for all
hierarchies of zero waste.
Not just individuals, governments, municipalities, organizations, manufacturers and all
powers should accept ad follow zero waste strategies. As seen in research, consumers do not
believe recycling as separated materials. They cannot find bins to put recyclable wastes
around them. In our country, there is still much to do for zero waste strategy. To encourage
individuals, institutions should do what is needed.
Secondhand use of clothes is not so widespread in our country. Even consumers use the
second hand, they prefer to use relatives’ clothes. Minimalizing lives and wardrobes became
widespread as seen in answers. People do not buy if they do not need. Maybe consumers can
be encouraged to buy secondhand clothes, books, and other things to prevent more production
and their damage.
The research can be done with more participants and more detailed questions about zero
waste hierarchies. The user behavior and approach to zero waste can be searched more deeply
about their awareness. In future studies, 5 R’s contribution on design process can be examined
on products that support zero waste management.
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ABSTRACT

Cyber-physical systems provide an environment that can operate automatically by the sensors’
functioning, and that can be controlled remotely. This infrastructure potential has revealed the
digital transformation supported industrial revolution of our age. Therefore, the responsibilities of
top managers and industrial engineers have also increased with Industry 4.0 for the functioning
system operations. It is necessary to make the best strategic plan for the new period throughout
the country in order to identify the barriers, and to create a road map. Hence, the purpose of this
study is to analyze how industrial engineering research on Industry 4.0 has been examined by
companies and sectors in Turkish national databases since 2017, and to obtain meaningful results.
In this context, research questions were determined. Findings were discussed and the issues such
as the industrial engineering discipline in Turkey (human resource management, quality
management, enterprise resource planning, supply chain management, etc.), companies’ Industry
4.0 preparations and sectoral studies (iron and steel industry, agriculture and livestock, logistics,
furniture, fashion etc.) have attracted the attention. This research demonstrates benefits in terms
of where should be started in order to increase awareness and action plans in Turkey. In addition,
as a theoretical contribution of the study, the practitioners can make inferences on which subject
and which methods they can apply in what scope.
Key words: Industry 4.0, Systematic review, Literature review, Industrial engineering
INTRODUCTION
The manufacturing industry and service systems have faced a new era with cyber-physical
systems, and dynamic data processing has gained a remarkable importance. Beside of the
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company-level positive results such as productivity and cost advantage in production, long-term
results such as growth, employment, human resources, education and investment have emerged
with the digital transformation (Soylu, 2018). Therefore, the responsibilities to be undertaken by
industrial engineering in new human resources management, quality management, lean six sigma,
enterprise resource planning, assembly line balancing, project management, inventory control,
supply chain management, data mining and machine learning have increased.
The purpose of this study is to systematically examine the Industry 4.0 publications in Turkish
journals since 2017 from the Dergipark database, and to draw significant results from this review.
In this context, a systematic review was carried out and answers were sought for the predetermined research questions. The following section includes the steps of the relevant method,
systematic review, results and conclusion.
METHODOLOGY
Systematic Review
Systematic review of publications aims to minimize personal views and attitudes by following a
repeatable, scientific and pre-planned process through comprehensive examination of relevant
studies by reviewing clear criteria (Cook, et al.1997; Briner & Denyer, 2012).
This study has adopted the systematic review steps proposed by Okoli & Schabram (2010). These
steps are not the same for every kind of researches, but are shaped according to the structure of
the research. Systematic review steps:




Planning stage: Background and rationale for the review, defining research questions,
defining search criteria (review protocol)
Conducting stage: Searching the literature, selecting studies, extracting data
Reporting stage: Analyzing data and synthesis, presenting the findings, interpreting
results and drawing conclusions

In the background of the systematic review, there is the question of what has been done on a
country basis in Industry 4.0 studies. Accordingly, the research questions addressed by this study:
1.
2.
3.
4.
5.
6.

Which departments have worked on this subject?
In which years the studies were published?
Which journals have published the articles, and what is the time duration of publication?
What topics did these articles cover?
Which methodologies were the articles used in data collection and analysis?
Which methodologies were used in which subjects?
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7. Which departments used which methodologies?
8. What were the findings of these studies when classified according to their subjects?
Search criteria were in the form of (“industrial engineering” and “Industry 4.0”). The articles
containing these keywords in Dergipark database have been examined, after reviewing the
summary sections of the articles, the necessary eliminations were done and 93 articles were
accessed as a result. Only the articles published in 2017-2020 were considered.
By answering to the first research question, it was observed that mainly the Departments of
Business Administration and Industrial Engineering carried out the research in this field. The
studies emerged with the contribution of departments such as Economics, International Trade,
Logistics and Transportation (Figure 1).
When these studies are classified according to the publication years, it was seen that the number
of publications has reached its peak in 2020 (Figure 2). It is expected that the increasing number
of publications since 2018 will preserve this trend again.
Agriculture Engineering
Software Engineering
International Trade, Logistics and Transport
International trade
Tourism management
Marketing and Advertising
Accounting and Financial Management
Architecture
Mechanical engineering
Public administration
Business
Economy
Law
Public Relations and Publicity
Gastronomy and culinary arts
Physics Engineering
Industrial Engineering
Educational Sciences
Maritime Business Management
Labor Economics and Industrial Relations
Computers Engineering
Banking and Insurance
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Figure 1. Departments conducting research within the scope of Industry 4.0
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Figure 2. Publication dates of the articles

It was seen that the most published journal on this subject was "Süleyman Demirel University
Faculty of Economics and Administrative Sciences Journal". The "publication time" of the article
described in the articles was obtained by using the “date of arrival to the journal” and the “date of
acceptance”. The number of publications and publication duration in the journals are shown in
Figure 3. Accordingly, SDÜİİBF follows the journal in the publication order of PressAcademia
and Sosyal Siyaset Konferansları Dergisi. Moreover, there is no similarity in the publication
times. In some journals, the publishing process takes close to a year, while in some journals it
takes as short as 17 days.
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Figure 3. Number of articles and publication times of journals

The topics covered by the examined articles are:
i. Topics addressed by the industrial engineering discipline in Turkey





Human resources management
Quality management, lean six sigma
Enterprise resource planning
Assembly line balancing






Project management
Stock control
Supply chain management
Data mining, machine learning
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ii. The companies’ researches on Industrial 4.0 in Turkey





Firms' Industry 4.0 trends
Industry 4.0 awareness level of companies
Strategies developed for the transformation process
Corporate applications

iii. Sectoral reviews











Call center services
Iron and steel industry
Agriculture and animal husbandry
Gastronomy
Logistics
Furniture
Fashion / textile
Automotive
Plastic
Tourism
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The methodologies used in the articles for data collection and analysis were examined, and
Table 1 was obtained.
When the subjects and methodologies discussed are analyzed together, it is understood that
the data collection methodology is independent from the subject, and is mainly carried out in
the form of literature review, as well as information collection through observation and faceto-face interviews. In the analysis of the data, inferences based on the literature review were
made. The methodologies were based on the analysis of subject-specific criteria such as AHP,
DEMATEL, ISM, SWOT, and big data analytics / data mining were used.
Table 1. Methodologies used in data collection and analysis according to topics.

i

Researches
Çelik & Can (2019); Çakıt et al. (2020); Soylu (2018); Esmer
& Alan (2019); Çakır (2018); Doğru & Meçik (2018); Türkel
& Arıkan (2020); Şendoğdu (2020); Türkel & Bozağaç
(2018); Yankın (2019); Gümüşoğlu (2019); Taner & Biçer
(2020); Zorlu et al. (2018); Akgül et al. (2018); Çiftçioğlu et
al. (2019); Öktem Özgür & Demirbilek (2020), Filizöz &
Orhan (2018); Taş (2018); Göktaş & Baysal (2018); Macit
(2017); Öğünç (2018); Balkan (2019); Bayraktar & Gökçen
(2019); Çiğdem (2019); Ecevit Satı & Oktay Yılmaz (2019);
Keskin & Kabasakal (2020); Eğilmez & Koca (2018); Deral &
Kazançoğlu (2020); Kökhan et al. (2020); Toker (2018); Areta
& Awwad (2019); Tunçbilek & Özcan (2020); Demı̇ ryumruk
Dikici (2020); Asiltürk (2018); Sert et al. (2020); Şenol et al.
(2020); Avcı (2019); Yemenicioğlu (2019); Apilioğulları
(2020)
Gürün (2019); Özdemir et al. (2018), Süzen et al. (2019);
Ateş et al. (2020); Türker et al. (2019); Bilgin Sarı et al.
(2019); Arslan (2020)
Terzi et al. (2020)
Belbağ et al. (2020)

ii

Kılıç (2020)
Balan & Koyuncu (2020)
Atik & Ünlü (2019); Aydın (2018); Goksu et al. (2018);
Koçaslan (2019); Tekin (2018)
Kamber et al. (2019); Çelik (2020); Metin & Türkoğlu
(2019); Yıldız (2020); Gerger (2019); Kiraz et al. (2020)
Saçak et al. (2019); Altınbay et al. (2017); Kagnicioglu &
Ozdemir (2017)
Yılmaz & Özdağoğlu (2020)
Kiraz et al. (2018)

iii

Demirkol & Özcan (2018)
Çalışkan (2020); Saatçioğlu et al. (2018)

Methodology

Data collection

Literature review,
inferences

Literature
review

Big data analytics

Data gathering,
Literature rev.

AHP

Literature rev.

Sensitivity analysis

Literature rev.

Energy mgt. system
Ekonometric techniques

Observation
Data gathering

Data analysis

Literature rev.

Industry 4.0 awareness
measurement analysis

Survey

Data analysis
Big data analytics
Fuzzy cognitive
mapping
Correlation analysis
Interpretive Str. Model

In-depth
interviews
Literature rev.
Literature rev.
Literature rev.
Interviews
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Yılmaz & Önaçan (2019); Topsakal et al. (2018a); Karagöz
& Doyduk (2020)
Ömürgönülşen et al. (2019)
Topsakal (2018); Topsakal et al. (2018b); Tuncel (2019);
Yılmaz & Duman (2019); Tüzünkan (2020); Şekkeli &
Bakan (2018); Mil & Dirican (2018); Öztemel & Gürsev
(2018); Gökçe et al. (2020); Serinikli (2018); Bacak et al.
(2018); Mutlu Öztürk (2020)

SWOT analysis
Fuzzy DEMATEL

Data analysis

Literature rev.,
Delphi technique
Literature rev.
Literature rev.,
observation, data
gathering

Table 2 was obtained by examining which departments used which the methodologies.
Table 2. Methodologies with respect to departments
Department

Methodology

Data collection

Computers eng.

Data mining

Data gathering, literature review

Data mining

Data gathering, literature review

AHP

Data gathering, literature review

Fuzzy cognitive mapping

Literature review

Econometric techniques

Data gathering

Data mining

Literature review

Sensitivity analysis

Literature review

Correlation analysis

Literature review

Fuzzy DEMATEL

Literature review

Tourism mgt.

SWOT

Literature review

International
Logistics & Trade

ISM

Interview

SWOT

Literature review

Industrial
engineering
Economics

Business
administration

Accordingly, most of the departments collected data through "literature review". It is seen that
data mining is applied in many departments. The analysis of strengths, weaknesses,
opportunities and threats with SWOT, where decision-making techniques are used especially
in business and industrial engineering departments, has been applied by tourism management,
international logistics and transportation, and international trade departments.
FINDINGS
The findings and contributions of the studies were discussed by classifying them according to
their subjects. According to Table 3, which lists the topics of industrial engineering discipline
in Turkey was illustrated.
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Table 3. The findings of the issues addressed in the industrial engineering discipline in Turkey
Articles

Findings

Özdemir et al. (2018) Big data analytics play a major role in I4.0
Kılıç (2020)

Data-based transition from field equipment to business analytics can be
achieved

Belbağ et al. (2020)

Different decision support systems should be examined in smart production
systems where technologies included in Industry 4.0 are integrated.

Çelik & Can (2019)

With the transition to Industry 4.0, the production process will fundamentally
change and the occupational health and safety management system will also
require change.

Çakıt et al. (2020)

Automation, which has become widespread with Industry 4.0, will minimize
potential health problems of employees by making ergonomic improvements in
physically demanding jobs .

Soylu (2018)

Industry 4.0 will have possible effects on today's entrepreneurship
understanding

Esmer & Alan (2019)

In the transition to the Industry 4.0 model, many radical innovations need to be
made in organizational terms .

Gürün (2019)

Human capital is critical for the success, continuity and future of all sectors in
the Industry 4.0 revolution.

Çiğdem (2019)

On the basis of changing work organizations, there is the rise of digital labor
platforms and new forms of "self-employment".

Balan & Koyuncu
(2020)

R&D expenditures should be increased, technological investments and techno
cities should be given importance, and financial support should be provided to
researchers who have human capital behind all these developments. In this
case, it will be easier for labor to adapt to the Industry 4.0 process.

Tunçbilek & Özcan
(2020)

In this new technology age, many professions will change or even disappear,
so the workers should take measures that can improve themselves in order
not to be unemployed in the new order, attend courses organized to close the
education and talent gap, if necessary, request assistance from their employer,
the union they are affiliated with, and the institutions and organizations
affiliated with the state in business life. must

Yıldız & Genç (2019) With Industry 4.0, machines will replace people and increase unemployment.
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Arslan (2020)

It is in question that the basic business lines that started with Industry 4.0
gradually lose their value and the emergence of different occupational groups.

Çakır (2018)

It will be insufficient to limit the steps to be taken for Industry 4.0 only to the
field of technology. Investments, legal regulations, mode of production and
education areas interact with each other and will cause transformation at
many levels up to social life.

Doğru & Meçik
(2018); Ecevit Satı &
Oktay Yılmaz (2019);
Taş (2018); Asiltürk The digital transformation process will have an impact on the labor market
(2018); Sert et al.
(2020); Çiftçioğlu et
al. (2019)
Demı̇ ryumruk Dikici
(2020)

The leadership principles required by the new world and its effect on the
motivation of employees are different from today.

Öktem Özgür &
Demirbilek (2020)

Employability of older workers who do not have sufficient information and
communication technology skills will be negatively affected

Filizöz & Orhan
(2018)

HRM 4.0 is studied in the context of talent, managerial approaches, human
resources technologies, functions and positions.

Türkel & Arıkan
(2020); Türkel &
Bozağaç (2018)

Industry 4.0 has a high meaning in terms of strategic human resources
management

Şendoğdu (2020)

There is a need for a new "Robotic Resources Management" concept.

Şenol et al. (2020)

In order to adapt the existing workforce of the enterprises to the new
production processes, the academy, talent and competence management,
reverse mentoring and assessment center practices are increasingly included
every year.

Avcı (2019)

It is believed that the Industry 4.0 perceptions of human resources
professionals are related to the Industry 4.0 sensitivity levels, and the increase
in the sensitivity level can determine the direction of the expectations
regarding the roles and functions of HRM.

Yankın (2019)

Although digitalization is an extremely important trend, there are great
uncertainties about where this process will go. So it is too early to express this
process as transformation.
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Göktaş & Baysal
(2018)

In the future, value chains will be digitized by combining Industry 4.0 and
Cloud Computing in line with their vision and strategies.

Akgül et al. (2018)

Although Industry 4.0 is a concept that has not yet completed its ten years, the
concept is expected to lead to a serious change process in the service sector.

Gümüşoğlu (2019)

World-class manufacturing, hardware, software, as well as innovations, as well
as all the basic quality tools, it has also triggered the emergence of the concept
of Quality 4.0, which is shaped by the digitalisation of quality management
with Industry 4.0.

Macit (2017)

A structural framework was presented during the joint implementation of
Industry 4.0 and Enterprise Resource Planning (ERP).

Kökhan et al. (2020)

When the assembly line balancing problems are examined, a cost-oriented
mathematical model has been developed for parallel assembly lines with
heterogeneous labor.

Taner & Biçer (2020)

Findings on the effects of technological developments on project management
factors were obtained.

Türker et al. (2019)

The proposed model predicts whether it will be delayed by the expert system
when a new order comes to the company and can make the decision to use
outsourcing for production. With this approach, the number of delayed jobs
has been further reduced.

Bilgin Sarı et al.
(2019)

In a manufacturing enterprise that established an intelligent storage system, it
has achieved cost savings in many areas compared to the traditional system
and eliminated the need for new storage space. In addition, the established
system provides important contributions to the business in terms of timely and
fast delivery, reliability, quality and customer satisfaction.

Zorlu et al. (2018)

When stock control processes and industry 4.0 applications are combined on a
common ground; Maybe, many systems and labor force we use today will be
eliminated and cost, time and labor savings will be achieved.

Toker (2018)

It is predicted that the developments experienced will have a direct impact on
the environment, economy and society, which form the basis of the concept of
sustainability.

Öğünç (2018)

Serious benefits will arise if the production system and IoT systems are
implemented together just in time.
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Eğilmez & Koca
(2018)

By reviewing every process of the supply chain, not only technological,
organizational, legal or strategic, but also employee and community welfare
measurements should be brought together.

Terzi et al. (2020)

Potential opportunities exist in the sustainable supply chain using the Internet
of Things for Industry 4.0 transformation
In line with the data obtained regarding in which areas the objects use the
Internet, "stock and production control", "digitalization and tracking of data in
the internal supply chain", "shortening the ordering process in the supply
chain", "digital control and predictive support systems in the supply chain",
"production errors Codes have been identified as "control", "stock counting and
tracking", "shortening the ordering process", "material handling and tracking"
and "emergency spare parts interim stock access".

Deral & Kazançoğlu
(2020)

When the benefits of the use of IoT in the internal supply chain of a company
operating in the packaging industry are examined; Codes have been determined
as "technical safety and fire prevention", "product control with the help of
barcodes", "quality control", "defect detection, intervention and tracking in the
material flow inside the factory". In line with these codes, it has been
determined that the Internet of Things provides benefits such as "digitalization
of data", "increase in quality", "increase in productivity", "decrease in costs",
"data tracking" in the internal procurement processes of companies.

Balkan (2019)

Correct location in the installation and design of smart facilities is important in
order to gain competitive advantage in the market, to obtain qualified
workforce and to save energy and cost.

Süzen et al. (2019)

There will be cyber attacks against the wireless networks of the objects in the
Industry 4.0 space.

Ateş et al. (2020)

It is obvious that Industry 4.0 will cause security problems in its current form.
The fact that security problems have become much more specific and the
automation concept has added new paradigms to security problems has
increased the cyber threat vulnerability in general.

Apilioğulları (2020)

It has been determined that Industry 4.0 tools make a significant contribution
to the processes in terms of shortening the impulse response time in process
improvement studies. The Lean Six Sigma approach, which was previously used
with limited use of Industry 4.0 technologies, now paves the way for being
used in all areas of processes in real time This study confirms that processes
increase the quality and speed of the decision-making process by increasing
the modeling ability.
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The findings of the Industry 4.0 study of the companies in Turkey was presented in Table 4,
and the findings of the sectoral analysis was stated in Table 5.
Table 4. The findings of Industry 4.0 study of the Turkish companies
Articles

Findings

Kiraz et al. (2018)

It has been determined that the criteria that most affect the Industry 4.0 level
are Strategy and Organization.

Kamber et al. (2019)

When the survey results are evaluated, businesses see the transition to
Industry 4.0 as necessary and are aware of the added value it will provide to
their businesses.

Tekin (2018)

As a result of the research, Industry 4.0 applications of enterprises reduce
costs, create brand value, increase production, employment, performance and
efficiency, increase investment, provide rapid response to the market with
rapid production, increase their competitiveness with rapid prototyping,
different-quality production, It has been observed that it provides effective
supply chain management.

Çelik (2020)

Even if the technological innovations that can achieve the goals are within the
targets, the companies adopt daily strategies that will maintain their current
positions rather than make new investments in such periods.

Yıldız (2020)

Based on the findings obtained from the surveys, it was decided that
manufacturing companies should be open to innovations and be open to
technology. In addition, it has been concluded that companies need to recruit
personnel who keep up with technology or to assist in training the personnel.

Kiraz et al. (2020)

Companies should take advantage of the digital transformation roadmap and
know to what extent the Industry 4.0 concept is affected by which criteria.

Goksu et al. (2018)

It has been determined that Industry 4.0 enables companies that want to
produce a new product to meet consumer needs more quickly, flexibly and
efficiently as a result of digitalization at every stage of production.

Öncül & Ateş (2020)

It has been observed that enterprises face organizational, technological,
economic and environmental problems during the transition to smart
production.

Saçak et al. (2019)

In this study, the criteria required for a successful IoT application in businesses
are evaluated.
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Altınbay et al. (2017) The effect of R&D expenses on firm profitability has been determined.
Kagnicioglu &
Ozdemir (2017)

As a result of the observations made, it is planned that the technologies used
for SMEs to keep up with Industry 4.0 are insufficient and transition to Industry
4.0 application with medium and long term plans.

Metin & Türkoğlu
(2019)

Considering the results regarding the correlation analysis, a close to strong but
moderately positive correlation relationship has been determined between the
general approach to Industry 4.0 and the strategy and organization-scale
approach scales to Industry 4.0.

Gerger (2019)

As a result of the application of Heijunka technique, the company; It will be
ensured that the product is produced at the desired time and amount, and it
will be ensured to increase its overall productivity, decrease its waste.

Koçaslan (2019)

It has been determined that the countries using Industry 4.0 technology are at
the top of the competition race, taking into account the social, political,
economic, environmental and educational factors.
Table 5. Findings of sectoral reviews.

Articles

Findings

Demirkol & Call centers need to invest more in Industry 4.0 applications to ensure both employee
Özcan (2018) and customer satisfaction.
Gökçe et al.
(2020)

In this study, new technological applications in animal husbandry should be evaluated
in terms of profitable and sustainable production.

Serinikli
(2018)

Training should be given to cooperatives other than partner or partner through
relevant ministries. Also, the legislative issue must be resolved.

The application of technological developments to the field of gastronomy and
Mutlu Öztürk
innovative approaches can make great contributions to the development of
(2020)
gastronomy.
Çalışkan
(2020)

An industrial practice that has not yet been implemented in the port industry leads to
a lack of references and standards, and current difficulties cause the port and its
stakeholders not to be ready for change.

It is considered that autonomous ship technology will lead to technological
Yılmaz &
transformations in the design, construction, operation and insurance of ships, port
Önaçan (2019) and shipyard infrastructure and business processes, and it will be useful to determine
a road map without delay in order to be prepared for this transformation.
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Saatçioğlu et
al. (2018)

Within the scope of Industry 4.0 of logistics companies; Internet of Things, big data
and image tracking technologies projects are carried out.

When the results are examined, the first three factors most effective in the adaptation
Ömürgönülşen
process of logistics companies to Industry 4.0 are; adaptability, digitization level and
et al.(2019)
flexibility.
As a result, it has been determined that the basic needs in the logistics sector are
Öztemel &
qualified workforce, proper investment and technology management, accurate
Gürsev (2018)
analysis of the processes and data of the sector.
Within the scope of logistics 4.0, optimizations are required throughout the entire
Yılmaz &
supply chain and the optimization of processes is getting more complex. Solutions for
Duman (2019) these complexities will be possible with the development of more information
technology-based and new applications, platforms and services.
In the study, the strengths and weaknesses of Logistics 4.0 applications and the
Karagöz &
opportunities and threats on this issue were evaluated and it was concluded that
Doyduk (2020)
managers should have broader and deeper perspectives in this context.

Bacak
et al. (2018)

As a result of the study, it has been observed that the digital transformation efforts in
the trailer sector will increase the efficiency of the logistics industry. With the
developing technological possibilities and the requirements of the Industry 4.0
process, it has been observed that trailer manufacturers are working on the transition
from the "product-based" model to the "product and solution-oriented" model. These
developments in the trailer sector have moved the trailer from being a "commercial
product" to a "transportation solution". In this context, the statistical report of an
international research company shows that if the trailers are equipped with electronic
components, there will be a 30% increase in vehicle sales in the 2025s.

Relevant codes and tracking systems should already be established in the statistical
databases of industry unions, especially TUIK. As Industry 4.0 applications in industry
Mil & Dirican
and tourism / service sectors develop, it will be more possible with econometric
(2018)
models to calculate their magnitudes backwards and forwards, the formation and
existence of time series.

Topsakal
(2018)

As the number of people with disabilities increases, it has become inevitable to
develop applications for these individuals to participate in the tourism movement
more independently. Spain has developed an application for disabled visitors and
started to provide services to disabled users. In the age of technology ownership and
increased competitive advantage for the protection of Turkey as an important
destination it can be seen as important to offer these applications and services
development
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Tüzünkan
(2020)

Employment in the tourism industry, which is a human-oriented industry, is
threatened by developments such as robots created by technologies, cloud
technologies, internet, social media and automation. When analyzed in terms of
decent work, if measures to improve skills are not taken within the scope of the future
of work in the industry, which does not draw a positive picture in terms of both
working conditions and wages, social dialogue and gender equality, it will leave the
place of employment to artificial intelligence and robots in the future. Therefore,
courses with methodological skills such as creativity and entrepreneurship, courses
with social skills such as leadership, courses containing technical skills such as coding,
and courses containing individual skills such as learning motivation should be in a
balanced distribution in the curriculum of tourism departments.

Industry where 4.0 is the basis for a new generation of what technologies to create
Topsakal et al. and to have idea how related it finds its application in their tourism industry and the
industry to capture 4.0 technologies, Turkey has a great importance for the tourism
(2018a)
industry.
With Industry 4.0, the human resource needs of the machine tool industry will change,
computer programming engineers, electronic engineers, robot programming
engineers, software engineers, mechanical engineers, industrial engineers,
Tuncel (2019)
automation engineers will be more demanded by the sector. For this reason, Turkish
machine tool industry has to develop cooperation with universities and design an
engineering education program compatible with industry 4.0.

CONCLUSION
Along with the fact that the industrialization journey of the world has entered a new era; the
Industry 4.0 revolution, where cyber-physical systems and dynamic data processing shaped
production systems, created an inevitable need for digital transformation. In addition to firmlevel positive results such as productivity and cost advantage in production, there are also
macro-level effects such as growth, employment, human resources, education and investment.
In this study, the common points of the researches: Issues addressed by industrial engineering
discipline in Turkey (human resource management, quality management, lean six sigma,
enterprise resource planning, assembly line balancing, project management, inventory control,
supply chain management, data mining, machine learning); studies of the Turkish companies
(I4.0 trends and industry awareness of the company, developed strategy for transition,
enterprise applications); and sectoral reviews (call center services, iron and steel industry,
agriculture and livestock, gastronomy, logistics, furniture, fashion / textile, automotive,
plastics, tourism).
According to the results, the issues of industrial engineering disciplines addressed in Turkey
examines especially large amount of data by emphasizing the importance of data analytics,
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strategic human resources management, Robotics Resources Management by putting an
emphasis on cyber-attacks and vulnerability situations that may occur. While some of the
Turkish companies’ Industry 4.0 researches extremely supported the “preparation of this
transformation process”, some of them were on the side of protecting the current position
rather than making new investments. The sectoral studies show that there are preparations for
Industry 4.0 in many different sectors from agriculture and animal husbandry to logistics,
gastronomy to textile, tourism to automotive. The importance of qualified workforce, correct
investment and technology management was emphasized.
The managerial implications of this study provides benefits by increasing the awareness of
industry representatives in Turkey, and by determining where you should start working on a
plan of actions. In addition, considering the theoretical contribution of the study, scientists
who will do research in this field are given an idea about which subject and which methods
they can apply in what scope.
It can be shown as a limitation that the study focuses only on articles from the last four years
and uses only one database. However, the focus of the work was carried out only where such
research plan for Turkey focused publications.
Future research can carry out richer and more comprehensive studies with current articles
from different databases, and focus on different research questions.
REFERENCES
Akgül, H., Akgül, B , Ayer, Z . (2018). Sanayi 4.0 sürecinde gazetecilik sektöründe çalişacak
personelin mesleki yetenek ve yeterliliğine yönelik değerlendirme ve öngörüler. Avrasya
Sosyal ve Ekonomi Araştırmaları Dergisi, 5(8), 198-205.
Altınbay, A , Altunal, I , Karaş, G . (2017). BIST sürdürülebilirlik endeksindeki firmaların arge harcamaları ve ar-ge harcamalarının karlılık üzerindeki etkisi. Avrasya Sosyal ve Ekonomi
Araştırmaları Dergisi, 4 (12) , 37-46.
Apı̇ lı̇ oğulları, L . (2020). Yalın Altı Sigma ve Endüstri 4.0 Entegrasyonu ile Kalite İyileştirme
Vaka Çalışması. Anemon Muş Alparslan Üniversitesi Sosyal Bilimler Dergisi, 8 (5) , 14971504.
Areta, O. & Awwad, H. (2019). Industry 4.0 Wıthın The Framework of Supply Chain: A
Lıterature Revıew And Future Research Dırectıons. Yorum-Yönetim-Yöntem Uluslararası
Yönetim-Ekonomi ve Felsefe Dergisi, 7(3), 129–141.
Arslan, F . (2020). Endüstri 4.0 İş İlanları Üzerine Veri Madenciliği. Eskişehir Türk Dünyası
Uygulama ve Araştırma Merkezi Bilişim Dergisi, 1 (2) , 14-16
Ası̇ ltürk, A . (2019). İnsan kaynakları yönetiminin geleceği: İK 4.0 . Journal of Awareness, 3,
527-544. DOI: 10.26809/joa.2018548665
Ateş, E. C., Bostanci, E., & Güzel, M. S. (2020). Security evaluation of industry 4.0:
understanding industry 4.0 on the basis of crime, big data, internet of thing (IoT) and cyber
physical systems. Güvenlik Bilimleri Dergisi, 29–50. https://doi.org/10.28956/gbd
151

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Atı̇ k, H. & Ünlü, F. (2020). Industry 4.0-Related Digital Divide in enterprises: An Analysis
for
The
European
Union-28.Sosyoekonomi,28(45),225-244.DOI:
10.17233/sosyoekonomi.2020.03.13
Aydın, E. (2018). The ımpacts of capıtal ıntensıty and R&D spendıng on manufacturıng
ındustry value added ın ındustry 4.0 process: a panel data analysıs. Yönetim ve Ekonomi
Araştırmaları Dergisi, 16(1), 303–314.
Avcı, N. (2019). Endüstri 4,0’da insan kaynakları yönetiminin geleceği: insan kaynakları
profesyonellerinin algı ve beklentileri üzerine bir araştırma. Vankulu Sosyal Araştırmalar
Dergisi (3), 89-109.
Bacak, G., Yiğit, F., & Çakıroğlu, E. (2018). Treyler sektöründeki Endüstri 4.0 gelişmeleri ile
nesnelerin internetine dayanan nakliye çözümlerinin lojistik sektörüne etkileri. Electronic
Journal of Vocational Colleges, 92–96.
Balan, F , Koyuncu, G . (2020). Endüstri 4.0 bağlamında yüksek teknoloji içeren ürün ihracatı
ile işgücü verimliliği ilişkisi: panel nedensellik analizi. Girişimcilik ve Kalkınma Dergisi,
15(1), 1-10.
Balkan, D. (2019). Endüstri 4.0 Sürecinde ELECTRE Yöntemi ile Enerji Tesis Yer Seçiminin
Gerçekleştirilmesi. Niğde Ömer Halisdemir Üniversitesi Mühendislik Bilimleri Dergisi, 9(1),
238–253. https://doi.org/10.28948/ngumuh.612066
Bayraktar, C , Gökçen, H . (2019). Makineler arası iletişim sistemlerinde güvenli veri
aktarımı için bir hibrit güvenlik şema önerisi. International Journal of Multidisciplinary
Studies and Innovative Technologies, 3 (1) , 56-65 .
Belbağ, S , Çı̇ men, M , Soysal, M . (2020). Üretim sistemlerinde endüstri 4.0’in envanter
maliyetlerine etkisi üzerine bir senaryo incelemesi . Verimlilik Dergisi , (2) , 125-143
Bı̇ lgı̇ n Sarı, E , Özverı̇ , O , Şenyay, U . (2019). Endüstri 4.0’ın İş Süreçleri Yönetimine Etkisi:
Akıllı Depolama Sistemi Uygulaması. Uluslararası Yönetim Akademisi Dergisi, 2 (2), 466477. DOI: 10.33712/mana.596709
Briner, R. & Denyer, D. (2012). Systematic Review and Evidence Synthesis as a Practice and
Scholarship Tool. The Oxford Handbook Of Evidence-Based Management. D. Rousseau.
New York, Oxford University Press: 112-129.
Cook, D. J., Mulrow C. D. & R. B. Haynes (1997). Systematic Reviews: Synthesis of Best
Evidence for Clinical Decisions. Annals of Internal Medicine 126(5), 376-380.
Çakır, N. N. (2018). Endüstri 4.0 ve Çalışmanın Geleceği. Electronic Journal Of Vocational
Colleges, 97–105.
Çakıt, E , Adem, A , Dağdevı̇ ren, M . (2020). Endüstri 4.0 ergonomi için tehdit mi fırsat mı?
Verimlilik Dergisi, (3), 43-57.
Çalışkan, A . (2020). Akıllı liman dönüşümünde zorlukların yorumlayıcı yapısal modelleme
ile
değerlendirilmesi.
Beykoz
Akademi
Dergisi,
8
(1),
305-320.
DOI:
10.14514/byk.m.26515393.2020.8/1.305-320
Çelı̇ k, T . (2020). Endüstri 4.0 ile firmaların rekabet stratejileri seçimleri ve firma büyüklüğü
arasındaki ilişki: Gaziantep makine halısı üreticileri örneği. Gaziantep Üniversitesi İktisadi ve
İdari Bilimler Fakültesi Dergisi, 2 (1), 1-14.
Çelik, N., & Can, E. (2019). Endüstri 4.0 sisteminde iş sağlığı ve güvenliği yönetim sistemi
muhtemel problemleri ve çözüm önerileri. OHS Academy, 2(3), 119–126.
Çı̇ ğdem, S . (2019). Endüstri 4.0 ve Dijital Emek Platformlarının İnsana Yakışır İş
Bağlamında Değerlendirilmesi. Journal of Social Policy Conferences, (77), 157-199. DOI:
10.26650/jspc.2019.77.0018
152

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Çiftçioğlu, B. A., Mutlu, M., & Katırcıoğlu, S. (2019). Endüstri 4.0 Ve İnsan Kaynakları
Yönetiminin İlişkisi. Sosyal Bilimler Araştırmaları Dergisi Social, 2(1), 31–53.
Demirkol, İ., & Özcan, S. (2018). Endüstri 4.0 Ve Çağrı Merkezi Hizmetlerini Etkileyen
Faktörler Üzerine Bir Araştırma. İşletme Bilimi Dergisi, 6(3), 273–294.
https://doi.org/10.22139/jobs
Deral, B , Kazançoğlu, İ . (2020). Endüstriyel nesnelerin internetinin tedarik zincirinde
kullanımı üzerine bir araştırma. Paradoks Ekonomi Sosyoloji ve Politika Dergisi, 16 (1), 5374.
Demı̇ ryumruk Dı̇ kı̇ cı̇ , B. (2020). Günümüzün Dijitalleşen İşletmelerinde Yeni Liderlik Ve
Motivasyon Modelleri Üzerine Karşılaştırmalı Bir Araştırma. OPUS Uluslararası Toplum
Araştırmaları Dergisi, 15 (26) , 4185-4207. DOI: 10.26466/opus.699386
Doğru, B , Meçı̇ k, O. (2018). Türkiye’de endüstri 4.0’ın işgücü piyasasına etkileri: firma
beklentileri,Süleyman Demirel Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi,15811606.
Ecevı̇ t Satı, Z , Oktay Yılmaz, B . (2020). Endüstri 4.0 ortamında değişen iş ve mesleklerin
türkiye’de kadın istihdamına etkileri. Strategic Public Management Journal, 6 (11) , 54-76.
DOI: 10.25069/spmj.701685
Eğı̇ lmez, Ö , Koca, G . (2018). Gelişmekte olan ekonomilerde sürdürülebilir tedarik zinciri
için endüstri 4.0 girişimlerine yönelik güçlüklerin değerlendirilmesi. Süleyman Demirel
Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi, 1521-1536.
Esmer, Y., & Alan, M. A. (2019). Endüstri 4.0 Perspektifinde İnovasyon Dr. Avrasya
Uluslararası Araştırmalar Dergisi, 7(18), 465–478.
Fı̇ lı̇ zöz, B , Orhan, U . (2018). İnsan kaynakları yönetimi bağlamında endüstri 4.0: bir yazın
çalışması. Cumhuriyet Üniversitesi İktisadi ve İdari Bilimler Dergisi, 19 (2), 110-117.
Gerger, A. (2019). Endüstri 4.0 Üretim Sürecinde Süreç Değişkenliğinin Optimizasyonunda
Heıjunka Yöntemi. Izmır Democracy Unıversıty Socıal Scıences Journal, 1–17.
Goksu, N , Koska, A , Erdem, M , Yı̇ lmaz, A . (2018). Yeni ürün geliştirme noktasında
endüstri 4.0 rolü: Kahramanmaraş metal mutfak sanayiinde bir araştırma. PressAcademia
Procedia, 7 (1), 418-421. DOI: 10.17261/Pressacademia.2018.927
Gökçe, G., Goncu, S., Bozkurt, S. (2020) Endüstri 4.0 ve Hayvancılık. Uluslararası Anadolu
Ziraat Mühendisliği Bilimleri Dergisi 2(3), 21-26.
Göktaş, P , Baysal, H . (2018). Türkiye’de dijital insan kaynakları yönetiminde bulut bilişim.
Süleyman Demirel Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi, 23 (4), 14091424.
Gümüşoğlu, Ş. (2019). Bilimsel yaklaşımlarla değişim, dönüşüm ve Kalite 4.0. Dokuz Eylül
Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi, 33(2), 543–568.
https://doi.org/10.24988/deuiibf.2018332773
Gürün, F. (2019). Endüstri 4.0 ve beşeri sermayenin geleceği. Journal of Social Policy
Conferences, (76), 67-88.
Kagnicioglu, C , Ozdemir, E . (2017). Evaluatıon of SMEs ın Rskısehır wıthın the context of
ındustry
4.0.
PressAcademia
Procedia,
3
(1),
900-908.
DOI:
10.17261/Pressacademia.2017.672
Yılmaz, K , Özdağoğlu, A . (2020). Awareness analysıs of ındustry 4.0 . Mehmet Akif Ersoy
Üniversitesi Sosyal Bilimler Enstitüsü Dergisi, (31), 7-25. DOI: 10.20875/makusobed.459431
Karagöz, B , Bumı̇ n Doyduk, H . (2020). Lojistik 4.0 uygulamaları ve lojistik firmalarının
bakış açısı . İnsan ve İnsan , 7 (23) , 37-51 . DOI: 10.29224/insanveinsan.513453
153

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Demı̇ rcan Keskı̇ n, F , Kabasakal, İ . (2020). Application of machine learning methods with
dimension reduction techniques for fault prediction in molding process. Akademik Platform
Mühendislik ve Fen Bilimleri Dergisi, 8 (2), 371-378.
Kılıç, L. (2020). Şişecam Enerji Yönetim Sisteminde Endüstri 4 . 0 Ve Nesnelerin İnterneti
Uygulaması. Politeknik Dergisi, 23(4), 1167–1175.
Kiraz, A , Canpolat, O , Erkan, E , Uygun, Ö . (2019). IMPULS Kriterleri ile Endüstri 4.0
Eğiliminin Değerlendirilmesi: Bir Bulanık Bilişsel Harita Uygulaması . Akademik Platform
Mühendislik ve Fen Bilimleri Dergisi , 7 (1) , 14-23 . DOI: 10.21541/apjes.332543
Kiraz, A., Canpolat, O., Özkurt, C., Taşkın, H., Sarp, E. (2020) Examination of the criteria
affecting Industry 4.0 with structural equation model and a pilot study, Journal of the Faculty
of Engineering and Architecture of Gazi University, 35(4), 2183-2196.
Koçaslan, G. (2019). Sanayide Dijital Dönüşüm Süreci ve Genel İktisadi Görünüm.
Uluslararası Ticaret ve Ekonomi Araştırmaları Dergisi, 3(1), 18–29.
Kökhan, S , Baykoç, Ö , İşleyen, S . (2020). Heterojen işgücüne sahip paralel montaj hatları
için maliyet yönelimli matematiksel bir model ve sezgisel bir yaklaşım. Konya Mühendislik
Bilimleri Dergisi, 8 (2) , 418-431. DOI: 10.36306/konjes.661675
Macı̇ t, İ . (2017). Kurumsal kaynak planlamasının endüstri 4.0 kazanımları: bir yapısal çatı
modeli önerisi . Yönetim Bilişim Sistemleri Dergisi, 3 (1), 50-60.
Metin, S., & Türkoğlu, İ. (2019). Elazığ Organize Sanayi Bölgesindeki Firmaların Endüstri
4.0 Algısı. BAİBÜ Sosyal Bilimler Enstitüsü Dergisi, 19(2), 477–496.
Mı̇ l, B , Dı̇ rı̇ can, C . (2018). Endüstri 4.0 Teknolojileri Ve Turizme Etkileri. Disiplinlerarası
Akademik Turizm Dergisi, 3 (1), 1-9. DOI: 10.31822/jomat.347736
Mutlu Öztürk, H . (2020). Teknolojik Gelişmeler ve Gastronomi Alanına Yansımaları:
Gastronomi 4.0 . Güncel Turizm Araştırmaları Dergisi, 4 (2) , 222-239. DOI:
10.32572/guntad.703872
Okoli, C. & Schabram, K. (2010) A Guide to Conducting A Systematic Literature Review of
Information Systems Research. Sprouts: Working Papers On Information Systems 10.
Öğünç, H . (2018). Nesnelerin interneti uygulamalarinin tam zamaninda üretim sistemi
üzerindeki etkisi . Süleyman Demirel Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi,
1651-1673.
Öktem Özgür, A , Demı̇ rbı̇ lek, T . (2020). Endüstri 4.0 ve yaşlı çalışanların istihdam
edilebilirliği. İzmir İktisat Dergisi, 35 (1) , 61-76. DOI: 10.24988/ije.202035105
Ömürgönülşen, M , Çekı̇ ç, B , Ar, İ . (2020). Lojistik firmalarında endüstri 4.0 uyum
sürecinde dikkate alınacak faktörlerin bulanık DEMATEL yöntemi ile değerlendirilmesi.
Uluslararası İktisadi ve İdari İncelemeler Dergisi , Prof. Dr. Talha Ustasüleyman Özel Sayısı ,
167-184 . DOI: 10.18092/ulikidince.581659
Özdemı̇ r, Ş , Erkollar, A , Oberer, B . (2018). Transformatıon of the machınes from learner to
decısıon maker: ındustry 4.0 and bıg data. Mugla Journal of Science and Technology, 4 (2),
219-223 . DOI: 10.22531/muglajsci.463474
Öztemel, E , Gürsev, S . (2018). Türkiye’de Lojistik Yönetiminde Endüstri 4.0 Etkileri ve
Yatırım İmkanlarına Bakış Üzerine Anket Uygulaması. Marmara Fen Bilimleri Dergisi, 30 (2)
, 145-154. DOI: 10.7240/marufbd.408560
Saatçı̇ oğlu, Ö , Kök, G , Özı̇ spa, N . (2018). Endüstri 4.0 ve lojistik sektörüne yansımalarının
örnek olay kapsamında değerlendirilmesi. Süleyman Demirel Üniversitesi İktisadi ve İdari
Bilimler Fakültesi Dergisi, 1675-1696.
154

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Saçak, R., Gür, Ş., & Eren, T. (2019). AHP ve DEMATEL Yöntemleri ile Nesnelerin
İnternetinin İşletmelerde Yapılan Uygulamalarının Analizi. Nevşehir Bilim ve Teknoloji
Dergisi, 8(2), 82–95. https://doi.org/10.17100/nevbiltek.565761
Serı̇ nı̇ klı̇ , N . (2018). Endüstri 4.0’ın özel, kamu ve kooperatif sektörlerine etkisi. Süleyman
Demirel Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi, 1607-1621
Sert, Y , Gür, Ş , Eren, T . (2020). Dördüncü sanayi devriminin personel seçimi süreçlerine
etkisinin değerlendirilmesi . Erciyes Üniversitesi İktisadi ve İdari Bilimler Fakültesi Dergisi ,
(55), 191-202. DOI: 10.18070/erciyesiibd.594976
Soylu, A. (2018). "Endüstri 4.0 ve Girişimcilikte Yeni Yaklaşımlar", Pamukkale Üniversitesi
Sosyal Bilimler Enstitüsü Dergisi, sayı 32, Denizli, s.43-57.
Süzen, A , Şı̇ mşek, M , Kayaalp, K , Gürfı̇ dan, R . (2019). Endüstri 4.0’da Nesnelerin
Kablosuz Etki Alanlarına Yapılan Saldırı Metodolojisi . Nevşehir Bilim ve Teknoloji Dergisi,
143-151 . DOI: 10.17100/nevbiltek.557886
Şekkelı̇ , Z , Bakan, İ . (2018). Endüstri 4.0’ın etkisiyle lojistik 4.0 . Journal of Life
Economics, 5 (2), 17-36.
Şendoğdu, A . (2020). Endüstri 4.0 devriminde robotik kaynaklar yönetimi bağlamında insan
kaynakları yönetiminde yeni açılımların kaçınılmazlığı. Atatürk Üniversitesi İktisadi ve İdari
Bilimler Dergisi, 34 (1), 141-161. DOI: 10.16951/atauniiibd.631617
Şenol, S , Sarıoğlu, K , Başkaya, S , Beyhan Acar, A . (2020). Borsa İstanbul’da Faaliyet
Gösteren İşletmelerin İnsan Kaynakları Uygulamalarının Endüstri 4.0 Bağlamında Yıllar
İtibari İle Değişiminin İçerik Analizi Yöntemi İle İncelenmesi. Çalışma İlişkileri Dergisi, 11
(2) , 77-104.
Taner, Z. T., & Parlak Biçer, Z. Ö. (2020). Endüstri 4.0’ın proje yönetim etmenlerine etkisi.
Politeknik Dergisi Journal, 0900, 0–2. https://doi.org/10.2339/politeknik.741566
Taş, H . (2018). Dördüncü Sanayi Devrimi’nin (Endüstri 4.0) Çalışma Hayatına ve İstihdama
Muhtemel Etkileri. OPUS Uluslararası Toplum Araştırmaları Dergisi, 9 (16) , 1817-1836.
DOI: 10.26466/opus.479123
Tekı̇ n, Z . (2018). İşletmelerin endüstri 4.0 uygulamalarının içerik analizi yöntemiyle
incelenmesi.
PressAcademia
Procedia,
7
(1)
,
251-255.
DOI:
10.17261/Pressacademia.2018.891
Terzı̇ , S , Gür, Ş , Eren, T . (2020). Sürdürülebilir tedarik zincirine endüstri 4.0 etkisinin çok
ölçütlü karar verme yöntemleri ile değerlendirilmesi. Uludağ University Journal of The
Faculty of Engineering, 25 (1) , 511-528. DOI: 10.17482/uumfd.537979
Toker, K . (2018). Endüstri 4.0 ve sürdürülebilirliğe etkileri. İstanbul Üniversitesi İşletme
Fakültesi İşletme İktisadı Enstitüsü Yönetim Dergisi, 29 (84), 51-64.
Topsakal (2018) akıllı turizm kapsamında engelli dostu mobil hizmetler: Türkiye turizm için
öneriler, Journal of Tourism Intelligence and Smartness, 1(1), 1-13.
Topsakal, Y , Yüzbaşıoğlu, N , Çuhadar, M . (2018). Endüstri devrimleri ve turizm: türkiye
turizm 4.0 SWOT analizi ve geçiş süreci önerileri. Süleyman Demirel Üniversitesi İktisadi ve
İdari Bilimler Fakültesi Dergisi, 1623-1638.
Topsakal, Y , Yüzbaşıoğlu, N , Çelı̇ k, P , Bahar, M . (2018). Turizm 4.0 - Turist 5.0: insan
devriminin neden endüstri devrimlerinden bir numara önde olduğuna ilişkin bakış. Journal of
Tourism Intelligence and Smartness, 1 (2) , 1-11.
Tuncel (2019) Sektörel inovasyon sistemi, endüstri 4.0 ve Türk takım tezgâhları sanayisinin
durumu. TESAM Akademi Dergisi, DOI: 10.30626/tesamakademi.584285
155

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Tunçbı̇ lek, M , Özcan, H . (2020). Endüstri 4.0 ve Sendikalar. Econder International
Academic Journal, 4 (1) , 248-275. DOI: 10.35342/econder.743042
Türkel, S , Arıkan, Ö . (2020). Stratejik İnsan Kaynakları Yönetimi ve Endüstri 4.0' ın
Kesişen Ekosistemi . Toros Üniversitesi İİSBF Sosyal Bilimler Dergisi, 7 (12) , 115-139.
Türkel, S , Bozagaç, F . (2018). Endüstri 4.0’ in İnsan Kaynakları Yönetimine Etkileri. Toros
Üniversitesi İİSBF Sosyal Bilimler Dergisi, 5 (9) , 419-441.
Türker, A , Göleç, A , Aktepe, A , Ersöz, S , İpek, M , Çağıl, G . (2019). Siparişlerin gecikme
tahmini için veri madenciliğine dayalı gerçek zamanlı bir sistem tasarımı ve uygulaması. Gazi
Üniversitesi Mühendislik Mimarlık Fakültesi Dergisi, 35(2) , 709-724. DOI:
10.17341/gazimmfd.478648
Tüzünkan, D . (2020). Çalışma Yaşamının Geleceği Kapsamında Yetenek Geliştirme: Turizm
Endüstrisi . Journal of Social Policy Conferences, (78), 205-227. DOI:
10.26650/jspc.2020.78.0031
Yankın, F . (2019). Dijital dönüşüm sürecinde çalışma yaşamı. Trakya Üniversitesi İktisadi ve
İdari Bilimler Fakültesi Dergisi, 7 (2), 1-38
Yemenı̇ cı̇ oğlu, E . (2019). Üretim Sistemleri Mühendisliğinde Kesintisiz Veri Alışverişi İçin
Bir Çatı Formatı: AutomationML. Mühendis ve Makina, 60 (695) , 91-100
Yıldız, B . (2020). İmalat firması çalışanlarının inovasyon yeteneklerinin endüstri 4.0 algıları
üzerindeki etkisi. İşletme Ekonomi ve Yönetim Araştırmaları Dergisi, 3 (2) , 153-171. DOI:
10.33416/baybem.690327
Yıldız, D. & Genç, K. Y. (2019). Endüstri 4.0’in Entelektüel Sermayedeki Rolü: Ülkeler
Arasi Karşilaştirilmasi. Asya’dan Avrupa’ya Uluslararası Sosyal Bilimler Dergisi, (10), 39–
47.
Yılmaz, Ü., & Duman, B. (2019). Lojistik 4.0 Kavramına Genel Bir Bakış : Geçmişten
Bugüne Gelişim ve değişim. Bilecik Şeyh Edebali Üniversitesi Sosyal Bilimler Enstitüsü
Dergisi, 4(1), 186–200.
Yılmaz, F , Önaçan, M . (2019). Otonom gemi teknolojisine dair gelişmeler ile türk denizcilik
ve gemi inşa sektörüne etkileri üzerine nitel bir araştırma. Dokuz Eylül Üniversitesi
Denizcilik Fakültesi Dergisi, 11 (1) , 57-86 . DOI: 10.18613/deudfd.614836
Yılmaz, K , Özdağoğlu, A . (2020). Awareness analysıs of ındustry 4.0. Mehmet Akif Ersoy
Üniversitesi
Sosyal
Bilimler
Enstitüsü
Dergisi
,
(31)
,
7-25.
DOI:
10.20875/makusobed.459431
Zorlu, G , Ozturk, M , Koseoglu, A . (2018). İşletmelerde endüstri 4.0’in stok kontrol
yöntemlerine etkisi. PressAcademia Procedia, 7 (1) , 348-351. DOI:
10.17261/Pressacademia.2018.913

Industrial Engineering Researches Conducted in Industry 4.0: The Investigation of Firms and Sectors in
Turkey
Simge Deniz KAMİLOĞLU, Muhammed Kürşat ÖZDEMİR, Nutki Mert AKIN and Saliha KARADAYI-USTA –

Proceedings Book of ICOLES 2020, 141-156.

156

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Green Synthesis of Layered Li1.2Ni0.20Co0.52Mn0.08O2 Cathode
Materials Using Supercritical CO2
Ali YALÇIN1,3, Müslüm DEMİR2, Mehmet GÖNEN3 and Mesut AKGÜN 1
1

Department of Chemical Engineering, Faculty of Chemical and Metallurgical,
Yıldız Technical University, İstanbul-TURKEY
2
Department of Chemical Engineering, Faculty of Engineering,
Osmaniye Korkut Ata University, Osmaniye-TURKEY
3
Department of Chemical Engineering, Faculty of Engineering,
Süleyman Demirel University, Isparta-TURKEY
akgunm@yildiz.edu.tr
ali.yalcin@sdu.edu.tr
muslumdemir@osmaniye.edu.tr
gonen19@gmail.com
ABSTRACT

Li-rich NiMnCo (NMC)-based materials are used as cathode material due to the high energy
density and high voltage in lithium-ion batteries. One significant challenge is nested in
adjusting their synthesis conditions to reach optimum electrochemical performance and using
green and low-cost synthesis protocol. In the study, Li1.2Ni0.20Co0.52Mn0.08O2 cathode
material was synthesized by using supercritical CO2 at low temperature (700°C) and short
calcination times (4h). Based on XRD, the synthesized sample has high purity and crystalline
structure. The particle size of synthesized sample at low temperature is not uniform and an
average size varies between 1 and 5 micron. Conversely, the particle size of sample calcined
at 900°C is smaller than those of sample calcined at 700°C. The chemical structure of
calcined sample was provided to be Li1.2Ni0.20Co0.52Mn0.08O2 by EDS and ICP/OES. This
work opens up a new avenue for preparation of Li-rich NMC electrode materials via low-cost,
simple and green approach.
Key words: cathode material, layered lithium metal oxide (L-NMC), lithium-ion batteries.
INTRODUCTION
The rapid increase in world energy consumption has led to a decrease in energy resources
such as coal, oil and natural gas. Countries with scarce energy resources, foreign dependency
have been investigating novel ways of energy production to supply their energy demand. The
requirement for long periods of energy use has led to the development of energy storage
technology used in batteries. Lithium ion batteries are one of the most important equipments
preferred in terms of energy storage. These batteries are utilized in mobile phones, cameras,
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power tools, laptops, games, especially electrical vehicles because of its high electrochemical
capacity. The global demand for lithium-ion battery market is doubling every 5 years, the
most important parts in this market include electric vehicles and road transport. While this
demand is expected to be around 125 GWh in 2020, it is estimated that the demand will be
around 390 GWh in 2030 (Zubi et al., 2018).
The most important and costly material in the lithium-ion battery is lithium metal oxide which
is used as the cathode material. Lithium ion battery technology has focused on the production
of lithium metal oxide (LiMO2, M = Co, Ni, Mn) in the last 20 years (Devaraju vd., 2014). In
the industry, cathode materials (layered-lithium metal oxide, L-NMC) with more stable, high
cycle performance and high energy density are required for use in advanced devices (Guler
vd., 2018). Recently, studies on the production of L-NMC, [xLi2MnO3.(1-x)LiMO2 (0 <x <1,
M = Ni, Co, Mn etc.)] have intensified. In the literature, these materials used as cathode
materials were synthesized by traditional methods which include continuous hydrothermal
synthesis technique (Shin et al., 2009), pechini method (Feng et al., 2016), sol-gel method
(Kanamura et al., 2000), ion exchange method (Kanamura et al., 2000), co-precipitation
method (Liu et al., 2019), spray drying (Shin et al., 2009) and combustion synthesis method
(Shin et al., 2009). The disadvantages of traditional methods are the high calcination
temperatures and longer calcination times (Li et al., 2014; Feng et al., 2016; Liu et al., 2019).
Another disadvantages are the use of organic chemicals, such as citric acid (Deng et al.,
2010), ethylene glycol (Lin et al., 2014), ethanol (Feng et al., 2016) and ammonia (Liu et al.,
2019) etc. utilized during the production of these cathode material. The use of these chemicals
increases the cost of cathode material production. In this study, supercritical CO2 method was
investigated for the synthesis of L-NMC. This method has enabled to decrease the thermal
decomposition temperature of lithium, nickel, manganese and cobalt nitrate salts. Such a
decrease in the decomposition temperature brings a reduction in calcination temperature and
time (Yalçın and Gönen, 2020).
In this study, layered-lithium metal oxide (Li1.2Ni0.20Co0.52Mn0.08O2) was synthesized using
supercritical CO2 method. Precursor obtained by using supercritical CO2 method was calcined
in an oven at temperatures (600-900°C) and times (3-6 h). The synthesized products were
characterized using XRD, SEM/EDS and ICP/OES.
EXPERIMENTAL METHODS
Materials
Lithium nitrate (LiNO3) from Merck (+98% by mass), nickel nitrate hexahydrate
(Ni(NO3)2.6H2O) from Kimetsan (19.7% of nickel assay in mass), manganese nitrate
tetrahydrate (Mn(NO3)2.4H2O) from Merck (≥98.5% in mass), cobalt nitrate hexahydrate
(Co(NO3)2.6H2O) from Kimetsan (99.1% in mass) were used in precursor synthesis. Carbon
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dioxide (99.9% by vol., HABAŞ) was used to control the pH of the aqueous medium in the
autoclave. Distilled water was used in all experiments.
Methods
In first step, nitrate salts of lithium (LiNO3), nickel (Ni(NO3)2.6H2O), manganese
(Mn(NO3)2.4H2O) and cobalt (Co(NO3)2.6H2O) were weighed in stoichiometric amounts to
obtain 0.03 mol of Li1.2Ni0.2Co0.08Mn0.52O2. All of these salts were dissolved in 90 ml of
distilled water in the presence of CO2 in an autoclave reactor (190 cm3) placed on a magnetic
stirrer and hot plate (Wise Stir MSH-20D). The required amount of CO2 added to the reactor
was calculated by the Peng-Robinson equation of state. The mixture was treated at 80 °C, for
2 h, at a stirring rate of 300 rpm and at CO2 pressure of 77 bar in an autoclave. At the end of
the pretreatment, water was evaporated at 100 °C, at atmospheric pressure to crystallize the
precursor. In the second step, the precursor obtained was calcined in an oven (Protherm, PLF
120/5) at different temperatures (600-900°C) and times (4-6 h) (Yalçın and Gönen, 2020).
After calcination, the final products were stored in a desiccator for characterization. The
experimental set-up used for all runs is shown in Fig. 1.
Water

H2O, CO2, NOx

H2O, NOx

Metal
salts

Product
Pretreatment

Evaporation

Calcination

CO2
Figure 1. Experimental Set-up

The characterization of the obtained samples
Samples obtained at the end of calcination process were characterized by using X-Ray powder
diffraction (XRD), Inductively Coupled Plasma Optical Emission Spectrometry (ICP-OES)
and Scanning Electron Microscope (SEM/EDS). The crystal structures of samples were
determined by X-Ray diffractometer (Philips Xpert-Pro) in which registration was recorded
with CuKα radiation at 45 kV and 40 mA in the 2θ range of 10-80°. SEM (Philips XL30
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SFEG) with Energy Dispersive X-ray fluorescence (EDX) utility was used for identification
of morphology, particle size and composition of samples. The elemental composition (Li, Ni,
Co and Mn) of final product was detected by ICP-OES (Perkin Elmer Optima 2100 DV).
RESULTS AND DISCUSSION
XRD analysis:
CO2 dissolves in the aqueous phase to form carbonic acid that increases the solubility of the
reactants depending on its pressure. Thus, the solubility of metal salts in an aqueous media
increases by using CO2 (Yalçın and Gönen, 2020). In first step, the pretreatment between
metal salts and CO2 was successfully carried out using pressurized CO2 method at 77 bar, at
80 °C and for 2h, and a homogeneous solution was obtained after pretreatment. This solution
was evaporated at 100°C and at atmospheric pressure to crystallize the precursor. In the
second step, solid precursor obtained was calcined in an oven at different temperatures (600900 °C) and times (4-6 h). XRD patterns of samples produced after calcination process (600,
700, 800, 900 °C and 4 h) are shown in Fig. 2.

Figure 2. XRD patterns of samples produced at different calcination temperature (600-900 °C) and for
4 h.

All strong diffraction peaks of the Li1.2Mn0.52Ni0.2Co0.08O2 cathode material can be well
identified as the structure (space group: R3̅m, NO. 166) of hexagonal α-NaFeO2. Weak peaks
observed at 2θ of 20−25° are attributed to characteristics of monoclinic Li2MnO3 phase
(C2/m) and Li+/Mn4+ cation ordering in the transition metal layer (Chen et al., 2017; Liu et al.,
2019; Wang et al., 2012). Moreover, the distinct splitting of (006)/(102) and (018)/(110)
indicate that samples form a well-developed hexagonal layered structure (Lu et al., 2018).
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All diffraction peaks of synthesized samples were formed at the different calcination
temperature (600-900°C). However, due to the low calcination temperature, broad peaks (for
example, 42.32°-45.11°) occurred at 600°C. Broad peaks begin to narrow as the temperature
increased from 600°C (42.32°-45.11°) to 900°C (42.32°-45.11°) (Fig. 2). Diffraction peak (at
64.39°) of sample synthesized at 600°C starts to occur due to low temperature and as
temperature increased, this peak is formed (Fig. 2). Impurities in the structure and broad peaks
shown in XRD pattern cause low electrochemical capacity for synthesized cathode material.
Generally, cathode materials have high purity and crystal lattice structure, which positively
affects its electrochemical capacity (Liu et al., 2019). XRD patterns of the samples produced
after calcination process (3, 4, 5, 6 h and 700°C) are shown in Fig. 3.

Figure 3. XRD patterns of samples produced at different calcination times (3-6 h) and at 700 °C.

XRD patterns of all samples produced at different calcination times are similar to each other.
While the calcination times increased, the crystal structure remained unchanged.
SEM/EDS analysis of the obtained samples
SEM images of solid samples obtained after calcination are shown in Fig. 4. The particle size
of solid samples shown in Fig. 5A and 5B is not uniform and an average size varies between 1
and 5 micron. Also, both samples exhibit similar particle size distribution. Conversely, the
particle size of sample calcined at 900°C (Fig. 5C) is smaller than those of sample calcined at
700°C (Fig. 5A and 5B), exhibit similar particle size and distribution. Particle size of the
sample calcined at high temperature was determined between 100-200 nm.
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Figure 4. SEM images of samples produced at different calcination conditions, A) at 700°C and 4h, B)
at 700°C and 5h, C) at 900°C and 4h.

The average particle size, particle size distribution, particle shape and surface morphology of
the cathode materials used in lithium ion batteries are very important. By adjusting these
properties, the electrochemical capacity of the cathode materials can be improved. The
cathode material with a particle size of 200-800 nm was an electrochemical capacity of 70-80
mAh/g at 0.1C after cycling, while sample with 3-15 µm was those of 60 mAh/g at same
conditions (Adschiri et al.,2011). So, it can be inferred that sample in Fig. 5C has a high
electrochemical capacity.
EDS and ICP/OES analyses of the obtained samples
EDS analysis of solid product obtained at 700°C for 4 hours is shown in Figure 5. The
theoretical composition of layered Li1.2Ni0.20Co0.52Mn0.08O2 is 9.76% lithium, 13.75% nickel,
5.52% cobalt, 33.47% manganese and 37.49% oxygen. The chemical compositions of
synthesized sample were determined as Ni:16.37%, Co:6.27%, Mn:39.19 and O:38.17%
using the data in the EDS analysis. Since Li has very low energy of characteristic radiation, it
is not easy to detect it. The experimental and theoretical composition values of Ni, Co and Mn
are close to each other.

Figure 5. EDS spectrum of solid product obtained at 700°C for 4 hours
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The chemical composition of solid product obtained at 700°C for 4 hours were measured by
means of ICP/OES analysis. The molar contents of Li, Ni, Co and Mn were calculated as
1.028, 0.214, 0.08 and 0.521, respectively. The Li content for synthesized sample is a little
lower than those of theoretically calculated sample due to the volatilization loss of Li at a high
calcination temperature (Lu et al., 2016). So, based on EDS and ICP/OES, it can be said that
chemical formula of solid product obtained at 700°C for 4 hours is Li1.2Ni0.20Co0.52Mn0.08O2.
CONCLUSION
Layered lithium metal oxide with Li1.2Ni0.20Co0.52Mn0.08O2 chemical formula is produced in
a two-step process. In the first step, solid precursor was obtained by using supercritical CO2
(77 bar and 80°C). In the second step, solid precursor was calcined at atmospheric pressure.
Based on XRD, it was determined that synthesized sample has high purity and crystalline
structure. The particle size of sample calcined at 700°C is not uniform, while those of sample
calcined at 900°C is uniform. Particle size of the sample calcined at high temperature was
determined to be between 100-200 nm. The chemical structure of calcined sample was
determined as Li1.2Ni0.20Co0.52Mn0.08O2 by EDS and ICP/OES. The method used to produce
layered lithium metal oxide has provided a novel approach to the synthesis of the L-NMC
cathodes for Li-ion battery.
Acknowledgements
The authors acknowledge Dr. Fatma Burcu ALP from the Chemical Engineering Department
of Süleyman Demirel University for her contribution.
REFERENCES
Adschiri, T., Lee, Y. W., Goto, M., Takami, S. (2011). Green materials synthesis with
supercritical water, Green Chemistry, 13(6), 1380-1390.
Chen, Z., Yan, X., Xu, M., Cao, K., Zhu, H., Li, L., & Duan, J. (2017). Building honeycomblike hollow microsphere architecture in a bubble template reaction for high-performance
lithium-rich layered oxide cathode materials. ACS applied materials & interfaces, 9(36),
30617-30625.
Deng, C., Zhang, S., Fu, B. L., Yang, S. Y., Ma, L. (2010). Characterization of Li2MnSiO4
and Li2FeSiO4 cathode materials synthesized via a citric acid assisted sol–gel method.
Materials chemistry and physics, 120(1), 14-17.
Devaraju, M. K., Truong, Q. D., Tomai, T., Honma, I. (2014). Supercritical fluid methods for
synthesizing cathode materials towards lithium ion battery applications, RSC Advances,
4(52), 27452-27470.
Feng, X., Gao, Y., Ben, L., Yang, Z., Wang, Z., Chen, L. (2016). Enhanced electrochemical
performance of Ti-doped Li1.2Mn0.54Co0.13Ni0.13O2 for lithium-ion batteries, Journal of
Power Sources, 317, 74-80.

163

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Guler, A., Gungor, H., Ozcan, S., Coban, A., Guler, M. O., Akbulut, H. (2018). A high‐
performance composite positive electrode based on graphene and Li (Ni1/3Co1/3Mn1/3)O2,
International Journal of Energy Research, 42(14), 4499-4511.
Kanamura, K., Goto, A., Ho, R. Y., Umegaki, T., Toyoshima, K., Okada, K. I., Arai, K.
(2000). Preparation and electrochemical characterization of LiCoO2 particles prepared by
supercritical water synthesis, Electrochemical and Solid-State Letters, 3(6), 256-258.
Lin, H. B., Zhang, Y. M., Hu, J. N., Wang, Y. T., Xing, L. D., Xu, M. Q., Li, X. P., Li, W. S.
(2014). LiNi0.5Mn1.5O4 nanoparticles: Synthesis with synergistic effect of
polyvinylpyrrolidone and ethylene glycol and performance as cathode of lithium ion battery.
Journal of Power Sources, 257, 37-44.
Liu, X. W., Jie, T. A. N. G., Qin, X. S., Deng, Y. F., Chen, G. H. (2014). Supercriticalhydrothermal accelerated solid state reaction route for synthesis of LiMn2O4 cathode material
for high-power Li-ion batteries, Transactions of Nonferrous Metals Society of China, 24(5),
1414-1424.
Liu, Z., Zhang, Z., Liu, Y., Li, L., Fu, S. (2019). Facile and scalable fabrication of K+-doped
Li1.2Ni0.2Co0. 08Mn0.52O2 cathode with ultra-high capacity and enhanced cycling stability
for lithium ion batteries, Solid State Ionics, 332, 47-54.
Lu, C., Yang, S., Wu, H., Zhang, Y., Yang, X., & Liang, T. (2016). Enhanced electrochemical
performance of Li-rich Li1. 2Mn0. 52Co0. 08Ni0. 2O2 cathode materials for Li-ion batteries
by vanadium doping. Electrochimica Acta, 209, 448-455.
Lu, Y., Pang, M., Shi, S., Ye, Q., Tian, Z., & Wang, T. (2018). Enhanced electrochemical
properties of Zr 4+-doped Li 1.20 [Mn 0.52 Ni 0.20 Co 0.08]O2 cathode material for
Lithium-ion battery at elevated temperature. Scientific reports, 8(1), 1-14.
İpeksever, S., Gönen, M. (2020). Optimization of boric acid extraction from ulexite mineral
by using supercritical carbon dioxide. The Journal of Supercritical Fluids, 166, 104998.
Shin, Y. H., Koo, S. M., Kim, D. S., Lee, Y. H., Veriansyah, B., Kim, J., Lee, Y. W. (2009).
Continuous hydrothermal synthesis of HT-LiCoO2 in supercritical water, The Journal of
Supercritical Fluids, 50(3), 250-256.
Yalçın, A., Gönen, M. (2020). Lithium Tetraborate Production From The Reaction Of Boric
Acid And Lithium Carbonate Using Carbon Dioxide, Sigma, 38(3), 1121-1132.
Zubi, G., Dufo-López, R., Carvalho, M., Pasaoglu, G. (2018). The lithium-ion battery: State
of the art and future perspectives, Renewable and Sustainable Energy Reviews, 89, 292-308.
Wang, J., Qiu, B., Cao, H., Xia, Y., & Liu, Z. (2012). Electrochemical properties of 0.6 Li
[Li1/3Mn2/3] O2–0.4 LiNixMnyCo1− x−yO2 cathode materials for lithium-ion batteries.
Journal of Power Sources, 218, 128-133.

Green Synthesis of Layered Li1.2Ni0.20Co0.52Mn0.08O2 Cathode Materials Using Supercritical CO2
Ali YALÇIN, Müslüm DEMİR, Mehmet GÖNEN and Mesut AKGÜN– Proceedings Book of ICOLES 2020, 157-164.

164

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Coefficient Estimates for a Special Subclass of Analytic Functions Defined
by New Differential Operator
Hasan BAYRAM1 and Sibel YALÇIN TOKGÖZ 1
1

Department of Mathematics, Faculty of Arts and Sciences,
Bursa Uludag University, Bursa-TURKEY
1
Department of Mathematics, Faculty of Arts and Sciences,
Bursa Uludag University, Bursa-TURKEY
hbayram@uludag.edu.tr

ABSTRACT
In this paper, we investigate certain subclasses of analytic functions defined by a special
differential operator involving binomial series. Also, we obtain coefficient estimates
involving of the Cauchy-Euler differential equation of order 𝑟.
Key words: Analytic functions, Differential operator.

INTRODUCTION
Let 𝐴 denote the class of all analytic functions in the open unit disc
𝔻 = {𝑧 ∈ ℂ ∶ |𝑧| < 1}
and having the form for 𝑧 ∈ 𝔻,
∞

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛 𝑧 𝑛

(𝟏)

𝑛=2

A function 𝑓 ∈ 𝐴 is said to belong to the class 𝑆 ∗ (𝛼) of starlike functions of order 𝛼 if and
only if
Re (1 +

𝑧𝑓′(𝑧)
)>𝛼
𝑓(𝑧)

(𝟐)

for 𝑧 ∈ 𝔻 and 0 ≤ 𝛼 < 1.
Also, a function 𝑓 ∈ 𝐴 is said to belong to the class 𝐾(𝛼) of convex functions of order 𝛼 if
and only if
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Re (1 +

𝑧𝑓′′(𝑧)
)>𝛼
𝑓′(𝑧)

(𝟑)

for 𝑧 ∈ 𝔻 and 0 ≤ 𝛼 < 1.
The classes 𝑆 ∗ (𝛼) and 𝐾(𝛼) considered by Silverman (1978). We consider that 𝑆 ∗ (0) and
𝐾(0) are respectively, the classes of starlike functions and convex functions.
Let the functions 𝑓, 𝑔 ∈ 𝐴 be analytic in 𝔻. Then 𝑓 is said to be subordinate 𝑔 if there exists a
Schwarz function 𝑤(𝑧) on 𝔻 with 𝑤(0) = 0, |𝑤(𝑧)| < 1, such that 𝑓(𝑧) = 𝑔(𝑤(𝑧)) for
𝑧 ∈ 𝔻. We denote this subordination by 𝑓(𝑧) ≺ 𝑔(𝑧) for 𝑧 ∈ 𝔻. In particular, if the function
𝑔 is univalent in 𝔻, then we get
𝑓(𝑧) ≺ 𝑔(𝑧) ⇔ 𝑓(0) = 𝑔(0) and 𝑓(𝔻) ⊂ 𝑔(𝔻).
Making use of the binomial series for 𝑘 ∈ ℕ ≔ {1,2,3, ⋯ }, 𝑚 ∈ ℕ0 = ℕ ∪ {0}
𝑘

𝑘
(1 − 𝜆) = ∑ ( ) (−1)𝑚 𝜆𝑚
𝑚
𝑘

𝑚=0

and for 𝑓 ∈ 𝐴, 𝜆 ∈ ℝ, 𝜇 ≥ 0 with 𝜆 + 𝜇 > 0 and 𝛿 ∈ ℕ0 , Wanas (2019) introduced the
𝑘,𝛿
differential operator 𝑊𝜆,𝜇
𝑓(𝑧) which is defined as follows:
𝑘,0
𝑊𝜆,𝜇
𝑓(𝑧) = 𝑓(𝑧)

𝑘,1
𝑊𝜆,𝜇
𝑓(𝑧) =

[1 − (1 − 𝜆)𝑘 ]𝑓(𝑧) + [1 − (1 − 𝜇)𝑘 ]𝑧𝑓′(𝑧)
2 − (1 − 𝜆)𝑘 − (1 − 𝜇)𝑘
⋮
𝑘,𝛿
𝑘,1
𝑘,𝛿−1
𝑊𝜆,𝜇
𝑓(𝑧) = 𝑊𝜆,𝜇
(𝑊𝜆,𝜇
𝑓(𝑧)).

(𝟒)

If 𝑓 is given by (𝟏), then from (𝟒) we see that
∞

𝑘

𝛿

𝑘
𝜆𝑚 + 𝑛𝜇 𝑚
𝑘,𝛿
𝑚
(−1)
𝑊𝜆,𝜇 𝑓(𝑧) = 𝑧 + ∑ [ ∑ ( )
( 𝑚
) ] 𝑎𝑛 𝑧 𝑛
𝑚
𝜆 + 𝜇𝑚

(𝟓)

𝑛=2 𝑚=1

Herefrom we introduce the following subclasses of analytic functions with using 𝑊𝜆𝑘,2 where
𝜇 = 1, 𝛿 = 2.
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Definition 1. Let 𝑝: 𝔻 → ℂ be a convex function such that 𝑝(0) = 1 and 𝑅𝑒{𝑝(𝑧)} > 0,
𝑧 ∈ 𝔻. We denote by 𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼) the subclass of 𝐴 given by
′

𝑧 (𝑊𝜆𝑘,2 𝑓(𝑧))
1
∗,2
𝑆𝑔 (𝜆, 𝑘; 𝛼) = {𝑓: 𝑓 ∈ 𝐴 𝑎𝑛𝑑
(
− 𝛼) ∈ 𝑔(𝔻) }
1−𝛼
𝑊𝜆𝑘,2 𝑓(𝑧)

(𝟔)

where 𝑧 ∈ 𝔻, 𝜆 ∈ ℝ, with 𝜆 > −1, 𝑘 ∈ ℕ, and 𝛼 ∈ [0,1).
Definition 2. A function 𝑓 ∈ 𝐴 in the class 𝐶𝑔2 (𝜆, 𝑘, 𝑡; 𝑟) if it satisfies the following nonhomogeneous Cauchy-Euler differential equation of order 𝑡;
𝑡−1

𝑑𝑡 𝑤
𝑡
𝑑 𝑡−1 𝑤
𝑡
𝑡−1
(𝑟
𝑧
+
(
)
+
𝑡
−
1)𝑧
+ ⋯ + ( ) 𝑤 ∏(𝑟 + 𝑖)
𝑡
𝑡−1
𝑑𝑧
1
𝑑𝑧
𝑡
𝑡

𝑖=0

𝑡−1

= 𝑔(𝑧) ∏(𝑟 + 𝑖 + 1) ,

(𝟕)

𝑖=0

where 𝑤 = 𝑓(𝑧), 𝑓 ∈ 𝐴, 𝑔(𝑧) ∈ 𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼), 𝑟 ∈ ℝ\(−∞, −1] and 𝑡 ∈ ℕ2 = ℕ − {1} =
{2,3, ⋯ }.
Clearly, by suitably specializing parameters for
𝑔(𝑧) =

1 + 𝐴𝑧
1 + 𝐵𝑧

𝑔(𝑧) =

1 + (1 − 2𝛼)𝑧
1−𝑧

(−1 ≤ 𝐵 ≤ 𝐴 ≤ 1, 𝑧 ∈ 𝔻)

and
(0 ≤ 𝛼 < 1, 𝑧 ∈ 𝔻),

𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼) reduces to the various subclasses of analytic functions (see Silverman, 1978).
Motivated from the recent work of Al-Hawary (2018) (see also, for example (Miller and
Mocanu, 2000), (Robertson, 1936), (Rogosinski, 1943)) the main object of our investigation
is to obtain some coefficient bounds for functions in the subclasses 𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼) and
𝐶𝑔2 (𝜆, 𝑘, 𝑡; 𝑟) of analytic functions of order 𝛼 by using the subordination principle between
analytic functions.
To prove our main results, we recall Lemma 1.
Lemma 1. Let
167

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020
∞

𝑔(𝑧) = ∑ 𝑏𝑛 𝑧 𝑛 .
𝑛=1

This function where 𝑧 ∈ 𝔻 be convex in 𝔻. Let
∞

𝑓(𝑧) = ∑ 𝑎𝑛 𝑧 𝑛 .
𝑛=1

This function where 𝑧 ∈ 𝔻 be analytic in 𝔻. If 𝑓(𝑧) ≺ 𝑔(𝑧) where 𝑧 ∈ 𝔻 then
|𝑎𝑛 | ≤ |𝑏𝑛 |
for 𝑛 ∈ ℕ.
𝟐
COEFFICIENT BOUNDS FOR THE CLASSES 𝑺∗,𝟐
𝒈 (𝝀, 𝒌; 𝜶) AND 𝑪𝒈 (𝝀, 𝒌, 𝒕; 𝒓)

We start by acquiring coefficient bounds for functions in the class 𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼).
Theorem 1. Let the function 𝑓 ∈ 𝐴 be given by (𝟏). If 𝑓 ∈ 𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼), then
′
∏𝑛−2
𝑗=0 ( 𝑗 + (1 − 𝛼)|𝑔 (0)|)

|𝑎𝑛 | ≤
(𝑛 −

𝜆𝑚
𝑘
1)! |∑𝑘𝑚=1(𝑚
)(−1)𝑚+1 ( 𝑚
𝜆

+𝑛 2
)|
+1

(𝟖)

for 𝑛 ∈ ℕ2 .
Proof. By the equation (𝟓), the function 𝑊𝜆𝑘,2 𝑓(𝑧) has the Taylor-Maclaurin series expansion
∞

𝑊𝜆𝑘,2 𝑓(𝑧)

= 𝑧 + ∑ 𝐴𝑛 𝑧 𝑛
𝑛=2

for 𝑧 ∈ 𝔻 where
𝑘

𝑘
𝜆𝑚 + 𝑛
𝐴𝑛 = [ ∑ ( ) (−1)𝑚 ( 𝑚
)]
𝑚
𝜆 +1

2

(𝟗)

𝑚=1

for 𝑛 ∈ ℕ2 . We see that 𝑊𝜆𝑘,2 𝑓(𝑧) is analytic in 𝔻 with
′

𝑊𝜆𝑘,2 𝑓(0) = (𝑊𝜆𝑘,2 𝑓) (0) − 1 = 0.
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Now, from Definition 1, we have
′

𝑧 (𝑊𝜆𝑘,2 𝑓(𝑧))
1
(
− 𝛼) ∈ 𝑔(𝔻).
1−𝛼
𝑊𝜆𝑘,2 𝑓(𝑧)
Let us define the function 𝑝(𝑧) by
′

𝑧 (𝑊𝜆𝑘,2 𝑓(𝑧))
1
𝑝(𝑧) =
(
− 𝛼)
1−𝛼
𝑊𝜆𝑘,2 𝑓(𝑧)

(𝟏𝟎)

We deduce that 𝑝(0) = 𝑔(0) = 1 and 𝑝(𝑧) ∈ 𝑔(𝔻) (𝑧 ∈ 𝔻). Therefore, we have 𝑝(𝑧) ≺
𝑔(𝑧), (𝑧 ∈ 𝔻). Thus according to Lemma 1, we obtain
|

𝑝(𝑛) (0)
| ≤ |𝑔′ (0)|
𝑛!

𝑛∈ℕ

(𝟏𝟏)

where 𝑝(𝑧) = 1 + 𝑝1 (𝑧) + 𝑝2 (𝑧) + ⋯ is analytic in 𝔻. From (𝟏𝟎), we easily get
′

𝑧 (𝑊𝜆𝑘,2 𝑓(𝑧)) − 𝛼𝑊𝜆𝑘,2 𝑓(𝑧) = (1 − 𝛼)𝑝(𝑧)𝑊𝜆𝑘,2 𝑓(𝑧)

(𝟏𝟐)

for 𝑧 ∈ 𝔻.
Since 𝐴1 = 1, from (𝟏𝟐), it follows that
(𝑛 − 𝛼)𝐴𝑛 = (1 − 𝛼)(𝑝𝑛−1 + 𝑝𝑛−2 𝐴2 + ⋯ + 𝑝1 𝐴𝑛−1 ).
Especially, for 𝑛 = 2,3,4, ⋯, we have
|𝐴2 | ≤ (1 − 𝛼)|𝑔′ (0)|,
|𝐴3 | ≤

(1 − 𝛼)|𝑔′ (0)|(1 + (1 − 𝛼)|𝑔′ (0)|)
2!

and
(1 − 𝛼)|𝑔′ (0)|(1 + (1 − 𝛼)|𝑔′ (0)|)(2 + (1 − 𝛼)|𝑔′ (0)|)
|𝐴4 | ≤
3!
respectively.
Thus, by appealing to the principle of mathematical induction, we obtain
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|𝐴𝑛 | ≤

′
∏𝑛−2
𝑗=0 ( 𝑗 + (1 − 𝛼)|𝑔 (0)|)
(𝑛 − 1)!

(𝟏𝟑)

for 𝑛 ∈ ℕ2 . We now immediately find from (𝟗) that
′
∏𝑛−2
𝑗=0 ( 𝑗 + (1 − 𝛼)|𝑔 (0)|)

|𝑎𝑛 | ≤
(𝑛 −

𝜆𝑚
𝑘
1)! |∑𝑘𝑚=1(𝑚
)(−1)𝑚+1 ( 𝑚
𝜆

+𝑛 2
)|
+1

.

This completes the proof.
Next, we give coefficient bounds for functions In the 𝐶𝑔2 (𝜆, 𝑘, 𝑡; 𝑟).
Theorem 2. Let the function 𝑓 ∈ 𝐴 be given by (𝟏). If 𝑓 ∈ 𝐶𝑔2 (𝜆, 𝑘, 𝑡; 𝑟), then
𝑡−1
′
∏𝑛−2
𝑗=0 (𝑗 + (1 − 𝛼)|𝑔 (0)|) ∏𝑖=0 (𝑟 + 𝑖 + 1)

|𝑎𝑛 | ≤
(𝑛 −

𝜆𝑚
𝑘
1)! |∑𝑘𝑚=1(𝑚
)(−1)𝑚+1 ( 𝑚
𝜆

+ 𝑛 2 𝑡−1
)| ∏𝑖=0 (𝑟 + 𝑖 + 𝑛)
+1

(𝟏𝟒)

for 𝑡, 𝑛 ∈ ℕ2 where 𝑟 ∈ ℝ\(−∞, −1].
Proof. Let the function 𝑓 ∈ 𝐴 be given by (𝟏) and
∞

𝑔(𝑧) = ∑ 𝑏𝑛 𝑧 𝑛 ∈ 𝑆𝑔∗,2 (𝜆, 𝑘; 𝛼).
𝑛=1

Then from (𝟕), we get
∏𝑡−1
𝑖=0 (𝑟 + 𝑖 + 1)
𝑎𝑛 = 𝑡−1
𝑏
∏𝑖=0 (𝑟 + 𝑖 + 𝑛) 𝑛
for 𝑛 ∈ ℕ2 , 𝑟 ∈ ℝ\(−∞, −1]. Hence from Theorem 2 we obtain inequality (𝟏𝟒). This
completes the proof.
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ABSTRACT
The focus of this work is to define approximately near rings, and to give an example of
approximately near ring in digital images. A digital image I in Fig. 1 endowed with
descriptive proximity relation and composed of 16 pixels (image elements) is considered to
find the example of approximately near ring. It is a new method for describing algebraic
structures on digital images.
Key words: Proximity spaces, approximately ring, near ring, approximately near ring
INTRODUCTION
Proximal relator space is a pair (𝑋, ℛ𝛿 ) that consists of a nonempty set X and set of proximity
relations ℛ𝛿 defined on X. There are different types of proximity relations such as
Efremovi¼c proximity, Wallman proximity, descriptive proximity and Lodato proximity
(Efromovič, 1952). In proximal relator space, the sets consist of non-abstract points which
have location and features.
The aim of this concept is to obtain algebraic structures in proximal relator spaces using
descriptively upper approximations of the subsets of non-abstract points. In 2017 and 2018,
approximately semigroups and approximately ideals, approximately groups, approximately
subgroups approximately rings and approximately gamma-semigroups were introduced by
İnan (İnan, 2017-2019). Approximately algebraic structures satisfy a framework for further
applied areas such as image analysis or classification problems.
PRELIMINARIES
Let 𝑋 be a nonempty set and ℛ be a family of relations on 𝑋. Let ℛ be a family of proximity
relations on 𝑋, then (𝑋, ℛ𝛿 ) is called proximal relator space. ℛ𝛿 contains proximity relations,
for example Efremovic̆ proximity 𝛿𝐸 (Efremovic̆, 1952) or descriptive proximity 𝛿Φ (Peters,
2019).
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Throughout this work, the Efremovic̆ proximity and the descriptive proximity relations are
considered.
An Efremovic̆ proximity 𝛿 is a relation on 𝑃(𝑋) that satisfies the conditions:
• 𝐴 𝛿 𝐵 ⇒ 𝐵 𝛿 𝐴.
• 𝐴 𝛿 𝐵 ⇒ 𝐴 ≠ ∅ and 𝐵 ≠ ∅.
• 𝐴 ∩ 𝐵 ≠ ∅ ⇒ 𝐴 𝛿 𝐵.
• 𝐴 𝛿 (𝐵 ∪ 𝐶) ⇔ 𝐴 𝛿 𝐵 or 𝐴 𝛿 𝐶.
• {𝑥} 𝛿 {𝑦} ⇔ 𝑥 = 𝑦.
• 𝐴 𝛿 𝐵 ⇒ ∃𝐸 ⊆ 𝑋 such that 𝐴 𝛿 𝐸 and 𝐸 𝑐 𝛿 𝐵 (Efremovi𝑐̆ Axiom).
Let 𝑋 be a set of non-abstract points which has a location and features (Kovăr, 2011) in
(𝑋, ℛ𝛿Φ ). Let Φ = {𝜙1 , … , 𝜙𝑛 } be a set of probe functions that represents features of 𝑥 ∈ 𝑋.
A probe functions 𝜙𝑖 : 𝑋 → ℝ represents features of a sample non-abstract point. Let Φ(𝑥) =
(𝜙1 (𝑥), … , 𝜙𝑛 (𝑥)), (𝑛 ∈ ℕ) be an object description denoting a feature vector of 𝑥, which is a
description of each 𝑥 ∈ 𝑋. After choosing a set of probe functions, one obtains a descriptive
proximity relation 𝛿Φ .
(Naimpally, 2013) Let 𝐴, 𝐵 ⊆ 𝑋. The set description of 𝐴 ⊆ 𝑋 is defined with
𝒬(𝐴) = {Φ(𝑎)|𝑎 ∈ 𝐴}.
The descriptive intersection of 𝐴 and 𝐵 is defined with
𝐴 ∩ 𝐵 = {𝑥 ∈ 𝐴 ∪ 𝐵|Φ(𝑥) ∈ 𝒬(𝐴)𝑎𝑛𝑑Φ(𝑥) ∈ 𝒬(𝐵)}.
Φ

If 𝒬(𝐴) ∩ 𝒬(𝐵) ≠ ∅, then 𝐴 is called descriptively near or descriptively proximal to 𝐵. And it
is denoted by 𝐴𝛿Φ 𝐵.
Throughout the work, (𝑋, ℛ𝛿Φ ) or shortly 𝑋 is considered as descriptive proximal relator
space, unless otherwise stated.
Let 𝑋 be a descriptive proximal relator space and 𝐴 ⊆ 𝑋. Let (𝐴,∘) and (𝒬(𝐴),⋅) be
groupoids. Lets consider the object description Φ by means of a function
Φ: 𝐴 ⊆ 𝑋 ⟶ 𝒬(𝐴) ⊂ ℝ𝑛 , 𝑥 ↦ Φ(𝑥), 𝑥 ∈ 𝐴.
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The object description Φ of 𝐴 into 𝒬(𝐴) is an object descriptive homomorphism if Φ(𝑥 ∘
𝑦) = Φ(𝑥) ⋅ Φ(𝑦) for all 𝑥, 𝑦 ∈ 𝐴.
Definition 1 (İnan, 2017) Let 𝐴 ⊆ 𝑋. A descriptively upper approximation of 𝐴 is defined
with
Φ∗ 𝐴 = {𝑥 ∈ 𝑋|𝑥𝛿Φ 𝐴}.
It is clear that 𝐴 ⊆ Φ∗ 𝐴 for all 𝐴 ⊆ 𝑋.

Definition 2 (İnan, 2017) Let “⋅” be a binary operation on 𝑋. 𝐺 ⊆ 𝑋 is called an
approximately groupoid if 𝑥 ⋅ 𝑦 ∈ 𝛷∗ 𝐺 for all 𝑥, 𝑦 ∈ 𝐺.
Definition 3 (İnan, 2019) Let “⋅” be a binary operation on 𝑋. 𝐺 ⊆ 𝑋 is called an
approximately group if the following conditions are true:
1. 𝑥 ⋅ 𝑦 ∈ Φ∗ 𝐺 for all 𝑥, 𝑦 ∈ 𝐺,
2. (𝑥 ⋅ 𝑦) ⋅ 𝑧 = 𝑥 ⋅ (𝑦 ⋅ 𝑧) property holds in Φ∗ 𝐺 for all 𝑥, 𝑦, 𝑧 ∈ 𝐺,
3. There exists 𝑒 ∈ Φ∗ 𝐺 such that 𝑥 ⋅ 𝑒 = 𝑒 ⋅ 𝑥 = 𝑥 for all 𝑥 ∈ 𝐺 (𝑒 is called the
approximately identity element of 𝐺),
4. There exists 𝑦 ∈ 𝐺 such that 𝑥 ⋅ 𝑦 = 𝑦 ⋅ 𝑥 = 𝑒 for all 𝑥 ∈ 𝐺 (𝑦 is called the inverse of 𝑥
in 𝐺 and denoted as 𝑥 −1).
𝑆 ⊆ 𝑋 is called an approximately semigroup if
(𝒜𝑆1 ) 𝑥 ⋅ 𝑦 ∈ Φ∗ 𝑆 for all 𝑥, 𝑦 ∈ 𝑆,
(𝒜𝑆2 ) (𝑥 ⋅ 𝑦) ⋅ 𝑧 = 𝑥 ⋅ (𝑦 ⋅ 𝑧) property holds in Φ∗ 𝑆 for all 𝑥, 𝑦, 𝑧 ∈ 𝑆
properties are satisfied.
If approximately semigroups have an approximately identity element 𝑒 ∈ Φ∗ 𝑆 such that
𝑥 ⋅ 𝑒 = 𝑒 ⋅ 𝑥 = 𝑥 for all 𝑥 ∈ 𝑆, then 𝑆 is called an approximately monoid.
If 𝑥 ⋅ 𝑦 = 𝑦 ⋅ 𝑥 for all 𝑥, 𝑦 ∈ 𝑆 holds in Φ∗ 𝐺, then 𝐺 is called commutative approximately
groupoid (semigroup, monoid or group).
Definition 4 (Pilz, 1983) Let 𝑁 be a nonempty set and “+” and “⋅” be binary operations
defined on 𝑁. 𝑁 is called a (right) near-ring if the following properties are satisfied:
(𝑁1 ) 𝑁 is a group with binary operation “+” (need not be commutative),
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(𝑁2 ) 𝑁 is a semigroup with binary operation “⋅”,
(𝑁3 ) For all 𝑥, 𝑦, 𝑧 ∈ 𝑁, (𝑥 + 𝑦) ⋅ 𝑧 = (𝑥 ⋅ 𝑧) + (𝑦 ⋅ 𝑧) properties hold in 𝑁𝑟 (𝐵)∗ 𝑁.
APPROXIMATELY NEAR RING IN DIGITAL IMAGES
Definition 5 Let “+” , “⋅” be binary operations on (𝑋, ℛ𝛿𝛷 ). 𝑁 ⊆ 𝑋 is called an
approximately near ring if the following conditions are satisfied:
(𝒜𝑁1 ) 𝑁 is an approximately group with “+” (need not be abelian),
(𝒜𝑁2 ) 𝑁 is an approximately semigroup with “⋅”,
(𝒜𝑁3 ) For all 𝑥, 𝑦, 𝑧 ∈ 𝑁, (𝑥 + 𝑦) ⋅ 𝑧 = (𝑥 ⋅ 𝑧) + (𝑦 ⋅ 𝑧) property holds in Φ∗ 𝑁.
In addition,
(𝒜𝑁4 ) If 𝑥 ⋅ 𝑦 = 𝑦 ⋅ 𝑥 for all 𝑥, 𝑦 ∈ 𝑁,
then 𝑁 is a commutative approximately near ring.
(𝒜𝑁5 ) If Φ∗ 𝑁 contains an element 1𝑁 such that 1𝑁 ⋅ 𝑥 = 𝑥 ⋅ 1𝑁 = 𝑥 for all 𝑥 ∈ 𝑁,
then 𝑁 is called an approximately near ring with identity.
Since (𝒜𝑁3 ), instead of approximately near-ring it can be used approximately right near ring.
Furthermore, if consider the condition 𝑥 ⋅ (𝑦 + 𝑧) = (𝑥 ⋅ 𝑦) + (𝑥 ⋅ 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑁
instead of (𝒜𝑁3 ), then it can be named an approximately left near ring. Throughout this study
approximately near ring will be used.
In general, the identity element of the approximately group (𝑁, +) is defined as zero of the
approximately near ring 𝑁. Also, the set of all approximately near rings is shown with the
notation 𝒜𝒩 .
These conditions (𝒜𝑁1 ) − (𝒜𝑁3 ) have to be hold in Φ∗ 𝑁. Addition or multiplying of finite
number of elements in 𝑁 may not always belong to Φ∗ 𝑁. Therefore we cannot always say
that 𝑘𝑥 ∈ Φ∗ 𝑁 or 𝑥 𝑘 ∈ Φ∗ 𝑁 for all 𝑥 ∈ 𝑁 and some 𝑘 ∈ ℤ+ . If (Φ∗ 𝑁, +) and (Φ∗ 𝑁,⋅) are
groupoids, then 𝑘𝑥 ∈ Φ∗ 𝑁 for all integer 𝑘 or 𝑥 𝑘 ∈ Φ∗ 𝑁 for all positive integer 𝑘, for all
𝑥 ∈ 𝑁.
An element 𝑥 in approximately near ring 𝑁 with identity is called a left (resp. right)
approximately invertible if there exists 𝑦 ∈ 𝑁 (resp. 𝑧 ∈ 𝑁) such that 𝑦 ⋅ 𝑥 = 1𝑁 (resp.
𝑥 ⋅ 𝑧 = 1𝑁 ). The element 𝑦 (resp. 𝑧) is called a left (resp. right) approximately inverse of 𝑥. If
𝑥 ∈ 𝑅 is both left and right approximately invertible, then 𝑥 is called an approximately
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invertible or an approximately unit. The set of approximately units in an approximately near
ring 𝑁 with identity forms is an approximately group with multiplication.
Example 1 Let 𝐼 be a digital image endowed with 𝛿𝛷 . It is composed of 16 pixels (image
elements) as shown in the Figure 1. An image element 𝑥𝑖𝑗 is a pixel in the location (𝑖, 𝑗). Let
𝜙 be a probe function that represents (Red, Green, Blue) RGB codes of pixels that are given
in Table 1.

Red
Gree
n
Blue

x00
24
9
24
5
75

x01
25
2
20
7
94

x02
22
8
23
4
98

x03
20
4
24
5
18
5

x10
24
9
24
5
75

x11
25
2
20
7
94

x12 x13 x20 x21
20 24 22 20
4
4
8
4
24 21 23 24
5
2
4
5
18 14 98 18
5
0
5
Table 1. RGB codes of pixels

x22
18
1
23
2
23
1

x23
24
4
21
2
14
0

x30
20
4
24
5
18
5

x31
24
4
21
2
14
0

x32
17
4
22
0
12
4

x33
18
1
23
2
23
1

Let
+: 𝐼 × 𝐼 ⟶ 𝐼, (𝑥𝑖𝑗 , 𝑥𝑘𝑙 ) ⟼ 𝑥𝑖𝑗 + 𝑥𝑘𝑙 ,

𝑥𝑖𝑗 + 𝑥𝑘𝑙 = 𝑥𝑚𝑛 , 𝑖 + 𝑘 ≡ 𝑚(𝑚𝑜𝑑2) 𝑎𝑛𝑑 𝑗 + 𝑙 ≡ 𝑛(𝑚𝑜𝑑2)
be a binary operation on 𝐼 such that 0 ≤ 𝑖, 𝑗, 𝑘, 𝑙 ≤ 3. Let 𝑁 = {𝑥01 , 𝑥10 } ⊆ 𝐼.
From Definition 1, descriptively upper approximation of 𝑁 is Φ∗ 𝑁 = {𝑥𝑖𝑗 ∈ 𝑋|𝑥𝑖𝑗 𝛿𝜙 𝑁}.
Hence 𝜙(𝑥𝑖𝑗 ) ∩ 𝑄(𝑁) ≠ ∅ such that 𝑥𝑖𝑗 ∈ 𝐼, 𝑄(𝑁) = {𝜙(𝑥𝑖𝑗 )|𝑥𝑖𝑗 ∈ 𝑁}. From Table 1,
𝒬(𝑁) = {𝜙(𝑥01 ), 𝜙(𝑥10 )} = {(252,207,94), (249,245,75)}.
Hence we get Φ∗ 𝑁 = {𝑥00 , 𝑥01 , 𝑥10 , 𝑥11 } as in Figure 1.
Hence 𝑁 is an approximately group with “+” in (𝐼, ℛ𝛿Φ ) from Definition 3. Furthermore, let
⋅: 𝐼 × 𝐼 ⟶ 𝐼, (𝑥𝑖𝑗 , 𝑥𝑘𝑙 ) ⟼ 𝑥𝑖𝑗 ⋅ 𝑥𝑘𝑙 = 𝑥𝑖𝑗
be a binary operation on 𝐼. Then it is obivious that 𝑁 is an approximately semigroup with “⋅”
in (𝐼, ℛ𝛿Φ ). Also for all 𝑥𝑖𝑗 , 𝑥𝑘𝑙 , 𝑥𝑚𝑛 ∈ 𝑁,
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(𝑥𝑖𝑗 + 𝑥𝑘𝑙 ) ⋅ 𝑥𝑚𝑛 = 𝑥𝑖𝑗 ⋅ 𝑥𝑚𝑛 + 𝑥𝑘𝑙 ⋅ 𝑥𝑚𝑛 property holds in Φ∗ 𝑁. But since 𝑥01 ⋅
(𝑥01 + 𝑥01 ) ≠ 𝑥01 ⋅ 𝑥01 + 𝑥01 ⋅ 𝑥01 , so 𝑥𝑖𝑗 ⋅ (𝑥𝑘𝑙 + 𝑥𝑚𝑛 ) = 𝑥𝑖𝑗 ⋅ 𝑥𝑘𝑙 + 𝑥𝑖𝑗 ⋅ 𝑥𝑚𝑛 property does
not hold in Φ∗ 𝑁. Consequently, 𝑁 is an approximately right near ring.

Figure 1. Digital Image I
CONCLUSION
To extend this work, one could study the properties of other approximately algebraic
structures arising from proximal relator spaces. Hopefully this concept provides a
fundamental framework for some theoretical and applied sciences.
REFERENCES
V.A. Efremovič, The geometry of proximity I. Mat. Sb. (N.S.) 31 (73) (1), 189-200 (1952).
E. İnan, Approximately groups in proximal relator spaces. Commun. Fac. Sci. Univ. Ank. Ser.
A1 Math. Stat. 68 (1), 572-582 (2019).
E. İnan, Approximately Semigroups and Ideals: An Algebraic View of Digital Images. Afyon
Kocatepe University Journal of Science and Engineering 17, 479-487 (2017).
E. İnan, Approximately subgroups in proximal relator spaces. Adıyaman University Journal
of Science 8 (1), 24-41 (2018).
E. İnan and M. Uçkun, Approximately gamma-semigroups in proximal relator spaces.
Applicable Algebra in Engineering Communication and Computing 30 (4), 299-311 (2019).
E. İnan, Approximately rings in proximal relator spaces, Turkish Journal of Mathematics 43,
2941-2953 (2019).
M.A. Kovăr, New Causal Topology and Why the Universe is Co-Compact, arXiv:1112.0817
[math-ph] 1-15 (2011).
S.A. Naimpally, J.F. Peters, Topology with Applications: Topological Spaces via Near and
Far, World Scientific, Singapore, 2013.
J.F. Peters, Proximal relator spaces. Filomat 30 (2), 469-472 (2019).
J.F. Peters, E. İnan, M.A. Öztürk, Spatial and descriptive isometries in proximity spaces.
General Mathematics Notes 21 (2), 1-10 (2014).
177

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

G. Pilz, Near-Rings: The Theory and Its Applications, 2nd Ed., North Holland Publishing
Company, Amsterdam, 1983.

An Example of Approximately Near Ring in Digital Images
Ebubekir İNAN– Proceedings Book of ICOLES 2020, 172-178.

178

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Stability Notes for Second Order Neutral Differential Equations
Berrak ÖZGÜR1
1

İzmir Democracy University/Mathematics Department, İzmir, TURKEY.
berrak.ozgur@idu.edu.tr

ABSTRACT
In this study, stability properties of the second order linear neutral differential equations are
given. The general form of this type of differential equatios are considered and the
characteristic equation is obtained. According to the Routh-Hurwitz criterion, the stability
conditions are determined. Moreover, by using the D-subdivision method, the subregion
where the stability conditions hold is illustrated by given graph.
Key words: Stability analysis, Characteristic equation, Routh-Hurwitz criterion, Dsubdivision method.
INTRODUCTION
Neutral differential equations have an important role in applied mathematics. There are many
mathematical models in mechanics, engineering and biology including delay terms in
derivatives. For details of the theory one can refer to (Kuang, 1993) and some applications of
neutral differential equations can be seen in (Cahlon and Schmidt, 2005), (Wang, Lam and
Burnham, 2002) and (Bellen, Guglielmi and Ruehli, 1999).
The delay term has an important effect on the stability of the system. The qualitative behavior
of neutral differential equations is examined in many researches (Kuang, 1993), (Cahlon and
Schmidt, 2005), (Wang, Lam and Burnham, 2002), (Bellen, Guglielmi and Ruehli, 1999) and
(Yeniçerioğlu and Yazıcı, 2017).
In this study, the general form of second order neutral differential equations is investigated.
First, the characteristic equation of the equation with constant coefficients is obtained. By
using the well-known Routh-Hurwitz criterion, some stability properties related to
coefficients are determined to show the qualitative behavior. Moreover, the characteristic
equation is used to get the D-curves on the suitable parameter space. Finally, in terms of
coefficients, the region where the characteristic equation has roots with negative real parts is
shown.
The general form of second order neutral differential equation is given below
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𝑦 ′′ (𝑡) + 𝑝1 𝑦 ′′ (𝑡 − 𝜏) + 𝑝2 𝑦 ′ (𝑡) + 𝑝3 𝑦 ′ (𝑡 − 𝜏) + 𝑝4 𝑦(𝑡) + 𝑝5 𝑦(𝑡 − 𝜏) = 0, 𝑡 ≥ 0

(1)

where 𝑝𝑖 , 1 ≤ 𝑖 ≤ 5 are real numbers and 𝜏 is the delay term which is a positive real number.
STABILITY ANALYSIS
In this study, we are dealing with the stability analysis of a second order linear neutral
differential equation. Considering general form of the solutions for this type of equation as
𝑦(𝑡) = 𝑒 𝜆𝑡 , 𝑡 ≥ −𝜏, we get the following characteristic equation
𝜆2 + 𝑝2 𝜆 + 𝑝4 + 𝑒 −𝜆𝜏 (𝑝1 𝜆2 + 𝑝3 𝜆 + 𝑝5 ) = 0

(2)

The analysis is given in two parts. First we give some general results by using the RouthHurwitz criterion. Later, making use of the D-curves, we determine the stability region where
the characteristic roots having negative real parts.
In the following, the stability case with no delay term (𝜏 = 0) is given. Let us consider the
characteristic equation
(1 + 𝑝1 )𝜆2 + (𝑝2 + 𝑝3 )𝜆 + 𝑝4 + 𝑝5 = 0

(3)

for this case. According to the Routh-Hurwitz criterion, considering the positive leading
coefficient, the system is stable in case of the conditions
𝑝2 + 𝑝3 > 0 and 𝑝4 + 𝑝5 > 0
are satisfed since all characteristic roots have negative real parts.
The results obtained are given in the following theorem.
Theorem: Consider the system with the characteristic equation (3) with positive leading
coefficient and no delay term (𝜏 = 0). The characteristic roots have negative real parts if and
only if
𝑝2 + 𝑝3 > 0 and 𝑝4 + 𝑝5 > 0.
Hence the system is stable.
Proof: It is clear according to the Routh-Hurwitz criterion (Forde and Nelson,2004).
In the following case, we consider the stability of the second order neutral differential
equation (𝜏 ≠ 0) with the following characteristic equation
𝜆2 + 𝑝2 𝜆 + 𝑝4 + 𝑒 −𝜆𝜏 (𝑝1 𝜆2 + 𝑝3 𝜆 + 𝑝5 ) = 0

(2)
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The critical delays are important here as they let the roots to change from having negative real
parts to having positive real parts. For this case, we consider purely imaginary roots as 𝜆 =
𝑖𝜎. Writing it we get the following equation
−𝜎 2 + 𝑖𝑝2 𝜎 + 𝑝4 + 𝑒 −𝑖𝜎𝜏 (−𝑝1 𝜎 2 + 𝑖𝑝3 𝜎 + 𝑝5 ) = 0
or
−𝜎 2 + 𝑖𝑝2 𝜎 + 𝑝4 + (𝑐𝑜𝑠(𝜎𝜏) − 𝑖𝑠𝑖𝑛(𝜎𝜏))(−𝑝1 𝜎 2 + 𝑖𝑝3 𝜎 + 𝑝5 ) = 0
The real and imaginary parts of this equation are given below,
−𝜎 2 + 𝑝4 − 𝑝1 𝜎 2 𝑐𝑜𝑠(𝜎𝜏) + 𝑝5 𝑐𝑜𝑠(𝜎𝜏)+𝑝3 𝜎𝑠𝑖𝑛(𝜎𝜏) = 0
and
(3)

𝑝2 𝜎 + 𝑝3 𝜎𝑐𝑜𝑠(𝜎𝜏) + 𝑝1 𝜎 2 𝑠𝑖𝑛(𝜎𝜏) − 𝑝5 𝑠𝑖𝑛(𝜎𝜏) = 0

In order to complete the stability analysis, we get a polynomial from the sum of the squares of
the following two parts,
−𝜎 2 + 𝑝4 = 𝑝1 𝜎 2 𝑐𝑜𝑠(𝜎𝜏) − 𝑝5 𝑐𝑜𝑠(𝜎𝜏)−𝑝3 𝜎𝑠𝑖𝑛(𝜎𝜏)
𝑝2 𝜎 = −𝑝3 𝜎𝑐𝑜𝑠(𝜎𝜏) − 𝑝1 𝜎 2 𝑠𝑖𝑛(𝜎𝜏) + 𝑝5 𝑠𝑖𝑛(𝜎𝜏)
The polynomial obtained is given below
(1 − 𝑝1 2 )𝜎 4 + (𝑝2 2 − 2𝑝4 + 2𝑝1 𝑝5 − 𝑝3 2 )𝜎 2 + 𝑝4 2 − 𝑝5 2 = 0
It provides a simple way to investigate the roots in the absence of the trigonometric terms
hence we give some general stability results for 𝜏 > 0.
By writing 𝜇 = 𝜎 2 , we may simplify the analysis by using the following equation
(1 − 𝑝1 2 )𝜇 2 + (𝑝2 2 − 2𝑝4 + 2𝑝1 𝑝5 − 𝑝3 2 )𝜇 + 𝑝4 2 − 𝑝5 2 = 0
Considering the leading coefficient 1, we get
𝑝2 2 −2𝑝4 +2𝑝1 𝑝5 −𝑝3 2

𝜇2 + (

1−𝑝1 2

)𝜇 +

𝑝4 2 −𝑝5 2
1−𝑝1 2

=0

(4)

Including the effect of the delay term to the system and considering the conditions for
unstable case given in (Forde and Nelson,2004), the system becomes unstable if and only if
either
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𝑝4 2 − 𝑝5 2
<0
1 − 𝑝1 2
or
𝑝4 2 −𝑝5 2
1−𝑝1 2

>0,

𝑝2 2 −2𝑝4 +2𝑝1 𝑝5 −𝑝3 2
1−𝑝1 2

< 0 and (

𝑝2 2 −2𝑝4 +2𝑝1 𝑝5 −𝑝3 2
1−𝑝1 2

2

𝑝4 2 −𝑝5 2

) > 4(

1−𝑝1 2

).

The results are given clearly in the following theorem.
Theorem: The equation (4) has positive real root if and only if either
𝑝4 2 −𝑝5 2
1−𝑝1 2

< 0,

or
𝑝4 2 −𝑝5 2
1−𝑝1

2

>0,

𝑝2 2 −2𝑝4 +2𝑝1 𝑝5 −𝑝3 2
1−𝑝1

2

< 0 and (

𝑝2 2 −2𝑝4 +2𝑝1 𝑝5 −𝑝3 2
1−𝑝1

2

2

𝑝4 2 −𝑝5 2

) > 4(

1−𝑝1 2

).

Hence, the system is unstable.
Proof: In the existence of the conditions above, positive real root makes the system unstable.
After introducing some stability properties of the system in terms of the coefficients and
showing unstability conditions when the delay term increases by the last theorem, now we
present the D-curves for the characteristic equation. The region where the characteristic roots
having negative real parts is shown by D-curves on the parameter space.

The D subdivision method is used to determine the stability region for a given system. The
procedure can be given as determining the parametric curves from the characteristic equation
and constructing some subregions and hence showing the region where the roots for the
characteristic equation having negative real parts. For further reading, one can refer to
(Insperger and Stepan, 2011) and (Stepan, 1989).
Considering the real and imaginary parts of the characteristic equation given below
−𝜎 2 + 𝑝4 − 𝑝1 𝜎 2 𝑐𝑜𝑠(𝜎𝜏) + 𝑝5 𝑐𝑜𝑠(𝜎𝜏)+𝑝3 𝜎𝑠𝑖𝑛(𝜎𝜏) = 0
and
(3)
𝑝2 𝜎 + 𝑝3 𝜎𝑐𝑜𝑠(𝜎𝜏) + 𝑝1 𝜎 2 𝑠𝑖𝑛(𝜎𝜏) − 𝑝5 𝑠𝑖𝑛(𝜎𝜏) = 0
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we determine the parameter space as (𝑝2 , 𝑝4 ). Hence the D-curves on this parameter space are
given in the following way.
−𝑝3 𝜎𝑐𝑜𝑠(𝜎𝜏) − 𝑝1 𝜎 2 𝑠𝑖𝑛(𝜎𝜏) + 𝑝5 𝑠𝑖𝑛(𝜎𝜏)
𝑝2 =
𝜎
and
(5)
𝑝4 = 𝜎 2 + 𝑝1 𝜎 2 𝑐𝑜𝑠(𝜎𝜏) − 𝑝5 𝑐𝑜𝑠(𝜎𝜏)−𝑝3 𝜎𝑠𝑖𝑛(𝜎𝜏)
1

The graphic given below is showing the case that 𝑝1 = 2 , 𝑝3 = 𝑝5 = 1 and 𝜏 = 1 where
0 < 𝜎 ≤ 3𝜋 . The region denoted by ‘S’ in the following figure (when 𝑝2 2 > 2𝑝4 , 𝑝1 2 < 1
and 𝑝4 > 1) shows the D subregion where the roots of the characteristic equation having
negative real parts.

1

Figure 1. The D-curves of the system on the parameter space (𝑝2 , 𝑝4 ) where 𝑝1 = 2 , 𝑝3 =
𝑝5 = 1 and 𝜏 = 1.
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CONCLUSION
In this work, the stability properties of a second order linear neutral differential equation are
given by using its characteristic equation. The results of this paper provide us to analyze
under which conditions, the equation has positive roots and hence the system becomes
unstable. Moreover, the analysis by D-subdivison method shows the stability region. The
methods used in the analysis are essential to determine the effects of the coefficients and also
the delay term for the stability of the system.
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ABSTRACT

Quaternionic functional analysis has already been proven to be a useful tool in various
branches of mathe- matics and physics. Recently, there are some studies on dual numbers,
dual quaternions [4], [5] and on real quaternionization [1], [3]. The aim of this paper is to give
some theorems and phrases about dualization and dual quaternionization of real numbers.
Section 2, will start with dualization, that is, the dualization of real numbers will be
introduced and some results of dualization will be given. In section 3, dual quaternionization
of real numbers will be given. Also,we will indicate that dual quaternionization is a module
over dual quaternion setting. Based on this, in section 4 and section 5 that norm, Banach and
Hilbert module notations on dual quaternion module will be shown.
Key Words: Dual number, dualization, dual quaternion, quaternization, normed module,
Banach module, Hilbert module.
INTRODUCTION
Recently, there are some studies on dual numbers and dual quaternions. The aim of this paper
is to give some theorems and phrases about dualization and dual quaternization of real
numbers. Section 2, will start with dualization, that is, the dualization of real numbers will be
introduced and some results of dualization will be given. In section 3, dual quaternization of
real numbers will be given. Also, that dual quaternization is a module over dual quaternions
will be indicated. Based on this, in section 4 and section 5 that norm, Banach and Hilbert
module notations on dual quaternion module will be shown. (see also [1], [4], [5])
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1.1 Dual Numbers
A dual number 𝑑 is an ordered pair of real numbers (𝑎, 𝑏) associated with a real unit +1, and
the dual unit or operator 𝜀, where 𝜀 2 = 𝜀 3 = ⋯ = 0, 0. 𝜀 = 𝜀. 0 = 0, 1. 𝜀 = 𝜀. 1 = 𝜀. A dual
number is usually denoted in the form
𝑑 = 𝑎 + 𝜀𝑏

(1)

Thus, the dual numbers are elements of the 2-dimensional real algebra

𝔻 = ℝ[𝜀] = {𝑑 = 𝑎 + 𝜀𝑏|𝑎, 𝑏 ∈ ℝ, 𝜀 2 = 0, 𝜀 ≠ 0}

(2)

generated by 1 and 𝜀.
Addition and multiplication of the dual numbers are defined by
(𝑎1 + 𝜀𝑏1 ) + (𝑎2 + 𝜀𝑏2 ) = (𝑎1 + 𝑎2 ) + 𝜀(𝑏1 + 𝑏2 )

(3)

(𝑎1 + 𝜀𝑏1 )(𝑎2 + 𝜀𝑏2 ) = 𝑎1 𝑎2 + 𝜀(𝑎2 𝑏1 + 𝑎1 𝑏2 )

(4)

This multiplication is commutative, associative and distributes over addition. The conjugate
of dual number 𝑑 = 𝑎 + 𝜀𝑏 is defined by 𝑑̅ = 𝑎 − 𝜀𝑏 and we obtain
𝑑𝑑̅ = 𝑎2 .
For more details on dual numbers, see also references [2] and [4].
1.2 Dual Quaternions
Dual quaternion 𝑄 is a linear combination 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘, where 𝑞0 , 𝑞1 , 𝑞2 , 𝑞3 are
real numbers and 1 = (1,0,0,0), 𝑖 = (0,1,0,0), 𝑗 = (0,0,1,0), 𝑘 = (0,0,0,1) are the
fundamental dual quaternion units. The sum of dual quaternions is the usual component wise
sum and the multiplication of dual quaternions with the following schema for the quaternion
units
𝑖 2 = 𝑗 2 = 𝑘 2 = 0, 𝑖𝑗 = 𝑗𝑖 = 𝑘𝑖 = 𝑖𝑘 = 𝑗𝑘 = 𝑘𝑗 = 0 .

(5)

The set of dual quaternions is denoted by
ℍ𝐷 = {𝑄 = 𝑞0 1 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘|𝑞0 , 𝑞1 , 𝑞2 , 𝑞3 ∈ ℝ, 𝑖 2 = 𝑗 2 = 𝑘 2 = 𝑖𝑗𝑘 = 0}.

(6)
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We can also write 𝑄 = 𝑞0 + 𝒒, where 𝑞0 is the real part of 𝑄 and 𝒒 = 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 ∈ ℝ3 ,
called the pure dual quaternion part of 𝑄. The conjugate of 𝑄 is 𝑄̅ = 𝑞0 − 𝑤. For two dual
quaternions 𝑄1 = 𝑞0 + 𝒒𝟏 , 𝑄2 = 𝑝0 + 𝒒𝟐 a simple computation shows
𝒒𝟏 𝒒𝟐 = 0.

(7)

Also, we obtain the property
𝑄1 𝑄2 = (𝑞0 + 𝒒𝟏 )(𝑝0 + 𝒒𝟐 ) = 𝑞0 𝑝0 + 𝑞0 𝒒𝟐 + 𝑝0 𝒒𝟏 = 𝑄2 𝑄1.

(8)

̅̅̅̅̅̅̅
̅̅̅̅̅̅ ̅̅̅̅̅̅
It follows from the equation (7) that 𝑄
1 𝑄2 = 𝑄1 𝑄2 = 𝑄2 𝑄1 for two dual quaternions. The
norm of a dual quaternion 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 = 𝑞0 + 𝒒 is defined as ‖𝑄‖ = √𝑄𝑄̅ =
√𝑞0 2 = |𝑞0 |. If ‖𝑄‖ = 1, then 𝑄 is called unit dual quaternion.
The set ℍ𝐷 forms a commutative ring under the multiplication of dual quaternion and it is
also a vector space of four dimensions on ℝ and its basis is the set {1, 𝑖, 𝑗, 𝑘}.
Since the multiplication and ratio of two dual quaternion 𝑄1 and 𝑄2 is again a dual quaternion,
the set of dual quaternions form a division algebra under addition and multiplication.
For more details on dual quaternion, see also [4], [5].
2. DUALIZATION OF THE REAL VECTOR SPACES
In this section, two descriptions of the dualization are given first in terms of direct sum and
then in terms of tensor products.
To create a dual vector space from the real vector space, we must give the meaning to
(𝑎 + 𝜀𝑏)𝑥⃗, for 𝑥⃗ ∈ 𝑉ℝ , 𝑑 = 𝑎 + 𝜀𝑏 ∈ 𝔻.
We want to have 𝑑𝑥⃗ = (𝑎 + 𝜀𝑏)𝑥⃗ = 𝑎𝑥⃗ + 𝜀𝑏𝑥⃗ . For this reason, 𝑎𝑥⃗ + 𝜀𝑏𝑥⃗ should be thought
of a formal sum of 𝑎𝑥⃗ and 𝑏𝑥⃗ with the dual unit ε. That leads to the following definition.
Definition 2.1 Let 𝑉ℝ be a real vector space, and let 𝔻 be the set of dual numbers.
Dualization of real vector space 𝑉ℝ can be defined by
𝑑𝑥⃗ = (𝑎 + 𝜀𝑏)𝑥⃗ = 𝑎𝑥⃗ + 𝜀𝑏𝑥⃗ = (𝑎𝑥⃗, 𝑏𝑥⃗) = (𝑤1 , 𝑤2 )

(9)

where 𝑥⃗ ∈ 𝑉ℝ , 𝑑 = 𝑎 + 𝜀𝑏 ∈ 𝔻.
Thus, for the set of dualization by direct sum we get
𝑉𝔻 = {𝑑𝑥⃗ |𝑑𝑥⃗ = (𝑎 + 𝜀𝑏)𝑥⃗ = (𝑤1 , 𝑤2 ), 𝑑 = 𝑎 + 𝜀𝑏 ∈ 𝔻, 𝑥⃗ ∈ 𝑉ℝ }.

(10)
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Also, we can define the operation of addition and multiplication for ∀(𝑤1 , 𝑤2 ), (𝑣1 , 𝑣2 ) ∈ 𝑉𝔻 ,
∀a+𝜀𝑏 ∈ 𝔻 as following:
(𝑤1 , 𝑤2 ) ⊕ (𝑣1 , 𝑣2 ) = (𝑤1 + 𝑣1 , 𝑤2 + 𝑣2 ),
{(𝑎 + 𝜀𝑏) ⊙ (𝑤1 , 𝑤2 ) = (𝑎𝑤1 , 𝑏𝑤1 + 𝑎𝑤2 ),
𝜀(𝑤1 , 𝑤2 ) = (0, 𝑤1 )

(11)

Thus, the dualization set 𝑉𝔻 is a module over the ring of dual numbers 𝔻. We obtain(11)
the
elements of dual module 𝑉𝔻 formally like as 𝑤1 + 𝜀𝑤2, by using the equations in (11).
Moreover, dual module set 𝑉𝔻 will be denoted by 𝑉ℝ ⊕ 𝑉ℝ .
The real subspaces 𝑉ℝ ⊕ {0} and {0} ⊕ 𝑉ℝ of 𝑉𝔻 both behave like 𝑉ℝ , since the addition is
componentwise and 𝜀𝑎(𝑤, 0) = (𝑎𝑤, 0) and 𝑎 (0, 𝑤) = (0, 𝑎𝑤) when 𝑎 is real.
Theorem 2.1 If {𝑒𝑡 } is a basis of real vector space 𝑉ℝ , then the system {(𝑒𝑡 , 0)} is a dual basis
of dual module 𝑉𝔻 , 1 ≤ 𝑡 ≤ 𝑛.
Proof. If 𝑉ℝ = 0, then it is clear that 𝑉𝔻 = 𝑉ℝ ⊕ 𝑉ℝ = 0. We assume that 𝑉ℝ ≠ 0 and {𝑒𝑡 } is
a real basis of real vector space 𝑉ℝ . For the elements (𝑤1 , 𝑤2 ) ∈ 𝑉𝔻 , 𝑤1 and 𝑤2 can be written
as ℝ-linear combinations of basis {𝑒𝑡 }, i.e.
We can write
∑𝑛𝑡=1 𝑎𝑡 𝑒𝑡 ∑𝑛𝑡=1 𝑏𝑡 𝑒𝑡

(12)

where 𝑎𝑡 , 𝑏𝑡 are real numbers.
By using the equations (11) and (12) for an element (𝑤1 , 𝑤2 ) ∈ 𝑉𝔻 , we have
(𝑤1 , 𝑤2 ) = (𝑤1 , 0) + 𝜀(𝑤2 , 0)
𝑛

= ∑𝑡=1(𝑎𝑡 + 𝜀 𝑏𝑡 )(𝑒𝑡 , 0).
So, we conclude that 𝑉𝔻 = 𝑆𝑝{(𝑒𝑡 , 0)}.
Since the basis 𝑒𝑡 is linearly independent over ℝ, {(𝑒𝑡 , 0)} is linearly independent over dual
number 𝔻.
Definition 2.2 Let 𝑉ℝ be real vector space and let 𝑉𝔻 be its dualization. If we take 𝑉ℝ ⊕ {0}
and {0} ⊕ 𝑉ℝ subspaces of dual module 𝑉𝔻 , the function 𝑔𝔻 : 𝑉ℝ → 𝑉𝔻 , 𝑤 → (𝑤, 0) is called
the standard embedding of real vector space 𝑉ℝ into dual module 𝑉𝔻 .
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Proposition 2.1 Every ℝ -linear transformation 𝜑: 𝑉ℝ → 𝑉′ℝ of real vector spaces extends in
a unique way to 𝔻-linear transformation 𝜑𝔻 : 𝑉𝔻 → 𝑉′𝔻 of the dualizations.
This transformation makes the below diagram commutative,
𝜑
𝑉ℝ

𝑉′ℝ

𝑔𝔻

𝑔′𝔻

𝜑𝔻
𝑉𝔻

𝑉′𝔻

Diagram 1: Dualization diagram of 𝑉ℝ
where the vertical maps 𝑔𝔻 and 𝑔′𝔻 are the standard embeddings of real vector spaces into
their dualizations.
Theorem 2.2 If 𝜑: 𝑉ℝ → 𝑉′ℝ is a ℝ-linear transformation then, its dualization 𝜑𝔻 : 𝑉𝔻 → 𝑉′𝔻
has kernel and image
ker𝜑𝔻 = (ker𝜑)𝔻 and 𝑖𝑚𝜑𝔻 = (𝑖𝑚𝜑)𝔻
Also, we can give another representation of the dualization by using tensor products of real
vector spaces.
Definition 2.3 The dualization with tensor product of a real vector space 𝑉ℝ is defined by the
operation
𝑑 ⊗ 𝑥⃗ = (𝑎 + 𝜀𝑏) ⊗ 𝑥⃗ = 1 ⊗ 𝑤1 + 𝜀 ⊗ 𝑤2

(13)

where 𝑑 = 𝑎 + 𝜀𝑏 is a dual number and 𝑥⃗ ∈ 𝑉ℝ is a vector.
By using the equation (13), the set of dualization through tensor product is denoted by
𝔻 ⊗ℝ 𝑉ℝ = {𝑑 ⊗ 𝑥⃗ | 𝑑 ⊗ 𝑥⃗ = 1 ⊗ 𝑤1 + 𝜀 ⊗ 𝑤2 , 𝑑 ∈ 𝔻, 𝑥⃗ ∈ 𝑉ℝ }.

(14)

The dualization set 𝔻 ⊗ℝ 𝑉ℝ is a module over dual number ring 𝔻 by similar operations to
the equation (11).
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Definition 2.4 The function 𝐺𝔻 : 𝑉ℝ → 𝔻 ⊗ℝ 𝑉ℝ , 𝑤 → 1𝔻 ⊗ℝ 𝑤 is called the standard
embedding of real vector space 𝑉ℝ into dual module 𝔻 ⊗ℝ 𝑉ℝ .
Theorem 2.3 For every vector space 𝑉ℝ , there is a unique 𝑓: 𝑉𝔻 → 𝔻 ⊗ℝ 𝑉ℝ isomorphism of
𝔻 modules, which makes the diagram
𝑉ℝ

𝑉𝔻

𝑓

𝔻 ⊗ℝ 𝑉ℝ

Diagram 2: Embedding diagram of 𝑉ℝ
commute, where two arrows out of 𝑉ℝ are its standard embeddings. So,
𝑓(𝑤1 , 𝑤2 ) = 1 ⊗ 𝑤1 + 𝜀 ⊗ 𝑤2

(15)

Proof. It can be seen from the equation (15) that the function 𝑓 is linear. Now, we define an
inverse transformation 𝑔 as
𝑔: 𝔻 ⊗ℝ 𝑉ℝ → 𝑉𝔻 , 1 ⊗ 𝑤 → (𝑤, 0)

(16)

on the elementary tensors.
From the equation (16), we see that 𝑑 ⊗ 𝑤 = 𝑑(1 ⊗ 𝑤) go to 𝑑(𝑤, 0). To show inverse
transformation 𝑔 is 𝔻-linear, it sufficies to check 𝑔(𝑑 ′ ⊙ 𝑡) = 𝑑 ′ ⊙ 𝑔(𝑡) for elementar
tensor 𝑡 = 𝑑 ⊗ 𝑤 ∈ 𝔻 ⊗ℝ 𝑉ℝ and dual number 𝑑′ . Then we obtain
𝑔(𝑑 ′ ⨀𝑡) = 𝑔(𝑑′ ⨀(𝑑 ⊗ 𝑤)) = 𝑔(𝑑 ′ 𝑑 ⊗ 𝑤) = 𝑑 ′ 𝑑(𝑤, 0) = 𝑑 ′ ⨀(𝑑(𝑤, 0)) =
𝑑 ′ ⨀𝑔(𝑡).
The relations between functions 𝑓 and 𝑔 can be obtained as follow:
𝑓(𝑔(𝑑 ⊗ 𝑤)) = 𝑑 ⊗ 𝑤 and 𝑔(𝑓(𝑤1 , 𝑤2 )) = (𝑤1 , 𝑤2 )

(17)

By using the equations (16) and (17), we get 𝑓 ∘ 𝑔 = 𝐼, i.e. 𝑓 is invertible. Consequently,
there is an isomorphism between dualizations of real vector space, denoted by

.
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3. DUAL QUATERNIZATION
In this section, we will define the two kinds of dual quaternization. We will show that these
statements are isomorphic each other. In the rest of the article, since the dual quaternization is
a module over dual quaternions, we can introduce some structures on dual quaternion module.
Definition 3.1 Suppose 𝑉ℝ is a real vector space and let ℍ𝐷 be the set of dual quaternions.
Dual quaternization of real vector space is defined by the operation
𝑄. 𝑥⃗ = (𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘)𝑥⃗ = (𝑞0 𝑥⃗, 𝑞1 𝑥⃗, 𝑞2 𝑥⃗, 𝑞3 𝑥⃗) = (𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 )

(18)

where (𝑞𝑖−1 𝑥⃗ = 𝑤𝑖 , 1 ≤ 𝑖 ≤ 4), 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 ∈ ℍ𝐷 and 𝑥⃗ ∈ 𝑉ℝ .
Thus, for the set of dual quaternization we get
𝑉ℍ𝐷 = {𝑄. 𝑥⃗ |𝑄. 𝑥⃗ = (𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘)𝑥⃗ = (𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ), 𝑄 ∈ ℍ𝐷 , 𝑥⃗ ∈ 𝑉ℝ } (19)
We can define the operation of addition and multiplication as below:
For ∀(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ), (𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 ) ∈ 𝑉ℍ𝐷 and  𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 ∈ ℍ𝐷 , we get
{

(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) ⊕ (𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 ) = (𝑤1 + 𝑣1 , 𝑤2 + 𝑣2 , 𝑤3 + 𝑣3 , 𝑤4 + 𝑣4 )
𝑄 ⊙ (𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) = (𝑞0 𝑤1 , 𝑞1 𝑤1 + 𝑞0 𝑤2 , 𝑞2 𝑤1 + 𝑞0 𝑤3 , 𝑞3 𝑤1 + 𝑞0 𝑤4 )

(20)

and
{

𝑖(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) = (0, 𝑤1 , 0,0), 𝑗(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) = (0,0, 𝑤1 , 0)
𝑘(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) = (0,0,0, 𝑤1 )

(21)

Thus, the dual quaternization VℍD is a module over dual quaternion ring. From now on, it will
be referred as dual quaternion module.
Note 3.1 By using the equations (20) and (21), we get the elements of 𝑉ℍ𝐷 formally like as
𝑤1 + 𝑤2 𝑖 + 𝑤3 𝑗 + 𝑤4 𝑘. Moreover, dual quaternion module 𝑉ℍ𝐷 is denoted by
𝑉ℍ𝐷 = 𝑉ℝ ⊕ 𝑉ℝ ⊕ 𝑉ℝ ⊕ 𝑉ℝ

(22)

Definition 3.2 Let 𝑉ℝ be real vector space and let 𝑉ℍ𝐷 be its dual quaternization. The function
𝑔ℍ𝐷 : 𝑉ℝ → 𝑉ℍ𝐷 , 𝑤 → (𝑤, 0,0,0) is called the standard embedding of 𝑉ℝ into 𝑉ℍ𝐷 .
Theorem 3.1 If {𝑒𝑡 } is a basis for real vector space 𝑉ℝ , then {(𝑒𝑡 , 0,0,0)} is a ℍ𝐷 - basis of
dual quaternion module 𝑉ℍ𝐷 , 1 ≤ 𝑡 ≤ 𝑛.
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Proof. If 𝑉ℝ = 0 , then it can be seen that 𝑉ℍ𝐷 = 0 from the equation (22).
Suppose that 𝑉ℝ is nonzero and its basis is {𝑒𝑡 }. Then, for 𝑤𝑖 (1 ≤ 𝑖 ≤ 4) of
(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) ∈ 𝑉ℍ𝐷 we can write
𝑤1 = ∑𝑛𝑡=1 𝑎𝑡 𝑒𝑡 , 𝑤2 = ∑𝑛𝑡=1 𝑏𝑡 𝑒𝑡 , 𝑤3 = ∑𝑛𝑡=1 𝑐𝑡 𝑒𝑡 , 𝑤4 = ∑𝑛𝑡=1 𝑑𝑡 𝑒𝑡

(23)

,where 𝑎𝑡 , 𝑏𝑡 , 𝑐𝑡 , 𝑑𝑡 are real numbers.
By using the equations (21) and (23), for an element (𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) ∈ 𝑉ℍ𝐷 , we have
(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) = ∑𝑛𝑡=1(𝑎𝑡 + 𝑖𝑏𝑡 + 𝑗𝑐𝑡 + 𝑘𝑑𝑡 ) (𝑒𝑡 , 0,0,0)

(24)

So, we conclude that 𝑉ℍ𝐷 = 𝑆𝑝{(𝑒𝑡 , 0,0,0)}. From linearly independence of the {𝑒𝑡 } over
ℝ, {(𝑒𝑡 , 0,0,0)} is linearly independent over dual quaternion ℍ𝐷 .
Proposition 3.1 Let 𝑉ℝ and 𝑉′ℝ be real vector spaces. Every linear transformation 𝜑: 𝑉ℝ →
𝑉′ℝ extends in a unique way to ℍ𝐷 linear function 𝜑ℍ𝐷 : 𝑉ℍ𝐷 → 𝑉′ℍ𝐷 .
These transformations make the following diagram commutative, where 𝑔ℍ𝐷 and 𝑔′ℍ𝐷 are the
standard embedding of real vector spaces into their dual quaternizations, which is shown in
the Diagram 3:
𝑉ℝ

𝑔ℍ𝐷

𝑉ℍ𝐷

𝑉′ℝ

𝑔′ℍ𝐷

𝑉′ℍ𝐷

Diagram 3: Dual quaternization diagram of 𝑉ℝ
Theorem 3.2 If 𝜑: 𝑉ℝ → 𝑉′ℝ is a ℝ linear transformation, then its dual quaternization
𝜑ℍ𝐷 : 𝑉ℍ𝐷 → 𝑉′ℍ𝐷 is ℍ𝐷 -linear, so 𝜑ℍ𝐷 has kernel and image
Ker 𝜑ℍ𝐷 = (Ker𝜑)ℍ𝐷 and im𝜑ℍ𝐷 = (im𝜑)ℍ𝐷
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Remark 3.1 Suppose that 𝜑ℍ𝐷 : 𝑉ℍ𝐷 → 𝑉′ℍ𝐷 is dual quaternization of ℝ linear transformation
𝜑. If 𝜑 is an isomorphism, so is 𝜑ℍ𝐷 .
Definition 3.3 The dual quaternization with tensor product of a real vector space is defined by
𝑄 ⊗ 𝑥⃗ = 1 ⊗ 𝑤1 + 𝑖 ⊗ 𝑤2 + 𝑗 ⊗ 𝑤3 + 𝑘 ⊗ 𝑤4

(25)

where 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 ∈ ℍ𝐷 , 𝑥⃗ ∈ 𝑉ℝ and (𝑞𝑖−1 𝑥⃗ = 𝑤𝑖 , 1 ≤ 𝑖 ≤ 4).
Thus, for the set of dual quaternization with tensor product we have
ℍ𝐷 ⊗ℝ 𝑉ℝ = {𝑄 ⊗ 𝑥⃗ = 1 ⊗ 𝑤2 + 𝑗 ⊗ 𝑤3 + 𝑘 ⊗ 𝑤4 |𝑄 ∈ ℍ𝐷 , 𝑥⃗ ∈ 𝑉ℝ }.

(26)

Definition 3.4 Let ℍ𝐷 ⊗ℝ 𝑉ℝ be the dual quaternization of real vector space. The function
𝐺ℍ𝐷 : 𝑉ℝ → ℍ𝐷 ⊗ℝ 𝑉ℝ , 𝑤 → 1ℍ𝐷 ⊗ 𝑤 will be called the standard embedding of 𝑉ℝ into
ℍ𝐷 ⊗ℝ 𝑉ℝ .
Theorem 3.3 The dual quaternization ℍ𝐷 ⊗ℝ 𝑉ℝ is a module on dual quaternions ring ℍ𝐷
with the following operations: ∀𝑥⃗, 𝑦⃗ ∈ 𝑉ℝ , ∀𝑄 ∈ ℍ𝐷
(1ℍ𝐷 ⊗ 𝑥⃗) + (1ℍ𝐷 ⊗ 𝑦⃗) = 1ℍ𝐷 ⊗ (𝑥⃗ + 𝑦⃗)
𝑄 ⊙ (1ℍ𝐷 ⊗ 𝑥⃗) = 1ℍ𝐷 ⊗ 𝑄. 𝑥⃗.

(27)
(28)

The constructions of both 𝑉ℍ𝐷 and ℍ𝐷 ⊗ℝ 𝑉ℝ from 𝑉ℝ could be two different ways of
thinking about the same thing.
Theorem 3.4 Let 𝑉ℍ𝐷 and ℍ𝐷 ⊗ℝ 𝑉ℝ be two quaternionizations of 𝑉ℝ , then there is a unique
isomorphism as following:
𝑓: 𝑉ℍ𝐷 → ℍ𝐷 ⊗ℝ 𝑉ℝ ,(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ) → 1 ⊗ 𝑤1 + 𝑖 ⊗ 𝑤2 + 𝑗 ⊗ 𝑤3 + 𝑘 ⊗ 𝑤4

(29)

Proof. It is clear that 𝑓 is linear function. Now, we defined an inverse transformation 𝑔 as
follows:
𝑔: ℍ𝐷 ⊗ℝ 𝑉ℝ → 𝑉ℍ𝐷
1ℍ𝐷 ⊗ 𝑤 → (𝑤, 0,0,0)

(30)
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𝑉ℝ

𝑔ℍ𝐷

𝐺ℍ𝐷

𝑉ℍ𝐷

ℍ𝐷 ⊗ℝ 𝑉ℝ

Diagram 4: Embedding diagram of dual quaternization
It is clear that 𝑔 is linear function on ℍ𝐷 for all dual quaternions 𝑄 and 𝑄′, so we get
𝑔(𝑄 ′ ⊙ (𝑄 ⊗ 𝑤)) = 𝑔(𝑄 ′ 𝑄 ⊗ 𝑤) = 𝑄 ′ 𝑄(𝑤, 0,0,0) = 𝑄′ ⊙ 𝑔(𝑄 ⊗ 𝑤)
Also, we obtain for the functions 𝑓 and 𝑔,
𝑓(𝑔(𝑄 ⊗ 𝑤)) = 𝑄 ⊗ 𝑤 and 𝑔(𝑓(𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 )) = (𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 ).

(31)

Consequently, 𝑓 ∘ 𝑔 = 𝐼, that is 𝑓 is invertible and we have the isomorphism
𝑉ℍ𝐷 ≅ ℍ𝐷 ⊗ℝ 𝑉ℝ .
4. SEMI NORM STRUCTURE ON DUAL QUATERNION MODULE
In section 3, we introduced the notation dual quaternion module via two different ways. We
know the elements of dual quaternionization are defined as 𝑤 = 𝑤1 + 𝑤2 𝑖 + 𝑤3 𝑗 + 𝑤4 𝑘. So,
the purpose of this section is to give normed space and its some properties.
Definition 4.1 A mapping ‖. ‖: 𝑉ℍ𝐷 → ℝ is called a norm on the set 𝑉ℍ𝐷 if the following
conditions are satisfied for all 𝑤, 𝑣 ∈ 𝑉ℍ𝐷 and 𝜆 ∈ ℍ𝐷
𝑁1)‖𝑤‖ ≥ 0
𝑁2)‖𝜆𝑤‖ = |𝜆|‖𝑤‖
𝑁3)‖𝑤 + 𝑣‖ ≤ ‖𝑤‖ + ‖𝑣‖.
If, in addition, ‖𝑤‖ = 0 for all 𝑤 ≠ 0, then ‖. ‖ is called semi norm. Then, 𝑉ℍ𝐷 is called semi
normed dual quaternion module.

194

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

Theorem 4.1 Let 𝑉ℝ be a real normed space. Then ℍ𝐷 ⊗ℝ 𝑉ℝ is a semi normed dual
quaternion module.
Proof. By using the isomorphism between 𝑉ℍ𝐷 and ℍ𝐷 ⊗ℝ 𝑉ℝ , we can write for the norm on
ℍ𝐷 ⊗ℝ 𝑉ℝ
‖𝑄 ⊗ 𝑥⃗‖ = ‖𝑄. 𝑥⃗‖ = ‖𝑄‖‖𝑥⃗‖ = |𝑞0 |‖𝑥⃗‖

(32)

,where 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 ∈ ℍ𝐷 and 𝑥⃗ ∈ 𝑉ℝ .
Thus, we can easily check the semi normed conditions,
𝑁1)‖𝑄 ⊗ 𝑥⃗‖ = |𝑞0 |‖𝑥⃗‖ ≥ 0.
𝑁2)‖𝜆(𝑄 ⊗ 𝑥⃗)‖ = ‖𝜆𝑄 ⊗ 𝑥⃗‖ = ‖𝜆𝑄‖‖𝑥⃗‖ = ‖𝜆‖‖𝑄‖‖𝑥⃗‖ = ‖𝜆‖‖𝑄 ⊗ 𝑥⃗‖.
𝑁3)For 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘, 𝑃 = 𝑝0 + 𝑝1 𝑖 + 𝑝2 𝑗 + 𝑝3 𝑘 ∈ ℍ𝐷 ,
‖𝑄 ⊗ 𝑥⃗ + 𝑃 ⊗ 𝑥⃗‖ = ‖(𝑄 + 𝑃) ⊗ 𝑥⃗‖ = |𝑞0 + 𝑝0 |‖𝑥⃗‖ ≤ (|𝑞0 | + |𝑝0 |)‖𝑥⃗‖ = ‖𝑄 ⊗ 𝑥⃗‖ +
‖𝑃 ⊗ 𝑥⃗‖.
Also, the following conditions is easily obtained,





If ‖𝑄 ⊗ 𝑥⃗‖ = |𝑞0 |‖𝑥⃗‖ = 0, then 𝑞0 = 0 or ‖𝑥⃗‖ = 0
If ‖𝑥⃗‖ = 0 ⇒ 𝑥⃗ = 0 and 𝑄 ⊗ 𝑥⃗ = 0
If 𝑞0 = 0 ⇒ 𝑄 = 𝑞0 + 𝑞1 𝑖 + 𝑞2 𝑗 + 𝑞3 𝑘 ≠ 0 and 𝑄 ⊗ 𝑥⃗ ≠ 0.
Conversely, it can be seen that 𝑄 ⊗ 𝑥⃗ ≠ 0 or ‖𝑄 ⊗ 𝑥⃗‖ ≠ 0.

Then, dual quaternion module ℍ𝐷 ⊗ℝ 𝑉ℝ is a semi normed dual quaternion module.
Definition 4.2 Let 𝑉ℍ𝐷 be semi normed dual quaternion module. If every Cauchy sequence in
𝑉ℍ𝐷 is convergence, then 𝑉ℍ𝐷 is said to be Banach dual quaternion module or complete.
5. SEMI HILBERT STRUCTURE ON DUAL QUATERNION MODULE
Definition 5.1 A semi-inner product on a dual quaternion module 𝑉ℍ𝐷 is a mapping
〈. , . 〉: 𝑉ℍ𝐷 × 𝑉ℍ𝐷 → ℍ𝐷 , (𝑣, 𝑤) → 〈𝑣, 𝑤〉 if it satisfies the following conditions, for all
𝑣, 𝑤 ∈ 𝑉ℍ𝐷 and for all 𝑎, 𝑏 ∈ ℍ𝐷 we have
𝑃1)〈𝑣, 𝑣〉 ≥ 0
𝑃2)〈𝑣 + 𝑤, 𝑢〉 = 〈𝑣, 𝑢〉 + 〈𝑤, 𝑢〉
̅̅̅̅̅̅̅̅
𝑃3)〈𝑣, 𝑤〉 = 〈𝑤,
𝑣〉
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𝑃4)〈𝑎𝑣, 𝑤𝑏〉 = 𝑎̅〈𝑣, 𝑤〉𝑏
Therefore, the mapping 〈. , . 〉 will be called dual quaternion valued semi inner product on
𝑉ℍ𝐷 .
If 𝑉ℍ𝐷 is complete under the given norm ‖𝑤‖ = √|〈𝑤, 𝑤〉| for all 𝑤 ∈ 𝑉ℍ𝐷 , then 𝑉ℍ𝐷 is
called semi Hilbert dual quaternion module.
Proposition 5.1 Let 𝑉ℍ𝐷 be real Hilbert space. 𝑉ℍ𝐷 = ℍ𝐷 ⊗ℝ 𝑉ℝ is semi Hilbert dual
quaternion module with the inner product defined by
〈. , . 〉: (ℍ𝐷 ⊗ℝ 𝑉ℝ ) × (ℍ𝐷 ⊗ℝ 𝑉ℝ ) → ℍ𝐷
(𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦) → 〈𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦〉 = 𝑄̅ 〈𝑥, 𝑦〉𝑉ℝ 𝑃
Proof. The following inner product conditions can be proved for all 𝑄, 𝑃, 𝑅 ∈ ℍ𝐷 and for all
𝑥⃗, 𝑦⃗ ∈ 𝑉ℝ
𝑃1 ) 〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 = 𝑄̅ 〈𝑥, 𝑥〉𝑄 = 𝑄̅ ‖𝑥‖2 𝑄 = ‖𝑥‖2 ‖𝑄‖2 = ‖𝑥‖2 |𝑞0 | ≥ 0
̅̅̅̅̅̅̅̅̅̅
+ 𝑅)〈𝑥⃗, 𝑦⃗〉𝑃
P2) 〈𝑄 ⊗ 𝑥⃗ + 𝑅 ⊗ 𝑥⃗, 𝑃 ⊗ 𝑦⃗〉 = 〈(𝑄 + 𝑅) ⊗ 𝑥⃗, 𝑃 ⊗ 𝑦⃗〉 = (𝑄
= 𝑄̅ 〈𝑥⃗, 𝑦⃗〉𝑃 + 𝑅̅ 〈𝑥⃗, 𝑦⃗〉𝑃
= 〈𝑄 ⊗ 𝑥⃗, 𝑃 ⊗ 𝑦⃗〉 + 〈𝑅 ⊗ 𝑥⃗, 𝑃 ⊗ 𝑦⃗〉
̅̅̅̅̅̅̅̅̅̅̅
̅ 〈𝑥⃗, 𝑦⃗〉𝑃 = 𝑃̅ 〈𝑦, 𝑥〉𝑄 = 〈𝑃 ⊗ 𝑦⃗, 𝑄 ⊗ 𝑥⃗〉
〈𝑄 ⊗ 𝑥⃗, 𝑃 ⊗ 𝑦⃗〉 = 𝑄
𝑃3) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅〈𝑥⃗, 𝑦⃗〉𝑏𝑃 = 𝑄̅ 𝑎̅〈𝑥, 𝑦〉𝑃𝑏 =
𝑃4)〈𝑎(𝑄 ⊗ 𝑥⃗), 𝑏(𝑃 ⊗ 𝑦⃗)〉 = 〈𝑎𝑄 ⊗ 𝑥⃗, 𝑏𝑃 ⊗ 𝑦⃗〉 = 𝑎𝑄
𝑎̅〈𝑄 ⊗ 𝑥⃗, 𝑃 ⊗ 𝑦⃗〉𝑏, for all 𝑎, 𝑏 ∈ ℍ𝐷 .
The following conditions are also satisfied:
〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 = 𝑄̅ 〈𝑥, 𝑥〉𝑄 = ‖𝑥‖2 |𝑞0 |2 = 0. Then we get ‖𝑥‖ = 0 or |𝑞0 | = 0.
If ‖𝑥⃗‖ = 0, then 𝑥⃗ = 0 and 𝑄 ⊗ 𝑥⃗ = 0; otherwise if ‖𝑞0 ‖ = 0 then for 𝑄 ≠ 0, 𝑄 ⊗ 𝑥⃗ ≠ 0.
So, 𝑉ℍ𝐷 is an dual quaternion valued semi inner product module.
Now it’s proved that 𝑉ℍ𝐷 is a complete dual quaternion module with respect to defined inner
product.
Let {𝑄 ⊗ 𝑥𝑛 } is a Cauchy sequence in 𝑉ℍ𝐷 .
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We want to show that for ∀𝜀 > 0, there exists a natural number 𝑁 such that if 𝑛, 𝑚 ≥ 𝑁 then
‖𝑄 ⊗ 𝑥𝑛 − 𝑄 ⊗ 𝑥𝑚 ‖ < 𝜀.
Since
‖𝑄 ⊗ (𝑥𝑛 − 𝑥𝑚 )‖2 = 〈𝑄 ⊗ (𝑥𝑛 − 𝑥𝑚 ), 𝑄 ⊗ (𝑥𝑛 − 𝑥𝑚 )〉 < 𝜀 2 .

(33)

We obtain,
𝑄̅ 〈(𝑥𝑛 − 𝑥𝑚 ), (𝑥𝑛 − 𝑥𝑚 )〉𝑄 = 𝑄̅ ‖𝑥𝑛 − 𝑥𝑚 ‖2 𝑄 = ‖𝑥𝑛 − 𝑥𝑚 ‖2 ‖𝑄‖2 < 𝜀 2 .

(34)

Then we get for 𝜂 > 0
𝜀

‖𝑥𝑛 − 𝑥𝑚 ‖‖𝑄‖ < 𝜀 ⇒ ‖𝑥𝑛 − 𝑥𝑚 ‖ <
= 𝜂,
|𝑞 |

(35)

0

Then {𝑥𝑛 } is a Cauchy sequence in 𝑉ℝ . Since 𝑉ℝ is a Hilbert space, {𝑥𝑛 } is convergence. In
other words, for all 𝛿1 > 0, there exists 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁, ‖𝑥𝑛 − 𝑥‖ < 𝛿1 .
We want to show that Cauchy sequence {𝑄 ⊗ 𝑥𝑛 } is convergence, that is, there exists 𝑁 ∈ ℕ
such that for all 𝑛 ≥ 𝑁, ‖𝑄 ⊗ 𝑥𝑛 − 𝑄 ⊗ 𝑥‖ < 𝜀. Then we can write
‖𝑄 ⊗ 𝑥𝑛 − 𝑄 ⊗ 𝑥‖ = ‖𝑄 ⊗ (𝑥𝑛 − 𝑥)‖ = ‖𝑄‖‖𝑥𝑛 − 𝑥‖

(36)

and
‖𝑥𝑛 − 𝑥𝑚 ‖ = ‖𝑥𝑛 − 𝑥 + 𝑥 − 𝑥𝑚 ‖ ≤ ‖𝑥𝑛 − 𝑥‖ + ‖𝑥𝑚 − 𝑥‖ <

𝜀
|𝑞0 |

.

(37)

If we take as ‖𝑥𝑛 − 𝑥‖ = 𝛿1 and ‖𝑥𝑛 − 𝑥‖ = 𝛿2 , by using the equation (37) we have
𝛿1 + 𝛿2 <

𝜀
|𝑞0 |

From the equation (36), we obtain
‖𝑄 ⊗ 𝑥𝑛 − 𝑄 ⊗ 𝑥‖ = ‖𝑄 ⊗ (𝑥𝑛 − 𝑥)‖ = ‖𝑄‖‖𝑥𝑛 − 𝑥‖ < |𝑞0 |

𝜀
|𝑞0 |

= 𝜀.

Then, Cauchy sequence {𝑄 ⊗ 𝑥𝑛 } is complete. This implies that 𝑉ℍ𝐷 is a complete inner
product dual quaternion module, that is 𝑉ℍ𝐷 is semi Hilbert dual quaternion module.
Proposition 5.2 Let 𝑉ℍ𝐷 be an inner product module with norm ‖𝑥‖ = √〈𝑥, 𝑥〉, then ‖𝑄 ⊗
𝑥‖ = √〈𝑄, 𝑄〉〈𝑥, 𝑥〉 define a semi norm on 𝑉ℍ𝐷 , for all 𝑥 ∈ 𝑉ℝ , 𝑄 ∈ ℍ𝐷 .
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Proof. By using the equation (32), one can obtain the following result which will be used for
checking the conditions of the norm
‖𝑄 ⊗ 𝑥‖ = √〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 = |𝑞0 |‖𝑥‖ = √〈𝑞0 , 𝑞0 〉√〈𝑥, 𝑥〉
𝑁1)‖𝑄 ⊗ 𝑥‖2 = 〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 = 〈𝑞0 , 𝑞0 〉〈𝑥, 𝑥〉 ≥ 0.
𝑁2)‖𝜆(𝑄 ⊗ 𝑥)‖2 = 〈𝜆𝑄 ⊗ 𝑥, 𝜆𝑄 ⊗ 𝑥〉 = 〈𝜆, 𝜆〉〈𝑄, 𝑄〉〈𝑥, 𝑥〉 = ‖𝜆‖2 ‖𝑄 ⊗ 𝑥‖2
If its square root is taken, then the following equation is obtained :
‖𝜆(𝑄 ⊗ 𝑥)‖ = ‖𝜆‖‖𝑄 ⊗ 𝑥‖.
𝑁3)‖𝑄 ⊗ 𝑥 + 𝑃 ⊗ 𝑦‖2 = 〈𝑄 ⊗ 𝑥 + 𝑃 ⊗ 𝑦, 𝑄 ⊗ 𝑥 + 𝑃 ⊗ 𝑦〉
= 〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 + 〈𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦〉 + 〈𝑃 ⊗ 𝑦, 𝑄 ⊗ 𝑥〉 +
〈𝑃 ⊗ 𝑦, 𝑃 ⊗ 𝑦〉
〈𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦〉 +
= 〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 + 〈𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦〉 + ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
〈𝑃 ⊗ 𝑦, 𝑃 ⊗ 𝑦〉
= ‖𝑄 ⊗ 𝑥‖2 + ‖𝑃 ⊗ 𝑦‖2 + 2Re(〈𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦〉)
≤ ‖𝑄 ⊗ 𝑥‖2 + ‖𝑃 ⊗ 𝑦‖2 + 2Re|〈𝑄 ⊗ 𝑥, 𝑃 ⊗ 𝑦〉|
≤ ‖𝑄 ⊗ 𝑥‖2 + ‖𝑃 ⊗ 𝑦‖2 + 2‖𝑄 ⊗ 𝑥‖‖𝑃 ⊗ 𝑦‖ = (‖𝑄 ⊗ 𝑥‖ +
‖𝑃 ⊗ 𝑦‖)2
Then we get, ‖𝑄 ⊗ 𝑥 + 𝑃 ⊗ 𝑦‖ ≤ ‖𝑄 ⊗ 𝑥‖ + ‖𝑃 ⊗ 𝑦‖.
If ‖𝑄 ⊗ 𝑥‖2 = 〈𝑄 ⊗ 𝑥, 𝑄 ⊗ 𝑥〉 = 〈𝑞0 , 𝑞0 〉〈𝑥, 𝑥〉 = 0 for all 𝑄 ⊗ 𝑥 ∈ 𝑉ℍ𝐷 , then 𝑞0 or 𝑥 is
zero. If 𝑞0 = 0 then, 𝑄 can be nonzero. So, we get 𝑄 ⊗ 𝑥 ≠ 0 and ‖𝑄 ⊗ 𝑥‖ = √〈𝑄, 𝑄〉〈𝑥, 𝑥〉
define a semi norm.
Examples 5.1
1- The simplest example is ℍ𝐷 . If 𝑉ℝ = ℝ, then 𝑉ℍ𝐷 = ℍ𝐷 . It is clear that ℍ𝐷 is itself a
dual quaternion module. Also, 𝑉ℍ𝐷 = ℍ𝐷 is a semi normed dual quaternion module
with the norm ‖𝑄‖ = |𝑞0 | and a semi Hilbert dual quaternion module with inner
product 〈𝑃, 𝑄〉 = 𝑃̅𝑄.
198

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

2- If we take 𝑉ℝ = ℝ𝑛 , then its dual quaternization is 𝑉ℍ𝐷 = ℍ𝑛 𝐷 .
𝑉ℍ𝐷 = ℍ𝑛 𝐷 is a semi normed dual quaternion module with norm
𝑛

1

‖𝑄‖ = [∑𝑡=1‖𝑄𝑡 ‖2 ]2 . Also, 𝑉ℍ𝐷 = ℍ𝑛 𝐷 is a semi Hilbert dual quaternion module
with inner product

𝑛
〈𝑃, 𝑄〉 = ∑𝑡=1 𝑃̅𝑡 𝑄𝑡 .
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ABSTRACT
In this research, we study the eigenvalues, lying in a single resonance domain, of Schrödinger
operator with a shifted potential, that is, it is defined by the differential expression
L(a, q)u ( x)  u ( x)  q( x  a )u ( x)

and the Neumann boundary condition
u
 0 , in L2 ( F (a)) ,
n F ( a )

where F (a ) denotes the boundary of the shifted domain F (a)   a1,   a1    a2 ,   a2  ,

denotes the differentiation
n
along the outward normal n of F (a ) . Using the same approach as in the paper (Karakılıç,
Veliev, & Atılgan, 2005), we achieve some technical details and obtain the asymptotic
formulas for these eigenvalues.
x  R 2 , a  (a1 , a2 )  R 2 ,  is the Laplace operator in 𝑅 2 ,

Key words: Schrödinger operator, Neumann condition, shifted potential, resonance
eigenvalues, perturbation theory.
INTRODUCTION
Let Ω ≡ {∑2𝑖=1 𝑚𝑖 𝑤𝑖 ∶ 𝑚𝑖 ∈ 𝑍, 𝑖 = 1,2} be a lattice in 2-dimensional Euclidean space 𝑅 2 with
the reduced basis
𝑤1 = (π, 0), 𝑤2 = (0, π)
And let Γ ≡ {∑2𝑖=1 𝑛𝑖 𝛽𝑖 : 𝑛𝑖 ∈ 𝑍, 𝑖 = 1,2} be the dual lattice of Ω, where 〈𝑤𝑖 , 𝛽𝑗 〉 = 2𝜋𝛿𝑖𝑗 , 〈. , . 〉
is the inner product in 𝑅 2 and 𝐹 ≡ [0, π] × [0, π] is the fundamental domain of the lattice Ω.
We consider in L2 ( F (a)) the 2-dimensional Schrödinger operator
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L(a, q)u ( x)  u ( x)  q( x  a )u ( x)

(1)

with a shifted potential q ( x  a ) and the Neumann boundary condition
u
 0.
n F ( a )

(2)

Here F (a ) denotes the boundary of the shifted domain F (a)   a1,   a1    a2 ,   a2  ,

x  ( x1, x2 )  R2 , a  (a1 , a2 )  R 2 ,  is the Laplace operator in R2 ,


denotes the
n

differentiation along the outward normal n of F (a ) .
In papers (Veliev, 1983; Veliev & Molchanov, 1985; Veliev, 1987; 1988; 2001) for the first
time the asymptotic formulas for the eigenvalues of the Schrödinger operator in parallelepiped
with quasiperiodic boundary conditions are established. The studies (Feldman, Knorrer &
Trubowitz, 1990; 1991; Karpeshina, 1992; 1996) present another approach, based on the
determination of some other asymptotic formulas for quasiperiodic boundary conditions in
two and three dimensional cases. The asymptotic formulas for the eigenvalues of the
Schrödinger operator with periodic boundary conditions are obtained in (Friedlanger, 1990)
and with Dirichlet boundary conditions in two dimensional case are obtained in (Hald &
McLaughlin, 1996).
The research (Atılgan, Karakılıç, & Veliev, 2002) based on the asymptotic formulas of
arbitrary order for the non-resonance eigenvalues of the Schrödinger operators with Dirichlet
and Neumann boundary conditions. Continuation of this study, in (Karakılıç at. al., 2005), the
same authors analyze the resonance case and determine the asymptotic formulas for the
resonance eigenvalues of the Schrödinger operators with Dirichlet and Neumann boundary.
In this study we use the same approach as in the papers (Atılgan at. al., 2002), (Karakılıç at.
al., 2005) to find the asymptotic behaviours of the resonance eigenvalues of the Schrödinger
operator with a shifted potential.
We denote the eigenvalues and the corresponding eigenfunctions of L(a, q) by Λ 𝑁 (𝑎) and
Ψ𝑁 (𝑎), respectively. The eigenvalues of the unperturbed operator L(a, 0) are |𝛾|2 for
Γ

𝛾 ∈ 2 = Ζ 2 . The normalized eigenfunctions of the operator L(a, 0) correspond to the
eigenvalues |𝛾|2 are
𝑣𝛾 (𝑥 + 𝑎) = cos𝛾 1 (𝑥1 + 𝑎1 )cos𝛾 2 (𝑥2 + 𝑎2 ),

(3)
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Γ

where 𝛾 = (𝛾 1 , 𝛾 2 ) ∈ 2 = Ζ 2 .
Since the orthogonal system {𝑣𝛾′ (𝑥 + 𝑎)}𝛾′ ∈Γ , is a basis in 𝐿2 (𝐹(𝑎)), using the Shifting
2

Theorem, the potential 𝑞(𝑥 + 𝑎) in (1) can be written as
𝑞(𝑥 + 𝑎) = ∑𝛾′ ∈Γ 𝑞𝛾′ 𝑣𝛾′ (𝑥 + 𝑎),

(4)

2

Γ

where 𝑞𝛾′ is the Fourier coefficient of 𝑞(𝑥) with respect to the basis 𝑣𝛾′ (𝑥), 𝛾 ′ ∈ 2. Without
loss of generality we can assume 𝑞0 = 0.
In this study, we assume that the Fourier coefficients 𝑞𝛾′ satisfy the condition
∑𝛾′ ∈Γ |𝑞𝛾′ |2 (1 + |𝛾 ′ |2𝑙 ) < ∞,

(5)

2

where 𝑙 >

(𝑑−1)(𝑑+20)
2

+ 𝑑 + 1. So we have the following expression
𝑞(𝑥 + 𝑎) = ∑𝛾′ ∈Γ(𝜌𝛼) 𝑞𝛾′ 𝑣𝛾′ (𝑥 + 𝑎) + 𝑂(𝜌−𝑝𝛼 ),
Γ

(6)

1

where 𝑝 = 𝑙 − 𝑑, Γ(𝜌𝛼 ) = {𝛾 ∈ 2 : 0 < |𝛾| < 𝜌𝛼 }, 𝛼 < (𝑑+20) and 𝜌 is a large parameter.
Remark 1 Notice that, if 𝑞(𝑥 + 𝑎) is sufficiently smooth (𝑞(𝑥 + 𝑎) ∈ 𝑊2𝑙 (𝐹(𝑎))) and the
𝜕𝑞

𝜕𝑞

𝜕𝑞

support of 𝑔𝑟𝑎𝑑𝑞(𝑥 + 𝑎) = (𝜕𝑥 , 𝜕𝑥 , . . . , 𝜕𝑥 ) for 𝑑 ≥ 2 is contained in the interior of the
1

2

𝑑

domain 𝐹(𝑎), then 𝑞(𝑥 + 𝑎) satisfies the condition (5).
As in the papers (Veliev, 1988, 2001), we divide the eigenvalues |𝛾|2 for |𝛾| ∼ 𝜌 of the
Laplace operator into two groups, where |𝛾| ∼ 𝜌 means that 𝑐1 𝜌 < |𝛾| < 𝑐2 𝜌 and by 𝑐𝑖 ,
𝑖 = 1,2, . .., we denote the positive independent on 𝜌 constants whose exact values are
inessential. For this, we let 𝛼𝑘 = 3𝑘 𝛼, 𝑘 = 1,2, … and introduce the following notations and
definitions:
𝑀 = ∑𝛾′ ∈Γ |𝑞𝛾′ |,

(7)

2

𝑉𝑏 (𝜌𝛼1 ) = {𝑥 ∈ 𝑅 2 : ||𝑥|2 − |𝑥 + 𝑏|2 | < 𝜌𝛼1 },𝐸1 (𝜌𝛼1 , 𝑝) = ⋃𝑏∈Γ(𝑝𝜌𝛼) 𝑉𝑏 (𝜌𝛼1 ),
𝑈(𝜌𝛼1 , 𝑝) = 𝑅 2 \𝐸1 (𝜌𝛼1 , 𝑝),𝐸2 (𝜌𝛼2 , 𝑝) = ⋃𝛾1 ,𝛾2 ∈Γ(𝑝𝜌𝛼) (𝑉𝛾1 (𝜌𝛼2 ) ∩ 𝑉𝛾2 (𝜌𝛼2 )),
where the intersection 𝑉𝛾1 (𝜌𝛼2 ) ∩ 𝑉𝛾2 (𝜌𝛼2 ) in 𝐸2 is taken over linearly independent vectors
𝛾1 , 𝛾2 and the length of 𝛾𝑖 is not greater than the length of the other vectors in Γ ∩ 𝛾𝑖 𝑅, 𝑖 =
1,2. The set 𝑈(𝜌𝛼1 , 𝑝) is said to be a non-resonance domain, and the eigenvalue |𝛾|2 is called
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a non-resonance eigenvalue if 𝛾 ∈ 𝑈(𝜌𝛼1 , 𝑝). The domains 𝑉𝑏 (𝜌𝛼1 ), for all 𝑏 ∈ Γ(𝑝𝜌𝛼 ) are
called resonance domains and the eigenvalue |𝛾|2 is a resonance eigenvalue if 𝛾 ∈ 𝑉𝑏 (𝜌𝛼1 ).
As noted in (Veliev, 2001), the domain 𝑉𝑏 (𝜌𝛼1 )\𝐸2, called a single resonance domain, has
asymptotically full measure on 𝑉𝑏 (𝜌𝛼1 ), that is
𝜇((𝑉𝑏 (𝜌𝛼1 )\𝐸2 ) ⋂ 𝐵(𝜌))
𝜇(𝑉𝑏 (𝜌𝛼1 ) ⋂ 𝐵(𝜌))

→ 1,𝑎𝑠𝜌 → ∞,

where 𝐵(𝜌) = {𝑥 ∈ 𝑅 𝑑 : |𝑥| = 𝜌}, if
2𝛼2 − 𝛼1 + (𝑑 + 3)𝛼 < 1and𝛼2 > 2𝛼1 ,
hold. Since 𝛼 <

1

(8)

, the conditions in (8) hold.

𝑑+20

In the study (Karakılıç at. al., 2005) the perturbation of the resonance eigenvalues |𝛾|2 , i.e.,
𝜋

when 𝛾 ∈ 𝑉𝛿 (𝜌𝛼1 )\𝐸2 , where 𝛿 is from {𝑒1 , 𝑒2 , … , 𝑒𝑑 } and 𝑒1 = (𝑎 , 0, . . . ,0), 𝑒2 =
𝜋

1

𝜋

(0, 𝑎 , 0, . . . ,0), ⋯, 𝑒𝑑 = (0, . . . ,0, 𝑎 ) has been investigated.
2

𝑑

Asymptotic Formulas for the Resonance Eigenvalues
For the sake of simplicity, we assume that Ω = π𝑍 2 ,

Γ
2

= Ζ2.

We shall consider in this study the single resonance domain
𝑉𝛿 (𝜌𝛼1 )\𝐸2 when 𝛿 = (0,1) = 𝑒2.
Using the same technical details, we obtain the asymptotic formulas for these eigenvalues.
Now let 𝐻𝛿 = {𝑥 ∈ 𝑅 2 : 〈𝑥, 𝛿〉 = 0} be the hyperplane which is orthogonal to 𝛿. Then, we
define the following sets
Ω𝛿 = {𝑤 ∈ Ω: 〈𝑤, 𝛿〉 = 0} = Ω ⋂ 𝐻𝛿 ,
Γ

Γ

Γ𝛿 = {𝛾 ∈ 2 : 〈𝛾, 𝛿〉 = 0} = 2 ⋂ 𝐻𝛿 .
Γ

Clearly, for all 𝛾 ∈ 2, we have the following decomposition
𝛾 = 𝑗𝛿 + 𝛽,𝛽 ∈ Γ𝛿 ,𝑗 ∈ 𝑍.

(9)

We write the decomposition (4) of 𝑞(𝑥 + 𝑎) as follows
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𝑞(𝑥 + 𝑎) = ∑𝛾′ ∈Γ 𝑞𝛾′ 𝑣𝛾′ (𝑥 + 𝑎) = 𝑞 𝛿 (𝑥 + 𝑎) + ∑𝛾∈Γ\𝛿𝑅 𝑞𝛾 𝑣𝛾 (𝑥 + 𝑎),
2

(10)

2

where 𝑞 𝛿 (𝑥 + 𝑎) ≡ 𝑄(𝑠 + 𝑎2 ) = ∑𝑛∈𝑍 𝑞𝑛𝛿 𝑣𝑛𝛿 (𝑥 + 𝑎)
= ∑𝑛∈𝑍 𝑞𝑛𝛿 [cos𝑛𝑠cos𝑛𝑎2 − sin𝑛𝑠sin𝑛𝑎2 ]
= ∑𝑛∈𝑍 𝑞𝑛𝛿 cos𝑛(𝑠 + 𝑎2 ),
𝑞𝑛𝛿 = ∫𝐹 𝑞(𝑥)cos𝑛〈𝑥, 𝛿〉𝑑𝑥, 𝑠 = 〈𝑥, 𝛿〉 = 𝑥2 .
Now let's consider the operator 𝐿(a, 𝑞 𝛿 ) with the shifted directional potential 𝑞 𝛿 (𝑥 + 𝑎)
defined by the differential expression
𝐿𝑢 = −Δ𝑢 + 𝑞 𝛿 (𝑥 + 𝑎)𝑢
with the Neumann boundary condition

𝜕𝑢

|
𝜕𝑛 𝜕𝐹(𝑎)

(11)

= 0.

It can be easily verified using the separation of variables method that the eigenvalues and the
normalized eigenfunctions of 𝐿(a, 𝑞 𝛿 ) are
𝜆𝑗,𝛽 (𝑎2 ) = 𝜇𝑗 (𝑎2 ) + |𝛽|2 and Θ𝑗,𝛽 (𝑠 + 𝑎2 ) = 𝜑𝑗 (𝑠 + 𝑎2 )𝑣𝛽 (𝑥 + 𝑎),
respectively, where 𝛽 ∈ Γ𝛿 , 𝜇𝑗 (𝑎2 ) is the eigenvalue and 𝜑𝑗 (𝑠 + 𝑎2 ) is the corresponding
eigenfunction of the Sturm-Liouville operator 𝑇𝑎𝛿 (𝑄(𝑠 + 𝑎2 )) defined by the differential
expression
𝑇𝑦(𝑠) = −𝑦 ′′ (𝑠) + 𝑄(𝑠 + 𝑎2 )𝑦(𝑠)

(12)

in [−𝑎2 , 𝜋 − 𝑎2 ] with the Neumann boundary conditions 𝑦 ′ (−𝑎2 ) = 𝑦 ′ (𝜋 − 𝑎2 ) = 0.
The eigenvalues of the operator 𝑇𝑎𝛿 (0) are |𝑗𝛿|2 with the corresponding eigenfunctions
cos𝑗(𝑠+𝑎2 ). It is well known that the eigenvalue 𝜇𝑗 (𝑎2 ) of 𝑇𝑎𝛿 (𝑄(𝑠 + 𝑎2 )) such that
|𝜇𝑗 (𝑎2 ) − |𝑗𝛿|2 | < sup𝑄(𝑠 + 𝑎2 ) together with the corresponding eigenfunction 𝜑𝑗 (𝑠 + 𝑎2 )
of 𝑇𝑎𝛿 (𝑄(𝑠 + 𝑎2 )) satisfy the following relations
1

1

𝜇𝑗 (𝑎2 )  = |𝑗𝛿|2 + 𝑂(|𝑗𝛿|),𝜑𝑗 (𝑠 + 𝑎2 ) = cos𝑗(𝑠 + 𝑎2 ) + 𝑂(|𝑗𝛿|).

(13)

By the first equation in (13), the eigenvalue |𝛾|2 = |𝛽|2 + |𝑗𝛿|2 of L(a, 0), corresponds the
eigenvalue |𝛽|2 + 𝜇𝑗 (𝑎2 ) of 𝐿(a, 𝑞 𝛿 ). Now we prove that there exists an eigenvalue Λ 𝑁 (𝑎) of
L(a, 𝑞) close to the eigenvalue |𝛽|2 + 𝜇𝑗 (𝑎2 ) of 𝐿(a, 𝑞 𝛿 ). For this we use the binding formula
for L(a, 𝑞) and 𝐿(a, 𝑞 𝛿 )
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(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))(Ψ𝑁 , Θ𝑗,𝛽 (𝑠 + 𝑎2 )) = (Ψ𝑁 , (𝑞(𝑥 + 𝑎) − 𝑞 𝛿 (𝑥 + 𝑎)) Θ𝑗,𝛽 (𝑠 + 𝑎2 )), (14)
where (. , . ) is the inner product in 𝐿2 (𝐹(𝑎)).
As in the non-resonance case, we decompose (𝑞(𝑥 + 𝑎) − 𝑞 𝛿 (𝑥 + 𝑎))Θ𝑗,𝛽 (𝑠 + 𝑎2 ) by
Θ𝑗′ ,𝛽′ (𝑠 + 𝑎2 ) then put these decompositions into (14). Writing (9) for every 𝛾1 ∈ Γ(𝜌𝛼 ) and
using (6), we have
𝛾1 = 𝑛1 𝛿 + 𝛽1 ,
𝑣𝛾1 (𝑥 + 𝑎) = 𝑣𝛽1 (𝑥 + 𝑎)cos𝑛1 (𝑥2 + 𝑎2 )
= 𝑣𝛽1 (𝑥 + 𝑎)cos𝑛1 (𝑠 + 𝑎2 ),
𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ) = ∑(𝛽1 ,𝑛1 )∈Γ′ (𝜌𝛼) 𝑑(𝛽1 , 𝑛1 )cos𝑛1 (𝑠 + 𝑎2 )𝑣𝛽1 (𝑥 + 𝑎) + 𝑂(𝜌−𝑝𝛼 ), (15)
where 𝛽1 ∈ Γ𝛿 , 𝑑(𝛽1 , 𝑛1 ) = ∫𝐹 𝑞(𝑥)(cos𝑛1 𝑠)𝑣𝛽1 (𝑥)𝑑𝑥 and
Γ ′ (𝜌𝛼 ) = {(𝛽1 , 𝑛1 ): 𝛽1 ∈ Γ𝛿 \{0}, 𝑛1 ∈ 𝑍, 𝑛1 𝛿 + 𝛽1 ∈ Γ(𝜌𝛼 )}.
The fact that 𝛾 = 𝑗𝛿 + 𝛽 ∈ 𝑉𝛿 (𝜌𝛼1 )\𝐸2 implies
|𝑗| < 𝑟1 ,𝑟1 ≡ 𝜌𝛼1 |𝛿|2 + 1

(16)

and 𝛽 ∉ 𝑉𝑒𝑘 (𝜌𝛼1 ), for all 𝑒𝑘 ≠ 𝛿, by which we have
1

|𝛽 𝑘 | > 3 𝜌𝛼1 ,∀𝑘: 𝑒𝑘 ≠ 𝛿.

(17)

Clearly for (𝛽1 , 𝑛1 ) ∈ Γ ′ (𝑝𝜌𝛼 ), we have |𝑛1 𝛿 + 𝛽1 | < 𝑝𝜌𝛼 and since 𝛽1 is orthogonal to 𝛿,
1

|𝛽1 | < 𝑝𝜌𝛼 , |𝑛1 | < 𝑝𝜌𝛼 , |𝑛1 | < 2 𝑟1 ,

(18)

(see 16).
In the related study (Karakılıç, Veliev, & Atılgan, 2005), for the (𝑑 − 1)-dimensional case, it
has been proved that
∑
(𝛽1 ,𝑛1

𝑑(𝛽1 , 𝑛1 )cos𝑛1 (𝑠 + 𝑎2 )𝑣𝛽1 (𝑥 + 𝑎)𝑣𝛽 (𝑥 + 𝑎)

)∈Γ′ (𝜌𝛼 )

= ∑(𝛽1 ,𝑛1 )∈Γ′ (𝜌𝛼) 𝑑(𝛽1 , 𝑛1 )(cos𝑛1 𝑠)𝑣𝛽1+𝛽 (𝑥 + 𝑎), (19)
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under the condition 𝛽 ∈ Γ𝑒𝑖 , 𝛽 ∉ 𝑉𝑒𝑘 (𝜌𝛼1 ), 𝑒𝑘 ≠ 𝛿.
Now multiplying the both sides of the equation (15) by Θ𝑗′ ,𝛽′ (𝑠 + 𝑎2 ), where 𝛽 ′ satisfies (17)
and using (19), we get
(𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ))Θ𝑗′ ,𝛽′ (𝑠 + 𝑎2 )
=

𝑑(𝛽1 , 𝑛1 )cos𝑛1 (𝑠 + 𝑎2 )𝑣𝛽1 (𝑥 + 𝑎)Θ𝑗′ ,𝛽′ (𝑎2 ) + 𝑂(𝜌−𝑝𝛼 )

∑
(𝛽1 ,𝑛1 )∈Γ′ (𝜌𝛼 )

= ∑(𝛽1 ,𝑛1 )∈Γ′ (𝜌𝛼) 𝑑(𝛽1 , 𝑛1 )cos𝑛1 (𝑠 + 𝑎2 )𝑢𝛽1+𝛽′ (𝑥 + 𝑎)𝜑𝑗′ (𝑠 + 𝑎2 ) + 𝑂(𝜌−𝑝𝛼 ).(20)
To decompose the right hand side of (14) by Θ𝑗′ ,𝛽′ , we need to use the following lemmas:
Lemma 1 Let 𝑟 be a number no less than 𝑟1, i.e. 𝑟 ≥ 𝑟1 , and 𝑗, 𝑚 be integers satisfying
|𝑗| + 1 < 𝑟, |𝑚| ≥ 2𝑟. Then,
1

(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) = 𝑂(|𝑚𝛿|𝑙−1 ),

(21)
1

𝜑𝑗 (𝑠 + 𝑎2 ) = ∑|𝑚|<2𝑟 (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos𝑚(𝑠 + 𝑎2 ) + 𝑂(𝜌(𝑙−2)𝛼 ). (22)
Proof. Let's prove (21) and (22) using the following binding formula for 𝑇𝑎𝛿 (𝑄(𝑠 + 𝑎2 )) and
𝑇𝑎𝛿 (0)
(𝜇𝑗 (𝑎2 ) − |𝑚𝛿|2 )(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) = (𝜑𝑗 (𝑠 + 𝑎2 )𝑄(𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )). (23)
Putting the obvious decomposition (see (6)) for 𝑄(𝑠 + 𝑎2 ),
𝑄(𝑠 + 𝑎2 ) = ∑|𝑙

|𝑚𝛿|
1 𝛿|< 2𝑙

𝑞𝑙1 𝛿 cos𝑙1 (𝑠 + 𝑎2 ) + 𝑂(|𝑚𝛿|−(𝑙−1) )

(24)

into (23), we get
(𝜇𝑗 (𝑎2 ) − |𝑚𝛿|2) (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))
= (𝜑𝑗 (𝑠 + 𝑎2 )

∑

𝑞𝑙1 𝛿 cos𝑙1 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) + 𝑂(|𝑚𝛿|−(𝑙−1) )

|𝑚𝛿|
|𝑙1 𝛿|<
2𝑙

= ∑|𝑙

|𝑚𝛿|
1 𝛿|< 2𝑙

𝑞𝑙1 𝛿 (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑙1 (𝑠 + 𝑎2 )cos𝑚(𝑠 + 𝑎2 )) + 𝑂(|𝑚𝛿|−(𝑙−1) )
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=

∑
|𝑚𝛿|
|𝑙1 𝛿|<
2𝑙

1
𝑞𝑙1 𝛿 (𝜑𝑗 (𝑠 + 𝑎2 ), [cos(𝑚 + 𝑙1 )(𝑠 + 𝑎2 ) + cos(𝑚 − 𝑙1 )(𝑠 + 𝑎2 )])
2
+ 𝑂(|𝑚𝛿|−(𝑙−1) )

= ∑|𝑙

|𝑚𝛿|
1 𝛿|< 2𝑙

𝑞𝑙1 𝛿 (𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑚 − 𝑙1 )(𝑠 + 𝑎2 )) + 𝑂(|𝑚𝛿|−(𝑙−1) ),

And again using (23), we get
(𝜇𝑗 (𝑎2 ) − |𝑚𝛿|2 )(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))
(𝜑𝑗 (𝑠 + 𝑎2 )𝑄(𝑠 + 𝑎2 ), cos(𝑚 − 𝑙1 )(𝑠 + 𝑎2 )
= ∑ 𝑞𝑙1 𝛿
𝜇𝑗 (𝑎2 ) − |(𝑚 − 𝑙1 )𝛿|2
|𝑚𝛿|
|𝑙1 𝛿|<
2𝑙
−(𝑙−1)

+ 𝑂(|𝑚𝛿|

).

Putting (24) into the last equation, we obtain
(𝜇𝑗 (𝑎2 ) − |𝑚𝛿|2) = ∑

|𝑚𝛿|
|𝑙1 𝛿|<
2𝑙
|𝑚𝛿|
|𝑙2 𝛿|<
2𝑙

𝑞𝑙1 𝛿 𝑞𝑙2 𝛿

(𝜑𝑗 (𝑠+𝑎2 ),cos(𝑚−𝑙1 −𝑙2 )(𝑠+𝑎2 ))
𝜇𝑗 (𝑎2 )−|(𝑚−𝑙1 )𝛿|2

+𝑂(|𝑚𝛿|−(𝑙−1) ).

𝑙

In this way, iterating 𝑘 = [ ] times and dividing both sides of the obtained equation by
2

𝜇𝑗 (𝑎2 ) − |𝑚𝛿|2 , we have
(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) = ∑|𝑙

|𝑚𝛿|
1 𝛿|< 2𝑙

𝑞𝑙1 𝛿 … 𝑞𝑙𝑘𝛿

(𝜑𝑗 (𝑠+𝑎2 ),cos(𝑚−𝑙1 −⋯−𝑙𝑘 )(𝑠+𝑎2 ))
∏𝑘−1
 𝑗 (𝑎2 )−|(𝑚−𝑙1 −⋯−𝑙𝑡 )𝛿|2
𝑡=0 (𝜇

⋮
|𝑚𝛿|
|𝑙k 𝛿|<
2𝑙

+𝑂(|𝑚𝛿|−(𝑙−1) ),
where the integers 𝑚, 𝑙1 , . . . , 𝑙𝑘 satisfy the conditions |𝑙𝑖 | <

(25)
|𝑚|
2𝑙

, 𝑖 = 1,2, . . . , 𝑘,|𝑗| + 1 <

(see assumption of the Lemma). These conditions imply that ||𝑚 − 𝑙1 −. . . −𝑙𝑡 | − |𝑗|| >

|𝑚|
2
|𝑚|
5

.

From (13) we get
1
|𝜇𝑗 (𝑎2 )−|(𝑚−𝑙1 −...−𝑙𝑡 )𝛿|2 |

=

1
||𝑗𝛿|2 +𝑂(

1
)−|(𝑚−𝑙1 −...−𝑙𝑡 )𝛿|2 |
|𝑗𝛿|

= 𝑂(|𝑚𝛿|−2 ),

(26)

for 𝑡 = 0,1, . . . , 𝑘 − 1. Hence by (25),(26) and (7), we have
|(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )| = 𝑂( |𝑚𝛿|−(𝑙−1) ),
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Which proves (21). To prove (22), for 𝑗 satisfying |𝑗| + 1 < 𝑟, we write the Fourier series of
𝜑𝑗 (𝑠 + 𝑎2 ) with respect to the basis {cos𝑚(𝑠 + 𝑎2 ): 𝑚 ∈ 𝑍}, i.e.,
𝜑𝑗 (𝑠 + 𝑎2 ) = ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) cos𝑚(𝑠 + 𝑎2 )
𝑚∈𝑍

= ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) cos𝑚(𝑠 + 𝑎2 )
|𝑚|<2𝑟

+ ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos𝑚(𝑠 + 𝑎2 ).
𝑚≥2𝑟

By
(21),
for
|𝑚| ≥ 2𝑟
and
−(𝑙−1)
(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) = 𝑂(|𝑚𝛿|
).

|𝑗| + 1 < 𝑟,

we

have

This implies that
𝜑𝑗 (𝑠 + 𝑎2 ) = ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos𝑚(𝑠 + 𝑎2 ) + 𝑂(|𝑚𝛿|−(𝑙−2) ),
|𝑚|<2𝑟

since |𝑚𝛿| > 𝜌𝛼 , (22) is proved.
Lemma 2 Let 𝑟 be a number no less than 𝑟1, i.e. 𝑟 ≥ 𝑟1 , and 𝑗 be integer satisfying |𝑗| + 1 <
𝑟. Then
(cos𝑛1 (𝑠 + 𝑎2 ))𝜑𝑗 (𝑠 + 𝑎2 ) = ∑|𝑗1 |<6𝑟 𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 )𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ) + 𝑂(𝑟 −(𝑙−3) ),
for (𝑛1 , 𝛽1 ) ∈ Γ ′ (𝑝1 𝜌𝛼 ),
𝑎2 )).

where

𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 ) = (cos𝑛1 (𝑠 + 𝑎2 )𝜑𝑗 (𝑠 + 𝑎2 ), 𝜑𝑗+𝑗1 (𝑠 +

Proof. Consider the Fourier series of cos𝑛1 (𝑠 + 𝑎2 )𝜑𝑗 (𝑠 + 𝑎2 ) with respect to the basis
{𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ): 𝑗1 ∈ 𝑍}
cos𝑛1 (𝑠 + 𝑎2 )𝜑𝑗 (𝑠 + 𝑎2 ) = ∑ (cos𝑛1 (𝑠 + 𝑎2 )𝜑𝑗 (𝑠 + 𝑎2 ), 𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ))𝜑𝑗+𝑗1 (𝑠 + 𝑎2 )
𝑗1 ∈𝑍

= ∑|𝑗1 |<6𝑟 𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 )𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ) + ∑|𝑗1 |≥6𝑟 𝑎̃(𝑛1 , 𝑗, 𝑗 +
𝑗1 )𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ).
To prove (27), we must prove ∑|𝑗1 |≥6𝑟 |𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 )| = 𝑂(𝑟 −(𝑙−3) ) or equivalently
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|𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 )| = 𝑂(𝑟 −(𝑙−2) ),∀𝑗1 : |𝑗1 | ≥ 6𝑟.

(28)

Decomposing 𝜑𝑗 (𝑠 + 𝑎2 ) by cos𝑚(𝑠 + 𝑎2 ), we have
𝜑𝑗 (𝑠 + 𝑎2 ) = ∑

𝑚∈𝑍

(𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos𝑚(𝑠 + 𝑎2 )

and multiplying this decomposition by cos𝑛1 (𝑠 + 𝑎2 ), we obtain
cos𝑛1 (𝑠 + 𝑎2 )𝜑𝑗 (𝑠 + 𝑎2 )
= ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos𝑚(𝑠 + 𝑎2 )cos𝑛1 (𝑠 + 𝑎2 )
𝑚∈𝑍

1
= ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) [cos(𝑛1 + 𝑚)(𝑠 + 𝑎2 ) + cos(𝑛1 − 𝑚)(𝑠 + 𝑎2 )]
2
𝑚∈𝑍

= ∑𝑚∈𝑍 (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos(𝑛1 + 𝑚)(𝑠 + 𝑎2 ).

(29)

Using (29) and the decomposition
𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ) = ∑𝑘∈𝑍 (𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))cos𝑘(𝑠 + 𝑎2 ), we get
𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 ) = ((cos𝑛1 (𝑠 + 𝑎2 ))𝜑𝑗 (𝑠 + 𝑎2 ), 𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ))
= ( ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 ))cos(𝑛1 + 𝑚)(𝑠 + 𝑎2 ),
𝑚∈𝑍

=  ∑ (𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))cos𝑘(𝑠 + 𝑎2 ))
𝑘∈𝑍

= ∑ (𝜑𝑗 (𝑠 + 𝑎2 ), cos𝑚(𝑠 + 𝑎2 )) (𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 )) (cos(𝑛1 + 𝑚)(𝑠
𝑚,𝑘∈𝑍

+ 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))
= ∑𝑘∈𝑍 (𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑘 − 𝑛1 )(𝑠 + 𝑎2 )) (𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠+𝑎2 )).

(30)

Consider the two cases:
1

Case 1: |𝑘| > 2 |𝑗1 | ≥ 3𝑟. Since |𝑛1 | + 1 < 𝑟 (see (18)), |𝑘 − 𝑛1 | > 2𝑟. Hence by (26)
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∑|𝑘|>1|𝑗 | |(𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑘 − 𝑛1 )(𝑠 + 𝑎2 ))| = ∑|𝑘−𝑛1 |>2𝑟 𝑂(
|(𝑘−𝑛

1 )𝛿|

2 1

𝑙−1

) = 𝑂(𝑟 −(𝑙−2) ).(31)

1

Case 2: |𝑘| ≤ 2 |𝑗1 |. By assumptions |𝑗| < 𝑟 and |𝑗1 | ≥ 6𝑟, we have |𝑗1 + 𝑗| > 5𝑟. For any
integers 𝑙1 , . . . , 𝑙𝑡 satisfying |𝑙𝑖 | <

|𝑗1 |
3𝑙

𝑙

, 𝑖 = 1,2, . . . , 𝑡, where 𝑡 = [2], we have

1

|𝑗1 + 𝑗| − |𝑘 − 𝑙1 −. . . −𝑙𝑡 | > 6 |𝑗1 |. This together with (13) gives
1
|𝜇𝑗 (𝑎2 )−|(𝑘−𝑙1 −...−𝑙𝑖 )𝛿|2 |

= 𝑂(|𝑗1 𝛿|−2 ),

(32)

for 𝑖 = 0,1, . . . , 𝑡. Arguing as the proof of (22), we get
∑|𝑘|≤1|𝑗 | |(𝜑𝑗1 +𝑗 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))| = 𝑂(𝑟 −(𝑙−2) ).
2 1

(33)

Using (31) and (33), we have
|𝑎̃(𝑛1 , 𝑗, 𝑗 + 𝑗1 )| ≤
∑|𝑘|≤1|𝑗 | |(𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑘 − 𝑛1 )(𝑠 + 𝑎2 ))||(𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))|
2 1

+ ∑|𝑘|>1|𝑗 | |(𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑘 − 𝑛1 )(𝑠 +
2 1

𝑎2 ))||(𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))| = 𝑂(𝑟 −(𝑙−2) ).
(28), hence (27) is proved.
Now substituting (27) into (20), we get
(𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ))Θ𝑗′ ,𝛽′ =

∑

𝐴(𝑗 ′ , 𝛽 ′ , 𝑗 ′ + 𝑗1 , 𝛽 ′ + 𝛽1 )Θ𝑗′ +𝑗1 ,𝛽′ +𝛽1

(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟)

+𝑂(𝜌−𝑝𝛼 ),

(34)

for every 𝑗 ′ satisfying |𝑗 ′ | + 1 < 𝑟, where
𝑄(𝜌𝛼 , 6𝑟) = {(𝑗, 𝛽): |𝑗𝛿| < 6𝑟, 0 < |𝛽| < 𝜌𝛼 },
𝐴(𝑗 ′ , 𝛽 ′ , 𝑗 ′ + 𝑗1 , 𝛽 ′ + 𝛽1 ) = ∑𝑛1 :(𝛽1,𝑛1 )∈Γ′ (𝜌𝛼) 𝑑(𝛽1 , 𝑛1 )𝑎̃(𝑛1 , 𝑗 ′ , 𝑗 ′ + 𝑗1 ).
We need to prove that
∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼,6𝑟) |𝐴(𝑗 ′ , 𝛽 ′ , 𝑗 ′ + 𝑗1 , 𝛽 ′ + 𝛽1 )| < 𝑐1

(35)
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By definition of 𝐴(𝑗 ′ , 𝛽 ′ , 𝑗 ′ + 𝑗1 , 𝛽 ′ + 𝛽1 ), 𝑑(𝛽1 , 𝑛1 ), (7) and (30), we have
|𝐴(𝑗 ′ , 𝛽 ′ , 𝑗 ′ + 𝑗1 , 𝛽 ′ + 𝛽1 )| ≤

∑
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟)

∑

|𝑑(𝛽1 , 𝑛1 )| ∑ |𝑎̃(𝑛1 , 𝑗 ′ , 𝑗 ′ + 𝑗1 )|

(𝛽1 ,𝑛1 )∈Γ′ (𝜌𝛼 )

|𝑗1 |≤6𝑟

≤ 𝑀 ∑ |(𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑘 − 𝑛1 )(𝑠 + 𝑎2 ))| ∑ |(𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠 + 𝑎2 ))|.
|𝑗1 |≤6𝑟

𝑘∈𝑍

Hence (35) follows from the inequalities ∑𝑘∈𝑍 |(𝜑𝑗 (𝑠 + 𝑎2 ), cos(𝑘 − 𝑛1 )(𝑠 + 𝑎2 ))| < 𝑐2 and
∑|𝑗1 |≤6𝑟 |(𝜑𝑗+𝑗1 (𝑠 + 𝑎2 ), cos𝑘(𝑠+𝑎2 ))| < 𝑐3 , which can be easily obtained by (23).
The decomposition (34) together with the binding formula (14) for L(a, 𝑞) and 𝐿(a, 𝑞 𝛿 ) give
(Λ 𝑁 (𝑎) − 𝜆𝑗′ ,𝛽′ (𝑎2 ))(Ψ𝑁 (𝑎), Θ𝑗′ ,𝛽′ (s + 𝑎2 ))
= (Ψ𝑁 (𝑎), (𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ))Θ𝑗′ ,𝛽′ (𝑠 + 𝑎2 ))
= ∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼,6𝑟) 𝐴(𝑗 ′ , 𝛽 ′ , 𝑗 ′ + 𝑗1 , 𝛽 ′ + 𝛽1 ) (Ψ𝑁 (𝑎), Θ𝑗′ +𝑗1 ,𝛽′ +𝛽1 (s + 𝑎2 )) +
𝑂(𝜌−𝑝𝛼 ).

(36)

If the conditions (iterability conditions for the triple (𝑁, 𝑗 ′ , 𝛽 ′ ))
|Λ 𝑁 (𝑎) − 𝜆𝑗′ ,𝛽′ (𝑎2 )| > 𝑐4

(37)

hold then the formulas (36) can be written in the following forms
(Ψ𝑁 (𝑎), Θ𝑗′ ,𝛽′ (s + 𝑎2 )) =
=

(Ψ𝑁 (𝑎), (𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ))Θ𝑗′ ,𝛽′ (𝑠 + 𝑎2 ))
Λ 𝑁 (𝑎) − 𝜆𝑗′ ,𝛽′ (𝑎2 )

𝐴(𝑗 ′ ,𝛽 ′ ,𝑗 ′ +𝑗1 ,𝛽 ′ +𝛽1 )(Ψ𝑁 (𝑎),Θ𝑗′ +𝑗 ,𝛽′ +𝛽 (s+𝑎2 ))
1
1
∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼,6𝑟) 
Λ𝑁 (𝑎)−𝜆𝑗′ ,𝛽′ (𝑎2 )

+ 𝑂(𝜌−𝑝𝛼 )

(38)

Using (36), (38), we are going to find Λ 𝑁 (𝑎) which is close to 𝜆𝑗,𝛽 (𝑎2 ), where |𝑗| + 1 < 𝑟1 .
For this, first in (38) instead of 𝑗 ′ , 𝛽 ′, taking 𝑗 and 𝛽, hence instead of 𝑟 taking 𝑟1, we get
(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))(Ψ𝑁 (𝑎), Θ𝑗,𝛽 (s + 𝑎2 )) = (Ψ𝑁 (𝑎), (𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ))Θ𝑗,𝛽 (s + 𝑎2 ))
= ∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼,6𝑟1 ) 𝐴(𝑗, 𝛽, 𝑗 + 𝑗1 , 𝛽 + 𝛽1 )(Φ𝑁 , Θ𝑗+𝑗1 ,𝛽+𝛽1 ) + 𝑂(𝜌−𝑝𝛼 )

(39)

To iterate (39) using (38), for 𝑗 ′ = 𝑗 + 𝑗1 and 𝛽 ′ = 𝛽 + 𝛽1, we will prove that there exists a
number 𝑁 satisfying
1

|Λ 𝑁 (𝑎) − 𝜆𝑗+𝑗1 ,𝛽+𝛽1 (𝑎2 )| > 2 𝜌𝛼2 ,

(40)
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where |𝑗 + 𝑗1 | + 1 < 7𝑟1 ≡ 𝑟2, since |𝑗| + 1 < 𝑟1 and |𝑗1 | < 6𝑟1 . Then (𝑗 + 𝑗1 , 𝛽 + 𝛽1 )
satisfies the both conditions in (37). This means that, in formulas (38), the pair (𝑗 ′ , 𝛽 ′ ) can be
replaced by the pair (𝑗 + 𝑗1 , 𝛽 + 𝛽1 ), then we get
(Ψ𝑁 (𝑎), Θ𝑗+𝑗1 ,𝛽+𝛽1 (s + 𝑎2 )) = 𝑂(𝜌−𝑝𝛼 ) +
𝐴(𝑗+𝑗1 ,𝛽+𝛽1 ,𝑗+𝑗1 +𝑗2 ,𝛽+𝛽1 +𝛽2 )(Ψ𝑁 (𝑎),Θ𝑗+𝑗1 +𝑗2 ,𝛽+𝛽1 +𝛽2 (s+𝑎2 ))

∑(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼,6𝑟2 ) 

Λ𝑁 (𝑎)−𝜆𝑗+𝑗1 ,𝛽+𝛽1 (𝑎2 )

.

(41)

,

(42)

Putting the formula (41) into (39), we obtain
(Υ𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))𝑐(𝑁, 𝑗, 𝛽) = 𝑂(𝜌−𝑝𝛼 ) +
∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼,6𝑟1 )

𝐴(𝑗,𝛽,𝑗 1 ,𝛽 1 )𝐴(𝑗 1 ,𝛽 1 ,𝑗 2 ,𝛽2 )𝑐(𝑁,𝑗 2 ,𝛽 2 )
Λ𝑁 (𝑎)−𝜆𝑗1 ,𝛽1 (𝑎2 )

(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )

where 𝑐(𝑁, 𝑗, 𝛽) = (Ψ𝑁 (𝑎), Θ𝑗,𝛽 (𝑠 + 𝑎2 )), 𝑗𝑘 = 𝑗 + 𝑗1 + 𝑗2 +. . . +𝑗𝑘 and 𝛽 𝑘 = 𝛽 + 𝛽1 +
𝛽2 +. . . +𝛽𝑘 . Thus, we are going to find a number 𝑁 such that 𝑐(𝑁, 𝑗, 𝛽) is not too small and
the condition in (40) are satisfied.
In (Karakılıç at. al., 2005), some important estimations were made for an arbitrary dimension
d ≥ 2, hence it is true for the 2-dimensional case as in follows:
Result (a) Suppose
ℎ1 (𝑥 + 𝑎), ℎ2 (𝑥 + 𝑎), . . . , ℎ𝑚 (𝑥 + 𝑎) ∈ 𝐿2 (𝐹(𝑎)),
1

where 𝑚 = [𝛼 ] + 1. Then for every eigenvalue 𝜆𝑗,𝛽 (𝑎2 ) of the operator 𝐿(a, 𝑞 𝛿 ), there exists
2

an eigenvalue Λ 𝑁 (𝑎) of L(a, 𝑞), there exists an eigenvalue Λ 𝑁 (𝑎) of L(a, 𝑞) satisfying
(i) |Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 )| < 2𝑀, where 𝑀 = sup|𝑞(𝑥)|,
1

(ii) |𝑐(𝑁, 𝑗, 𝛽)| > 𝜌−𝑞𝛼 , where 𝑞𝛼 = [𝛼 + 2]𝛼,
1

ℎ (𝑥+𝑎)

ℎ (𝑥+𝑎)

1

𝑖
𝑖
2
2
(iii)|𝑐(𝑁, 𝑗, 𝛽)|2 > 2𝑚 ∑𝑚
𝑖=1 |(Ψ𝑁 (𝑎), ∥ℎ (x+a)∥)| > 2𝑚 |(Ψ𝑁 (𝑎), ∥ℎ (x+a)∥)| , ∀𝑖 = 1,2, . . . , 𝑚.
𝑖

𝑖

(b) Let 𝛾 = 𝛽 + 𝑗𝛿 ∈ 𝑉𝛿 (𝜌𝛼 )\𝐸2 and (𝛽1 , 𝑗1 ) ∈ 𝑄(𝜌𝛼 , 6𝑟1 ), (𝛽𝑘 , 𝑗𝑘 ) ∈ 𝑄(𝜌𝛼 , 6𝑟𝑘 ),
where 𝑟𝑘 = 7𝑟𝑘−1 for 𝑘 = 2,3, . . . , 𝑝. Then for 𝑘 = 1,2,3, . . . , 𝑝1 , we have

3

|𝜆𝑗,𝛽 (𝑎2 ) − 𝜆𝑗𝑘 ,𝛽𝑘 (𝑎2 )| > 5 𝜌𝛼2 ,∀𝛽 𝑘 ≠ 𝛽

(43)
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Now we prove the estimates (i), (ii) and (iii) of the Result (a) for the Neumann problem: Let
𝐴, 𝐵, 𝐶 be the set of indexes 𝑁 satisfying (i), (ii), (iii), respectively. Using the binding formula
(17) for L(a, 𝑞) and 𝐿(a, 𝑞 𝛿 ) and the Bessel’s inequality, we get
∑𝑁∉𝐴 |𝑐(𝑁, 𝑗, 𝛽)|2 = ∑𝑁∉𝐴 |

(Ψ𝑁 (𝑎),(𝑞(𝑥+𝑎)−𝑄(𝑠+𝑎2 ))Θ𝑗,𝛽 (𝑎2 )) 2
|
Λ𝑁 (𝑎)−𝜆𝑗,𝛽 (𝑎2 )

1

1

≤ 4𝑀2 ∥ (𝑞(𝑥 + 𝑎) − 𝑄(𝑠 + 𝑎2 ))Θ𝑗,𝛽 (𝑠 + 𝑎2 ) ∥2 ≤ 4 .
Hence by Parseval’s relation, we obtain
3

∑𝑁∈𝐴 |𝑐(𝑁, 𝑗, 𝛽)|2 > .
4
Using the fact that the number of indexes 𝑁 in 𝐴 is less than 𝜌2𝛼 and by the relation 𝑁 ∉
𝐵 ⇒ |𝑐(𝑁, 𝑗, 𝛽)| < 𝜌−𝑞𝛼 , we have
∑𝑁∈𝐴\𝐵 |𝑐(𝑁, 𝑗, 𝛽)|2 < 𝜌2𝛼 𝜌−𝑞𝛼 < 𝜌−𝛼 .
Since 𝐴 = (𝐴\𝐵) ∪ (𝐴 ∩ 𝐵), by above inequalities, we get
3
4

< ∑𝑁∈𝐴 |𝑐(𝑁, 𝑗, 𝛽)|2 = ∑𝑁∈𝐴\𝐵 |𝑐(𝑁, 𝑗, 𝛽)|2 + ∑𝑁∈𝐴 ⋂ 𝐵 |𝑐(𝑁, 𝑗, 𝛽)|2 ,

which implies
3

1

∑𝑁∈𝐴 ⋂ 𝐵 |𝑐(𝑁, 𝑗, 𝛽)|2 > − 𝜌−𝛼 > .
4
2

(44)

Now, suppose that 𝐴 ∩ 𝐵 ∩ 𝐶 = ∅, i.e., for all 𝑁 ∈ 𝐴 ∩ 𝐵, the condition (iii) does not hold.
Then by (44) and Bessel’s inequality, we have
𝑚

1
1
ℎ𝑖 (𝑥 + 𝑎) 2
< ∑ |𝑐(𝑁, 𝑗, 𝛽)|2 ≤ ∑ 
∑ |(Ψ𝑁 (𝑎),
)|
2
2𝑚
∥ ℎ𝑖 (x + a) ∥
𝑁∈𝐴 ⋂ 𝐵

𝑁∈𝐴 ⋂ 𝐵

1

𝑖=1

ℎ (𝑥+𝑎)

1

ℎ (𝑥+𝑎)

1

𝑖
𝑖
𝑚
2
2
= 2𝑚 ∑𝑚
𝑖=1 ∑𝑁∈𝐴 ⋂ 𝐵 |(Ψ𝑁 (𝑎), ∥ℎ (x+a)∥)| < 2𝑚 ∑𝑖=1  ∥ ∥ℎ (x+a)∥ ∥ = 2 ,
𝑖

𝑖

which is a contradiction.
Now we consider the following function
ℎ𝑖 (𝑥 + 𝑎) = ∑(𝑗1 ,𝛽1)
(𝑗2 ,𝛽2 )

𝐴(𝑗,𝛽,𝑗+𝑗1 ,𝛽+𝛽1 )𝐴(𝑗+𝑗1 ,𝛽+𝛽1 ,𝑗 2 ,𝛽 2 )Θ𝑗2 ,𝛽2 (𝑠+𝑎2 )
(𝜆𝑗,𝛽 (𝑎2 )−𝜆𝑗+𝑗1 ,𝛽+𝛽1 (𝑎2 ))𝑖

,

(45)
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where (𝑗1 , 𝛽1 ) ∈ 𝑄(𝜌𝛼 , 6𝑟1 ) and (𝑗2 , 𝛽2 ) ∈ 𝑄(𝜌𝛼 , 6𝑟2 ). Since {Θ𝑗2 ,𝛽2 (𝑠 + 𝑎2 )} is a total
system and 𝛽1 ≠ 0, by (35) and (43), we have ∑(𝑗′ ,𝛽′ ) |(ℎ𝑖 (𝑥 + 𝑎), Θ𝑗′ ,𝛽′ (𝑠 + 𝑎2 ))|2 ≤
𝑐5 𝜌−2𝑖𝛼2 , i.e.,
ℎ𝑖 (𝑥 + 𝑎) ∈ 𝐿2 (𝐹(𝑎))and ∥ ℎ𝑖 (𝑥 + 𝑎) ∥= 𝑂(𝜌−𝑖𝛼2 ).

(46)

Theorem 1 For every eigenvalue 𝜆𝑗,𝛽 (𝑎2 ) of the operator 𝐿(𝑎, 𝑞 𝛿 ) with
𝑉𝛿 (𝜌𝛼1 )\𝐸2 , there exists an eigenvalue 𝛬𝑁 (𝑎) of the operator 𝐿(𝑎, 𝑞), satisfying

𝛽 + 𝑗𝛿 ∈

Λ N (a) = λj,β (a2 ) + O(ρ−α2 ).

(47)

Proof. By Result (a), for the chosen ℎ𝑖 (𝑥 + 𝑎), 𝑖 = 1,2, . . . , 𝑚 in (45), there exists a number
𝑁, satisfying (i), (ii), (iii). Since 𝛽1 ≠ 0, by (43), we have
|𝜆𝑗,𝛽 (𝑎2 ) − 𝜆𝑗1 ,𝛽1 (𝑎2 )| > 𝑐6 𝜌𝛼2 .
The above inequality together with (i) imply
|Λ 𝑁 (𝑎) − 𝜆𝑗1 ,𝛽1 (𝑎2 )| > 𝑐7 𝜌𝛼2 .
Using the following well known decomposition
|Υ𝑁 (𝑎)−𝜆𝑗,𝛽 (𝑎2 )|𝑖−1

1
|Λ𝑁 (𝑎)−𝜆𝑗1 ,𝛽1 (𝑎2

= ∑𝑚
𝑖=1 |𝜆
)|

𝑖
𝑗,𝛽 (𝑎2 )−𝜆𝑗1 ,𝛽1 (𝑎2 )|

+ 𝑂(𝜌−(𝑚+1)𝛼2 ),

we see that the formula (42) can be written as
(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))𝑐(𝑁, 𝑗, 𝛽) = 𝑂(𝜌−𝑝𝛼 )
+ ∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1)
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )

𝐴(𝑗,𝛽,𝑗+𝑗1 ,𝛽+𝛽1 )𝐴(𝑗+𝑗1 ,𝛽+𝛽1 ,𝑗 2 ,𝛽 2 )𝑐(𝑁,𝑗 2 ,𝛽 2 )
Λ𝑁 (𝑎2 )−𝜆𝑗+𝑗1 ,𝛽+𝛽1 (𝑎2 )

𝑖−1
= ∑𝑚
(Ψ𝑁 (𝑎),
𝑖=1 |Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 )|

ℎ𝑖 (𝑥+𝑎)
∥ℎ𝑖 (x+a)∥

) ∥ ℎ𝑖 (x + a) ∥

+𝑂(𝜌−(𝑚+1)𝛼2 ).
Now dividing both sides of the last equation by 𝑐(𝑁, 𝑗, 𝛽) and using (ii), (iii), we have
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ℎ1 (𝑥 + 𝑎)
)|
∥ ℎ1 (x + a) ∥
∥ ℎ1 ∥
|𝑐(𝑁, 𝑗, 𝛽)|

|(Ψ𝑁 (𝑎),
|Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 )| ≤

|Υ𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 )| |(Ψ𝑁 (𝑎),
+

+ ⋯ +

ℎ2 (𝑥 + 𝑎)
)|
∥ ℎ2 (x + a) ∥

|𝑐(𝑁, 𝑗, 𝛽)|
ℎ (𝑥+𝑎)
|Λ𝑁 (𝑎)−𝜆𝑗,𝛽 (𝑎2 )|(𝑚−1) |(Ψ𝑁 (𝑎), 𝑚
)|
∥ℎ𝑚 (x+a∥

|𝑐(𝑁,𝑗,𝛽)|

∥ ℎ2 (x + a) ∥

∥ ℎ𝑚 (x + a) ∥ +𝑂(𝜌−(𝑚+1)𝛼2 +𝑞𝛼 )

≤∥ ℎ1 (x + a) ∥ +2𝑀 ∥ ℎ2 (x + a) ∥ + ⋯ + (2𝑀)𝑚−1 ∥ ℎ𝑚 (x + a) ∥ +𝑂(𝜌−(𝑚+1)𝛼2 +𝑞𝛼 ).
Hence by (46), we obtain
Λ 𝑁 (a) = 𝜆𝑗,𝛽 (𝑎2 ) + 𝑂(𝜌−𝛼2 ),
since (𝑚 + 1)𝛼2 − 𝑞𝛼 > 𝛼2 .
It follows from (43) and (47) that the triples (𝑁, 𝑗𝑘 , 𝛽 𝑘 ) for 𝑘 = 1,2, . . . , 𝑝1, satisfy the
iterability conditions in (37). In (38), instead of 𝑗 ′ , 𝛽 ′ and 𝑟 taking 𝑗 2 , 𝛽 2 and 𝑟3 , we have
𝐴(𝑗 2 ,𝛽 2 ,𝑗 3 ,𝛽 3 )(Ψ𝑁 (𝑎),Θ𝑗3 ,𝛽3 (𝑠+𝑎2 ))

𝑐(𝑁, 𝑗 2 , 𝛽 2 ) = ∑(𝛽3 ,𝑗3 )∈𝑄(𝜌𝛼,6𝑟3 ) 

Λ𝑁 (𝑎)−𝜆𝑗2 ,𝛽2 (𝑎2 )

+ 𝑂(𝜌−𝑝𝛼 ).

(48)

To obtain the other terms of the asymptotic formulas of Λ 𝑁 (𝑎), we iterate the formulas (36).
Now we isolate the terms with multiplicands 𝑐(𝑁, 𝑗, 𝛽) in the right hand side of (42), hence
we get
(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))𝑐(𝑁, 𝑗, 𝛽) = 𝑂(𝜌−𝑝𝛼 )
+∑

+∑

𝐴(𝑗,𝛽,𝑗 1 ,𝛽 1 )𝐴(𝑗 1 ,𝛽 1 ,𝑗,𝛽)
 Λ (𝑎)−𝜆
𝑐(𝑁, 𝑗, 𝛽)
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1 )
𝑁
𝑗1 ,𝛽1 (𝑎2 )
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗+𝑗1 +𝑗2 ,𝛽+𝛽1 +𝛽2 )=(𝑗,𝛽)
𝐴(𝑗,𝛽,𝑗 1 ,𝛽 1 )𝐴(𝑗 1 ,𝛽 1 ,𝑗 2 ,𝛽 2 )
 Λ (𝑎)−𝜆
𝑐(𝑁, 𝑗 2 , 𝛽 2 )
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1 )
(𝑎
)
1
1
𝑁
2
𝑗 ,𝛽
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗+𝑗1 +𝑗2 ,𝛽+𝛽1 +𝛽2 )≠(𝑗,𝛽)

(49)

Substituting the equation (48) into the second sum of the equation (49), we get
(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))𝑐(𝑁, 𝑗, 𝛽) = 𝑂(𝜌−𝑝𝛼 )
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𝐴(𝑗,𝛽,𝑗 1 ,𝛽 1 )𝐴(𝑗 1 ,𝛽 1 ,𝑗,𝛽)

+ ∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1) 
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗 2 ,𝛽 2 )=(𝑗,𝛽)

Λ𝑁 (𝑎)−𝜆𝑗1 ,𝛽1 (𝑎2 )

𝑐(𝑁, 𝑗, 𝛽)

𝐴(𝑗,𝛽,𝑗 1 ,𝛽 1 )𝐴(𝑗 1 ,𝛽 1 ,𝑗 2 ,𝛽2 )𝐴(𝑗 2 ,𝛽 2 ,𝑗 3 ,𝛽 3 )

+ ∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1) (Λ

𝑁 (𝑎)−𝜆𝑗1 ,𝛽1 (𝑎2 ))((Λ𝑁 (𝑎)−𝜆𝑗2 ,𝛽2 (𝑎2 ))

(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗 2 ,𝛽 2 )≠(𝑗,𝛽)
(𝑗3 ,𝛽3 )∈𝑄(𝜌𝛼 ,6𝑟3 )

𝑐(𝑁, 𝑗 3 , 𝛽 3 )

(50)

Again isolating the terms 𝑐(𝑁, 𝑗, 𝛽) in the last sum of the equation (50), we obtain
(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))𝑐(𝑁, 𝑗, 𝛽) =
[

∑
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1 )
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗 2 ,𝛽 2 )=(𝑗,𝛽)

𝐴(𝑗, 𝛽, 𝑗 1 , 𝛽1 )𝐴(𝑗 1 , 𝛽1 , 𝑗, 𝛽)


Λ 𝑁 (𝑎) − 𝜆𝑗1 ,𝛽1 (𝑎2 )

+

∑
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1 )
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝛽3 ,𝑗3 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗 2 ,𝛽 2 )≠(𝑗,𝛽)
(𝑗 3 ,𝛽 3 )=(𝑗,𝛽)

𝐴(𝑗, 𝛽, 𝑗 1 , 𝛽1 )𝐴(𝑗 1 , 𝛽1 , 𝑗 2 , 𝛽 2 )𝐴(𝑗 2 , 𝛽 2 , 𝑗, 𝛽)

]𝑐(𝑁, 𝑗, 𝛽)
(Λ 𝑁 (𝑎) − 𝜆𝑗1 ,𝛽1 (𝑎2 ))(Λ 𝑁 (𝑎) − 𝜆𝑗2 ,𝛽2 (𝑎2 ))

𝐴(𝑗,𝛽,𝑗 1 ,𝛽 1 )𝐴(𝑗 1 ,𝛽 1 ,𝑗 2 ,𝛽2 )𝐴(𝑗 2 ,𝛽 2 ,𝑗 3 ,𝛽 3 )

+ ∑(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1)  (Λ
(𝛽2 ,𝑗2 )∈𝑄(𝜌𝛼 ,6𝑟2 )
(𝑗 2 ,𝛽 2 )≠(𝑗,𝛽)
(𝑗 3 ,𝛽 3 )≠(𝑗,𝛽)

𝑁 (𝑎)−𝜆𝑗1 ,𝛽1 (𝑎2 ))(Λ𝑁 (𝑎)−𝜆𝑗2 ,𝛽2 (𝑎2 ))

𝑐(𝑁, 𝑗 3 , 𝛽 3 ) + 𝑂(𝜌−𝑝𝛼 ).

(51)

In this way, iterating 2𝑝 times, we get
′
′
−𝑝𝛼
(Λ 𝑁 (𝑎) − 𝜆𝑗,𝛽 (𝑎2 ))𝑐(𝑁, 𝑗, 𝛽) = [∑2𝑝
),
𝑘=1 𝑆𝑘 ]𝑐(𝑁, 𝑗, 𝛽) + 𝐶2𝑝 + 𝑂(𝜌

(52)

where
𝑆𝑘′ (Λ 𝑁 (𝑎), 𝜆𝑗,𝛽 (a2 )) = ∑

𝐴(𝑗 𝑖−1 ,𝛽𝑖−1 ,𝑗 𝑖 ,𝛽 𝑖 )
𝑘
)𝐴(𝑗𝑘 , 𝛽 𝑘 , 𝑗, 𝛽)
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1 ),⋯ (∏𝑖=1 
((Λ𝑁 (𝑎)−𝜆𝑗𝑖 ,𝛽𝑖 (𝑎2 ))
(𝑗𝑘+1 ,𝛽𝑘+1 )∈𝑄(𝜌𝛼 ,6𝑟𝑘+1 )
(𝑗 𝑘+1 ,𝛽𝑘+1 )=(𝑗,𝛽)
(𝑗 𝑠 ,𝛽 𝑠 )≠(𝑗,𝛽),𝑠=2,⋯,𝑘

(53)
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and
𝐶𝑘′ =
∑

𝐴(𝑗 𝑖−1 ,𝛽 𝑖−1 ,𝑗 𝑖 ,𝛽 𝑖 )
𝑘
) 𝐴(𝑗𝑘 , 𝛽 𝑘 , 𝑗𝑘+1 , 𝛽 𝑘+1 )𝑐(𝑁, 𝑗𝑘+1 , 𝛽 𝑘+1 ).
(𝛽1 ,𝑗1 )∈𝑄(𝜌𝛼 ,6𝑟1 ),⋯ (∏𝑖=1 
((Λ𝑁 (𝑎)−𝜆𝑗𝑖 ,𝛽𝑖 (𝑎2 ))
(𝑗𝑘+1 ,𝛽𝑘+1 )∈𝑄(𝜌𝛼 ,6𝑟𝑘+1 )
(𝑗 𝑠 ,𝛽 𝑠 )≠(𝑗,𝛽),𝑠=2,⋯,𝑘+1

(54)
First we estimate 𝑆𝑘′ and 𝐶𝑘′ . For this, we consider the terms which appear in the denominators
of (53) and (54). By the conditions under the summations in (53) and (54), we have
𝑗1 + 𝑗2 +. . . +𝑗𝑖 ≠ 0 or 𝛽1 + 𝛽2 +. . . +𝛽𝑖 ≠ 0, for 𝑖 = 2,3, . . . , 𝑘.
If 𝛽1 + 𝛽2 +. . . +𝛽𝑖 ≠ 0, then by (43) and (47), we have
1

|Λ 𝑁 (𝑎) − 𝜆𝑗𝑖 ,𝛽𝑖 (𝑎2 )| > 2 𝜌𝛼2 .

(55)

If 𝛽1 + 𝛽2 +. . . +𝛽𝑖 = 0, i.e., 𝑗1 + 𝑗2 +. . . +𝑗𝑖 ≠ 0, then by well-known theorem
|𝜆𝑗,𝛽 (𝑎2 ) − 𝜆𝑗𝑖 ,𝛽𝑖 (𝑎2 )| = |𝜇𝑗 (𝑎2 ) − 𝜇𝑗𝑖 (𝑎2 )| > 𝑐8 ,
hence by (47), we obtain
1

|Λ 𝑁 (𝑎) − 𝜆𝑗𝑖 ,𝛽𝑖 (𝑎2 )| > 2 𝑐8 .

(56)

Since 𝛽𝑘 ≠ 0 for all 𝑘 ≤ 2𝑝, the relation 𝛽1 + 𝛽2 +. . . +𝛽𝑖 = 0 implies 𝛽1 + 𝛽2 +. . . +𝛽𝑖±1 ≠
0. Therefore the number of multiplicands Λ 𝑁 (𝑎) − 𝜆𝑗𝑖 ,𝛽𝑖 (𝑎2 ) in (55) is no less than 𝑝. Thus
by (35), (55) and (56), we get
′
𝑆1′ = 𝑂(𝜌−𝛼2 ),𝐶2𝑝
= 𝑂(𝜌−𝑝𝛼2 ).

(57)

Theorem 2 (a) For every eigenvalue 𝜆𝑗,𝛽 (𝑎2 ) of 𝐿(𝑎, 𝑞 𝛿 ) such that 𝛽 + 𝑗𝛿 ∈ 𝑉𝛿 (𝜌𝛼1 )\𝐸2,
there exists an eigenvalue 𝛬𝑁 (𝑎) of the operator 𝐿(𝑎, 𝑞) satisfying
Λ N (a) = λj,β (a2 ) + Ek−1 + O(ρ−kα2 ),

(58)

′
where 𝐸0 = 0, 𝐸𝑠 = ∑2𝑝
𝑘=1 𝑆𝑘 (𝐸𝑠−1 + 𝜆𝑗,𝛽 , 𝜆𝑗,𝛽 ), 𝑠 = 1,2, ⋯

(b) If
|Λ N (a) − λj,β (a2 )| < c9

(59)
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and
|c(N, j, β)| > ρ−qα

(60)

then 𝛬𝑁 (𝑎) satisfies (58).
Proof. By Result (a) - (b), there exists 𝑁 satisfying the conditions (59) and (60) in part (b).
Hence it suffices to prove part (b). By (43) and (59), the triples (𝑁, 𝑗𝑘 , 𝛽 𝑘 ) satisfy the
iterability conditions in (37). Hence we can use (52) and (57). Now, we prove the theorem by
induction:
For 𝑘 = 1, to prove (58), we divide both sides of the equation (52) by 𝑐(𝑁, 𝑗, 𝛽) and use the
estimations (57).
Suppose that (58) holds for 𝑘 = 𝑠, i.e.,
Λ N (a) = 𝜆𝑗,𝛽 (a2 ) + 𝐸𝑠−1 + 𝑂(𝜌−𝑠𝛼2 ),

(61)

First we prove that (58) holds for 𝑘 = 𝑠 + 1. For this, we substitute the formula (61) into the
′
expression ∑2𝑝
𝑘=1 𝑆𝑘 (Λ N (a), 𝜆𝑗,𝛽 (a 2 )) in equation (52) , then we get
′
−𝑠𝛼2
(Λ N (a) − 𝜆𝑗,𝛽 (a2 ))𝑐(𝑁, 𝑗, 𝛽) = (∑2𝑝
), 𝜆𝑗,𝛽 (a2 ))𝑐(𝑁, 𝑗, 𝛽)
𝑘=1 𝑆𝑘 (𝜆𝑗,𝛽 (a 2 ) + 𝐸𝑠−1 + 𝑂(𝜌
′
+𝐶2𝑝
+ 𝑂(𝜌−𝑝𝛼 )

(62)

Dividing both sides of (62) by 𝑐(𝑁, 𝑗, 𝛽) using (60) and (56), we have
′
−𝑠𝛼2
Λ N (a) = 𝜆𝑗,𝛽 (a2 ) + ∑2𝑝
), 𝜆𝑗,𝛽 (a2 )) + 𝑂(𝜌−(𝑝−𝑞)𝛼 ).
𝑘=1 𝑆𝑘 (𝜆𝑗,𝛽 (a 2 ) + 𝐸𝑠−1 + 𝑂(𝜌

(63)

′
Now we add and subtract the term ∑2𝑝
𝑘=1 𝑆𝑘 (𝐸𝑠−1 + 𝜆𝑗,𝛽 (a 2 ), 𝜆𝑗,𝛽 (a 2 )) in (63) then we have

Λ N (a) = 𝜆𝑗,𝛽 (a2 ) + 𝐸𝑠 + 𝑂(𝜌−(𝑝−𝑞)𝛼 )
′
−𝑠𝛼2 ),
+ [∑2𝑝
𝜆𝑗,𝛽 (a2 )) −
𝑘=1 𝑆𝑘 (𝜆𝑗,𝛽 (a2 ) + 𝐸𝑠−1 + 𝑂(𝜌
′
∑2𝑝
𝑘=1 𝑆𝑘 (𝐸𝑠−1 + 𝜆𝑗,𝛽 (a 2 ), 𝜆𝑗,𝛽 (a2 ))]

(64)

Now, we first prove that 𝐸𝑗 = 𝑂(𝜌−𝛼2 ) by induction. 𝐸0 = 0. Suppose that 𝐸𝑗−1 = 𝑂(𝜌−𝛼2 ),
then 𝑎 = 𝜆𝑗,𝛽 (a2 ) + 𝐸𝑗−1 satisfies (55) and (56). Hence we get
𝑆1′ (𝑎, 𝜆𝑗,𝛽 (a2 )) = 𝑂(𝜌−𝛼2 ) ⇒ 𝐸𝑗 = 𝑂(𝜌−𝛼2 ).

(65)
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So to prove (58) for 𝑘 = 𝑠 + 1, we need to show that the expression in the square brackets in
(64) is equal to 𝑂(𝜌−(𝑠+1)𝛼2 ). This can be easily checked by (65) and the obvious relation
1
𝜆𝑗,𝛽 (a2 )+𝐸𝑠−1 +𝑂(𝜌−𝑠𝛼2 )−𝜆𝑗𝑘 ,𝛽𝑘 (a2 )

−𝜆

1

𝑗,𝛽 (a2 )+𝐸𝑠−1 −𝜆𝑗𝑘 ,𝛽𝑘 (a2 )

for 𝛽 𝑘 ≠ 𝛽. The theorem is proved.

= 𝑂(𝜌−(𝑠+1)𝛼2 ),
◻

CONCLUSION
Continuation of this study, we are going to consider this problem for the general case
δ = (𝑛1 , 𝑛2 , ⋯ , 𝑛𝑑 ) for an arbitrary d ≥ 2. In this case, for the shifted directional potential
𝑞 𝛿 (𝑥 + 𝑎), our aim is to determine the asymptotic formulas between the resonance
eigenvalues of the operators 𝐿(a, q) and 𝐿(a, 𝑞 𝛿 ). This gives us the possibility of studying the
inverse problem.
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ABSTRACT

In this paper, we implement a direct algebraic method for the solutions of the (3+1)dimensional constant coefficients KdV-equation. By using this scheme, we find several
solutions of the (3+1)-dimensional constant coefficients KdV-equation. These solutions we
gained are hyperbolic, trigonometric and rational solutions. Then, we observed, via
Mathematica 11.2, that these solutions prove the equations.
Key words: (3+1)-dimensional constant coefficients KdV-equation, a direct algebraic
method, solutions.

INTRODUCTION
Partial differential equation is an equation which expresses the relationships among various
partial derivatives of a multivariate function. Partial differential equations are generally used
in physics and engineering which are mathematic-based sciences. They form the basics of
modern scientific logic of several concepts such as sound, heat, diffusion, electrostatics,
electrodynamics, hydrodynamics, elasticy and quantum mechanics. There are many analytical
methods have been found in literature [1-7]. Moreover, there exist lots of methods which
reach solution by using an auxiliary equation. Ordinary differential equations are obtained by
transforming partial differential equations by using these methods. We solve nonlinear partial
differential equations with the help of ordinary differential equations. Some of these methods
are given in [8-24]. In this study, we implemented a direct algebraic method [24] with
symbolic computation to construct new solutions for (3+1)-dimensional constant coefficients
KdV- equation.
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ANALYSIS OF THE METHOD
We will give a simple description of the direct algebraic method. For doing this, it can be
considered in a two variables general form of nonlinear PDE
𝑃(𝑢, 𝑢𝑡 , 𝑢𝑥 , 𝑢𝑥𝑥 , … ) = 0,

(1)

and transform Eq.(1) with 𝑢(𝑥, 𝑡) = 𝑢(𝜉), 𝜉 = 𝑖𝑘(𝑥 − 𝜎𝑡) where 𝑘 and 𝜎 are arbitrary
constants. After the transformation, we get a nonlinear ODE for 𝑢(𝜉 )
𝑃′ (𝑢, 𝑖𝑘𝜎𝑢′ , 𝑖𝑘𝑢′ , −𝑘 2 𝑢′′ , … ) = 0

(2)

𝑑𝑢

where 𝑘 and 𝜎 are real constants. (𝑖 2 = −1), 𝑢′ = 𝑑𝜉 . Then, the solution of the equation (2)
we are looking for is expressed in the form as
𝑢(𝑥, 𝑡) = 𝑢(𝜉) = ∑𝑛𝑚=0 𝑎𝑚 𝐹 𝑚 (𝜉)

(3)

𝑛 is a positive integer that can be determined by balancing the highest order derivative and
with the highest nonlinear terms in equation. Substituting solution (3) into Eq.(2) yields a set
of algebraic equations for 𝐹 𝑚 and (𝑚 = 0,1,2, … 𝑛) then, all coefficients of 𝐹 𝑚 have to
vanish. After this separated algebraic equation, we can found coefficients 𝑘, 𝑎0 , 𝑎1 , … , 𝑎𝑚 and
𝜉. 𝐹(𝜉) expresses the solution of the auxiliary ordinary differential equation
𝐹 ′ (𝜉) = 𝑏 + 𝐹 2 (𝜉)
where 𝐹 ′ =

𝑑𝐹
𝑑𝜉

(4)

and 𝑏 is a constant. Eq.(4) admits the following solutions:
𝐹(𝜉) = −√−𝑏 𝑡𝑎𝑛ℎ(√−𝑏 𝜉), 𝑏 < 0
𝐹(𝜉) = −√−𝑏 𝑐𝑜𝑡ℎ(√−𝑏 𝜉), 𝑏 < 0
𝐹(𝜉) = √𝑏 𝑡𝑎𝑛(√𝑏 𝜉), 𝑏 > 0
𝐹(𝜉) = −√𝑏 𝑐𝑜𝑡(√𝑏 𝜉), 𝑏 > 0
1
𝐹(𝜉) = − , 𝑏 = 0
𝜉
222

rd

3 INTERNATIONAL CONFERENCE ON
LIFE AND ENGINEERING SCIENCES,
İSTANBUL, TURKEY
ICOLES 2020
11-13 DECEMBER, 2020

In this work, we will consider to solution of the (3+1)-dimensional constant coefficients KdVequation by using the direct algebraic method which is introduced by Zhang [24].
3. Application: We consider (3+1)-dimensional constant coefficients KdV-equation [19]
𝑢𝑡𝑦 + 𝑢𝑥𝑥𝑥𝑦 + 𝛼𝑢𝑦𝑥 𝑢𝑥 + 𝛼𝑢𝑦 𝑢𝑥𝑥 + 𝛽𝑢𝑥𝑥 + 𝛾𝑢𝑦𝑦 + 𝛿𝑢𝑧𝑦 = 0

(5)

Let's use the transformation 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(ξ), ξ = 𝑖𝑘(𝑥 + 𝑠𝑦 + 𝜌𝑧 − 𝜎𝑡),then equation (5)
becomes
𝜎𝑠𝑘 2 𝑢′′ + 𝑘 4 𝑠𝑢(4) − 2𝑖𝛼𝑘 3 𝑠𝑢′ 𝑢′′ − 𝑘 2 𝛽𝑢′′ + 𝛾𝑘 2 𝑠 2 𝑢′′ − 𝛿𝑘 2 𝑠𝜌𝑢′′ = 0

(6)

In the last case, if the equation is integrated once, then the following equation is obtained
(𝜎𝑠 − 𝛽 − 𝛾𝑠 2 − 𝛿𝑠𝜌)𝑢′ − 𝑖𝛼𝑘𝑠(𝑢′ )2 + 𝑘 2 𝑠𝑢′′′ = 0

(7)

When balancing 𝑢′′′ with (𝑢′ )2 then gives 𝑚 = 1. In this case, the solution function is
obtained as follows
𝑢(𝜉) = 𝑎0 + 𝑎1 𝐹(𝜉)

(8)

Substituting (8) into Eq.(7) yields a set of algebraic equations for 𝑎0 , 𝑎1 , 𝑘, 𝑠, 𝜌, 𝜎. These
systems are finding as
2𝑏 2 𝑘 2 𝑠𝑎1 − 𝑏𝛽𝑎1 − 𝑏𝑠 2 𝛾𝑎1 − 𝑏𝑠𝛿𝜌𝑎1 + 𝑏𝑠𝜎𝑎1 − 𝑖𝑏 2 𝑘𝑠𝛼𝑎12 = 0, 6𝑘 2 𝑠𝑎1 − 𝑖𝑘𝑠𝛼𝑎12 = 0,
8𝑏𝑘 2 𝑠𝑎1 − 𝛽𝑎1 − 𝑠 2 𝛾𝑎1 − 𝑠𝛿𝜌𝑎1 + 𝑠𝜎𝑎1 − 2𝑖𝑏𝑘𝑠𝛼𝑎12 = 0
from the solution of the system, we can found
1

𝑘 = 6 𝑖𝛼𝑎1 , 𝑠 ≠ 0 , 𝜎 =

9𝛽+9𝑠2 𝛾+9𝑠𝛿𝜌−𝑏𝑠𝛼2 𝑎12

(9)

9𝑠

We have obtained the following solution of equation (5)
if 𝑏 < 0,
1

𝑢1 (𝑥, 𝑦, 𝑧, 𝑡) = √−𝑏𝑎1 Tanh (6 √−𝑏𝛼𝑎1 (𝑥 + 𝑠𝑦 −

𝑡𝛽
𝑠

1

− 𝑠𝑡𝛾 + 𝑧𝜌 − 𝑡𝛿𝜌 + 9 𝑏𝑡𝛼 2 𝑎12 ))

(10)
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𝑢2 (𝑥, 𝑦, 𝑧, 𝑡) = √−𝑏Coth (6 √−𝑏𝛼𝑎1 (𝑥 + 𝑠𝑦 −

𝑡𝛽
𝑠

1

− 𝑠𝑡𝛾 + 𝑧𝜌 − 𝑡𝛿𝜌 + 9 𝑏𝑡𝛼 2 𝑎12 )) 𝑎1

(11)

if 𝑏 > 0,
1

𝑢3 (𝑥, 𝑦, 𝑧, 𝑡) = −√𝑏𝑎1 Tan (6 √𝑏𝛼𝑎1 (𝑥 + 𝑠𝑦 −
1

𝑢4 (𝑥, 𝑦, 𝑧, 𝑡) = √𝑏Cot (6 √𝑏𝛼𝑎1 (𝑥 + 𝑠𝑦 −

𝑡𝛽
𝑠

𝑡𝛽
𝑠

1

− 𝑠𝑡𝛾 + 𝑧𝜌 − 𝑡𝛿𝜌 + 9 𝑏𝑡𝛼 2 𝑎12 ))
1

− 𝑠𝑡𝛾 + 𝑧𝜌 − 𝑡𝛿𝜌 + 9 𝑏𝑡𝛼 2 𝑎12 )) 𝑎1

(12)

(13)

if 𝑏 = 0,
𝑢5 (𝑥, 𝑦, 𝑧, 𝑡) =

6
𝛼(𝑥+𝑠𝑦+𝑧𝜌−

𝑡(𝛽+𝑠(𝑠𝛾+𝛿𝜌))
)
𝑠

(14)

CONCLUSION
We implement a direct algebraic method for the solutions of the (3+1)-dimensional constant
coefficients KdV-equation. By using this scheme, we find several solutions of the (3+1)dimensional constant coefficients KdV-equation. These solutions we gained are hyperbolic,
trigonometric and rational solutions. Many nonlinear partial differential equations and system
of equations can be solved using this method.
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